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PREFACE. 

This  book  is  based  on  courses  of  lectures  on  Elementary 
Analysis  given  at  Queen's  College,  Galway,  during  each  of  the 
sessions  1902-1907.  But  additions  have  naturally  been  made 
in  preparing  the  manuscript  for  press:  in  particular  the  whole 
of  Chapter  XL  and  the  greater  part  of  the  Appendices  have 
been  added.  In  selecting  the  subject-matter,  I  have  attempted 
to  include  proofs  of  all  theorems  stated  in  Pringsheim's  article, 
Irrationalzafden  und  Konvergenz  unencUicher  Prozesse*  with 
the  exception  of  theorems  relating  to  continued  fractions. 

In  Chapter  I.  a  preliminary  account  is  given  of  the  notions 
of  a  limit  and  of  convergence.  I  have  not  in  this  chapter 
attempted  to  supply  arithmetic  proofs  of  the  fundamental 
theorems  concerning  the  existence  of  limits,  but  have  allowed 
their  truth  to  rest  on  an  appeal  to  the  reader's  intuition,  in 
the  hope  that  the  discussion  may  thus  be  made  more  attrac- 
tive to  beginners.  An  arithmetic  treatment  will  be  found  in 
Appendix  I.,  where  Dedekind's  definition  of  irrational  numbers 
is  adopted  as  fundamental;  this  method  leads  at  once  to  the 
monotonic  principle  of  convergence  (Art.  149),  from  which  the 
existence  of  extreme  limits  t  is  deduced  (Arts.  5,  150) ;  it  is  then 
easy  to  establish  the  general  principle  of  convergence  (Art.  151). 

In  the  remainder  of  the  book  free  use  is  made  of  the  notation 
and  principles  of  the  Differential  and  Integral  Calculus ;  I  have 
for  some  time  been  convinced  that  beginners  should  not  attempt 
to  study  Infinite   Series  in  any  detail  until   after  they  have 


*  Encyldopddie  der  MathemcUiacken  WissenscJia/tenf  Bd.  I.,  A,  3  and  G,  3 
(pp.  47  and  1121). 

t  Not  only  here,  but  in  many  other  places,  the  proofs  and  theorems  have  been 
made  more  concise  by  a  systematic  use  of  these  maximum  and  minimum  limits. 
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vi  PREFACE. 

mastered  the  differentiation  and  integration  of  the  simpler 
functions,  and  the  geometrical  meaning  of  these  operations. 

The  use  of  the  Calculus  has  enabled  me  to  shorten  and 
simplify  the  discussion  of  various  theorems  (for  instance,  Arts. 
11,  61,  62),  and  to  include  other  theorems  which  must  have 
been  omitted  otherwise  (for  instance.  Arts.  45,  46,  and  the  latter 
part  of  83). 

It  will  be  noticed  that  from  Art.  11  onwards,  free  use  is 
made  of  the  equation 

although  the  limit  of  (l  +  l/i/)"  (from  which  this  equation  is 
commonly  deduced)  is  not  obtained  until  Art.  57.  To  avoid 
the  appearance  of  reasoning  in  a  circle,  I  have  given  in 
Appendix  II.  a  treatment  of  the  theory  of  the  logarithm  of 
a  real  number,  starting  from  the  equation 

^  Ji  a? 
The  use  of  this  definition  of  a  logarithm  goes  back  to  Napier, 
but  in  modem  teaching  its  advantages  have  been  overlooked 
until  comparatively  recently.  An  arithmetic  proof  that  the 
integral  represents  a  definite  number  will  be  found  in  Art.  163, 
although  this  fact  would  naturally  be  treated  as  axiomatic 
when  the  subject  is  approached  for  the  first  time. 

In  Chapter  V.  will  be  found  an  aiccount  of  Priogsheim's  theory 
of  double  series,  which  has  not  been  easily  accessible  to  English 
readers  hitherto. 

The  notion  of  uniform  convergence  usually  presents  diflB- 
culties  to  beginners;  for  this  reason  it  has  been  explained  at 
some  length,  and  the  definition  has  been  illustrated  by  Osgood's 
graphical  method.  The  use  of  Abel's  and  Dirichlet's  names 
for  the  tests  given  in  Art.  44  is  not  strictly  historical,  but  is 
intended  to  emphasise  the  similarity  between  the  tests  for 
uniform  convergence  and  for  simple  convergence  (Arts.  19,  20). 

In  obtaining  the  fundamental  power-series  and  products 
constant  reference  is  made  to  the  principle  of  uniform  con- 
vergence, and  particularly  to  Tannery's  theorems  (Art.  49); 
the  proofs  are  thus  simplified  and  made  more  uniform  than  is 
otherwise  possible.      Considerable  use  is  also   made  of  Abel's 
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theorem  (Arts.  60,  51,  83)  on  the  continuity  of  power-series,  a 
theorem  which,  in  spite  of  its  importance,  has  usually  not  been 
adequately  discussed  in  text-books. 

Chapter  XI.  contains  a  tolerably  complete  account  of  the 
recently  developed  theories  of  non-convergent  and  asymptotic 
series;  the  treatment  has  been  confined  to  the  arithmetic  side, 
the  applications  to  function-theory  being  outside  the  scope  of 
the  book.  As  might  be  expected,  a  systematic  examination 
of  the  known  results  has  led  to  some  extensions  of  the  theory 
(see,  for  instance,  Arts.  118-121,  123,  and  parts  of  133). 

The  investigations  of  Chapter  XI.  imply  an  acquaintance 
with  the  convergence  of  infinite  integrals,  but  when  the  manu- 
script was  being  prepared  for  printing  no  English  book  was 
available  from  which  the  necessary  theorems  could  be  quoted.* 
I  was  therefore  led  to  write  out  Appendix  III.,  giving  ctn 
introduction  to  the  theory  of  integi'als;  here  special  attention 
is  directed  to  the  points  of  similarity  and  of  difference  between 
this  theory  and  that  of  series.  To  emphasise  the  similarity, 
the  tests  of  convergence  and  of  uniform  convergence  (Arts.  169, 
171, 172)  are  called  by  the  same  names  as  in  the  case  of  series; 
and  the  traditional  form  of  the  Second  Theorem  of  Mean  Value 
is  replaced  by  inequalities  (Art.  166)  which  are  more  obviously 
connected  with  Abel's  Lemma  (Arts.  23,  80).  To  illustrate  the 
general  theory,  a  short  discussion  of  Dirichlet's  integrals  and 
of  the  Gamma  integrals  is  given;  it  is  hoped  that  these  proofs 
will  be  found  both  simple  and  rigorous. 

The  examples  (of  which  there  are  over  600)  include  a  number 
of  theorems  which  could  not  be  inserted  in  the  text,  and  in 
such  cases  references  are  given  to  sources  of  further  information. 

Throughout  the  book  I  have  made  it  my  aim  to  keep  in 
view  the  practical  applications  of  the  theorems  to  every-day 
work  in  analysis.  I  hope  that  most  double-limit  problems, 
which  present  themselves  Tiatwrally,  in  connexion  with  inte- 
gration of  series,  differentiation  of  integrals,  and  so  forth,  can 
be  settled  without  difficulty  by  using  the  results  given  here. 

*  While  my  book  has  been  in  the  press,  three  books  have  appeared,  each  of 
which  contains  some  accoiiDt  of  this  theory:  Gibson's  Calculus  (ch.  xxi., 
2nd  ed.),  Carslaw's  Fourier  Strits  and  IntegroUs  (ch.  iv.),  and  Pierpont's  Theory 
o/*  Functiona  of  a  Real  Variable  (chs.  xiv.,  xv.). 
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Mr.  G.  H.  Hardy,  M.A.,  Fellow  and  Lecturer  of  Trinity 
College,  has  given  me  great  help  during  the  preparation  of 
the  book ;  he  has  read  all  the  proofs,  and  also  the  manuscript 
of  Chapter  XI.  and  the  Appendices.  I  am  deeply  conscious 
that  the  value  of  the  book  has  been  much  increased  by  Mr. 
Hardy's  valuable  suggestions  and  by  his  assistance  in  the 
selection  and  manufacture  of  examples. 

The  proofs  have  also  been  read  by  Mr.  J.  E.  Bowen,  B.A., 
Senior  Scholar  of  Queen's  College,  Galway,  1906-1907 ;  and  in 
part  by  Mr.  J.  E.  Wright,  M.A.,  Fellow  of  Trinity  College,  and 
Professor  at  Bryn  Mawr  College,  Pennsylvania.  The  examples 
have  been  verified  by  Mr.  G.  N.  Watson,  B.A.,  Scholar  of  Trinity 
College,  who  also  read  the  proofs  of  Chapter  XI.  and  Appendix 
III.  To  these  three  gentlemen  my  best  thanks  are  due  for 
their  careful  work. 

T.  J.  Pa.  BROMWICH. 

Cambridge,  December,  1907. 
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p.  16,  1.*  17.  The  series  is  here  supposed  to  oscillate  JiniUly )  such  a  series  aa 
I -2+3-4+...  is  excluded. 

p.  29,  Arc.  11,  and  {>.  80,  1.  2.  The  integral  test  is  commonly  attributed  to 
Cauchy :  it  occurs  in  Maclaurin's  Flvjcuma^  1742,  Art.  350. 

p.     97.    Ex.  1 .     The  value  of  the  second  product  is  (sinh  ir )/2ir  =  1  -845 . . .  (Art.  91 . ) 

p.  lOI.  Art.  41.  A  proof  of  the  first  part  can  also  be  given  on  the  lines  of 
Art.  77. 

p.  122.  The  discussion  can  be  somewhat  shortened  by  the  use  of  extreme 
limits ;  thus,  if  m  is  chosen  so  that 

l-e<(?„(x)/Q„(c)<l  +  c, 

we  get  at  once  

1  -eg lim  P(a^)/P(c)g  1  +  c. 

p.  141.  For  methods  of  determining  the  region  of  convergence  of  Lagrauge'a 
series,  see  Goursat,  Cours  d* Analyse  Math,^  t.  2,  p.  131,  and 
Schlomilch,  Kompendium  der  h(>keren  Analym^  Bd.  2,  p.  100; 
the  relation  between  these  methods  will  be  seen  from  theorems 
due  to  Macdonald,  Proe.  Lend.  Math.  Soc.^  vol.  29,  p.  576. 

p.  146,  Ex.  The  numerical  results  should  be  4*8105...  instead  of  4*80,  and 
2314...  instead  of  23*00. 

p.  164.    Ex.  26,  1.  4.     The  index  '^  is  omitted  from  {{I -Jcy){l-'Xly)}-K 

p.  190.    Ex.  18.     This  is  taken  from  the  AfathenuUicai  Tripoa  Papers,  1890. 

pp.  212,  213.    It  is  assumed  that  t;  is  a  function  of  a;  with  a  period  2ir,  so  that 

p.  226.  Professor  Dixon's  own  version  of  his  proof  has  just  been  published  in 
the  Quarterly  Journal  of  Mathematics  (vol.  39,  p.  94,  Oct.  1907). 

p.  227.    1.  8.     The  reference  should  be  to  Arts.  44,  45  (1),  instead  of  Art.  49. 

p.  323.  1.  3.  The  last  figure  in  Euler's  constant  should  be  8  instead  of  5,  and 
the  following  four  figures  are  6060,  according  to  Gauss. 

p.  410,  1.  4.  The  proof  that  2>«„  and  <r<5„  can  be  made  purely  arithmetical 
by  using  2',  <r',  the  sums  obtained  by  superposing  the  two  modes  of 
division.  We  have  then  2'><r',  while  2'  is  less  than  both  5„  and 
2,  and  <r'  is  greater  than  both  «„  and  <r.  Thus  2  >  2'  >  <r'  >  »„ ,  and 
similarly  <r  <  a-'  <  2'  <  <{?„ . 

p.  471.  Exs.  20,  21.  Similar  integrals  occur  in  Electron -Theory  (compare 
Sommerfeld,  Gottingen  NachrichteUy  1904,  p.  117). 

p.  490.  Non-diflferentiable  functions.  Other  examples  of  a  simple  character 
have  been  given  recently  by  H.  von  Koch,  Acta  MatUtnuUica^  Bd. 
30,  1907,  p.  145 ;  and  by  Faber,  Jahresbericht  der  Deutschen  Math. 
Vtrtin,  Bd.  16,  1907,  p.  538. 

p.  495,    Ex.  51.     The  function /(ar,  n)  is  supposed  monotonic  with  respect  to  n. 


AN  INTRODUCTION  TO  THE  THEORY  OF 

INFINITE  SERIES 
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CHAPTER   I. 

SEQUENCES   AND   LIMITS. 
1.  Infinite  sequences :  convergence  and  divergence. 

Suppose  that  we  have  agreed  upon  some  rule,  or  rules,  by 
which  we  can  associate  a  definite  number  a„  with  any  assigned 
positive  integer  n ;   then  the  set  of  numbers 

^l>  ^2»  ^3>  ^''4>  •  ••  >  ^n>  •*•  > 

arranged  so  as  to  correspond  to  the  set  of  positive  integers 
1,  2,  3,  4,  ... ,  n,  ... ,  will  be  called  an  infinite  sequence,  or 
simply  a  sequence.  We  shall  frequently  find  it  convenient  to 
use  the  notation  (a„)  to  represent  this  sequence.  The  use  of 
the  word  infinite  simply  means  that  every  term  in  the  sequence 
is  followed  by  another  term. 

The  rule  defining  the  sequence  may  either  be  expressed  by 
some  formula  (or  formulae)  giving  a^  as  an  explicit  function  of 
n\  or  by  some  verbal  statement  which  indicates  how  each  term 
can  be  determined,  either  directly  or  from  the  preceding  terms. 

1,  If  an=2n  - 1,  we  have  the  sequence  of  odd  numbers  1,  3,  5,  7,  ... . 

2.  If  a„=  l/n,  we  have  the  harmonic  sequence  1,  J,  Ji  i, 


3.  The  set  consisting  of  the  rational  positive  proper  fractions, 
arranged  in  order  of  magnitude,  is  not  a  sequence.  For  if  a  is  any  fraction 
of  the  set,  \a  also  belongs  to  the  set ;  and  since  ^a  is  less  than  a,  we 
must  place  ^a  before  a.  Thus  there  can  be  no  first  number  of  the  set ; 
and  so  this  mode  of  arrangement  does  not  lead  to  any  correspondence 
between  the  set  and  the  positive  integers.  It  is,  however,  possible  to 
arrange  these  fractions  as  a  sequence,  by  adopting  a  different  mode  of 
arrangement ;  for  example  J,  J,  §,  J,  J,  J,  f ,  f ,  ^,  etc.,  in  which  the  fractions 
are  arranged,  first,  according  to  the  magnitude  of  their  denominators,  and, 
secondly,  according  to  the  magnitude  of  their  numeratoi*s. 
I.S.  A 
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The  most  important  sequences  in  the  applications  of  analysis 
are  those  which  tend  to  a  limit. 

The  limit  of  a  sequence  (a„)  is  said  to  he  I,  if  an  iridex  7n  can 
be  found  to  correspond  to  every  positive  number  6,  however 
small,  such  that  l  —  €<ian<l+€, 

provided  only  that  n'^m. 

It  is  generally  more  convenient  to  contract  these  two  in- 
equalities into  the  single  one 

where  the  symbol  |a;|  is  used  to  denote  the  numerical  value 
of  X. 

The  following  notations  w^ill  be  convenient  abbreviations  for 
the  above  property: 

i=liman;  or  i=lima„;  or  an->l', 

the  two  latter  being  only  used  when   there  is  no  doubt  as 
to  what  variable  tends  to  infinity. 

Amongst  sequences  having  no  limit  it  is  useful  to  distinguish  ■ 
those  with  an  infinite  limit. 

A  sequence  (an)  lias  an  infinite  limit,  if,  no  Tnatter  how  large 
the  number  N  may  be,  an  index  m  can  be  found  such  that 

dn  >  N, 
provided  only  that  n'^m. 

This  property  is  expressed  by  the  equations 
liman=oo;  orliman=oo;  orati->x. 


n— ►» 


In  like  manner,  we  interpret  the  equations 

lim  a„  =  —  00 ,   lim  an  =  —  oo  ,  a„->  —  oo  . 


n->oo 


In  case  the  sequence  (a„)  has  a  finite  limit  I,  it  is  called 
convergent  and  is  said  to  converge  to  I  as  a  lim,it\  if  the 
sequence  has  an  infinite  limit,  it  is  called  divergent* 

Kt,  1  bis.  With  a« =271—1  (the  sequence  of  odd  integers)  we  hav© 
a„->oo  ;   a  divergent  sequence. 

Bx,  2  bis.  With  an=^'i/n  (the  harmonic  sequence)  we  have  a„->0;  a 
convergent  sequence. 


*  Some  writers  regard  divergent  as  equivalent  to  non-convergent ;  bat  it  seems 
convenient  to  distinguish  between  sequences  which  tend  to  infinity  as  a  limit  and 
those  which  oscillate.     We  shall  call  the  latter  sequences  oscillatory  (Art  5). 


r 
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CONVERGENCE  OF  SEQUENCES. 


3  his.  If  the  sequence  consists  of  the  rational  proper  fractions 
arranged  in  any  definite  order  no  limit  (finite  or  infinite)  can  exist.  For, 
no  matter  how  far  we  go  in  the  sequence,  there  will  always  remain 
an  unlimited  number  of  terms  as  close  to  0  as  we  please  ;  and  also  an 
unlimited  number  as  close  to  1  as  we  please. 

We  shall  find  it  convenient  sometimes  to  represent  a  sequence 
graphically,  indicating  a  term  an  by  an  ordinate  (y)  equal  to  a» 
and  an  abscissa  {x)  equal  to  n\  the  sequence  may  then  be 
pictured  by  joining  the  successive  points  with  a  broken  straight 
line.  In  the  case  of  a  convergent  sequence,  the  representative 
points  lie  wholly  within  a  horizontal  strip  of  width  26,  after  x 
exceeds  a  certain  value ;  if  the  sequence  is  divergent,  the  points 
lie  wholly  above  (or  below)  a  certain  level,  after  x  has  passed 
a  certain  value. 

The  graphical  representation  of  the  initial  terms  in  the  three 
sequences  already  considered  is  given  below. 


9    a    4    0    e    7 

Fig.  1. 


19      3     4      8      0      7 

Pio.  2. 


1     9     S     4     0     e 

Fig.  8. 


It  will  be  seen  at  a  glance  that  the  few  terms  represented  in 
the  diagram  shew  that  the  first  sequence  is  likely  to  diverge, 
the  second  to  converge,  and  the  third  to  oscillate  (see  Art.  6). 

Notes. 

(1)  The  definition  of  a  limit  is  often  loosely  stated  as  follows : 
The  sequence  (an)  approaches  the  limit  I,  if,  by  taking  n  large 

enough,  we  can  make  |i— a^|  as  sTnaU  as  we  please. 

Such  a  definition  does  not  exclude  the  possibility  of  osciUa- 

tion,  as  may   be  seen  from  the  sequence 

112       181      41.S1.5. 

Y>   "s*   "Sy   T>   T»   T*    T>   T»   T»   T *   T >  •  •  •  > 

in  which  an  =  2/(7i+ 4)  if  n  is  even. 

Here,  by  taking  n  large  enough,  we  can  find  a  term  an  which 
is  as  small  as  we  please;  but  the  sequence  oscillates  between 
0  and  1,  because  an  =  {n  +  l)l(n  +  3)  when  n  is  odd. 
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(2)  Infinity, 

It  is  to  be  remembered  that  the  symbol  oo  and  the  terms 
infinite,  infinity,  infinitely  great,  etc,  have  purely  conventional 
meanings  in  the  present  theory;  in  fact,  anticipating  the 
definitions  of  Art.  4,  we  may  say  that  infinity  must  be  regarded 
as  an  v/pper  limit  which  cannot  be  attained.  The  statement 
that  a  set  contains  an  infinite  number  of  objects  may  be  under- 
stood as  implying  that  no  number  suffices  to  count  the  set. 

Similarly,  an  equation  such  as  lima^  =  oo  is  merely  a  con- 
ventional abbreviation  for  the  definition  on  p.  2. 

In  speaking  of  a  divergent  sequence  (a„),  some  writers  use 
phrases  such  as :  The  numbers  a„  become  infinitely  great,  when 
n  increases  without  limit  Of  course  this  phrase  is  used  as  an 
equivalent  for  tend  to  infinity ;  but  we  shall  avoid  the  practice 
in  the  sequel. 

(3)  It  is  evident  that  the  alteration  of  a  finite  number  of 
terms  in  a  sequence  will  not  alter  the  limit 

Ex.  4.    The  two  sequences 

1,  2,  3,  4,  i,  J,  },  J,... 

^>    2»    3>    4>    6»    fl>    7>    8»  ••• 

have  the  same  limit  zero. 

Further,  it  is  evident  that  the  om^ission  of  any  number  of 
terms  from  a  convergent  or  divergent  sequence  does  not  affect 
the  limit ;  but  such  omission  may  change  the  character  of  an 
oscillatory  sequence. 


5.  Thus  the  sequences  1,  5,  9,  13, ...  and  1,  J,  i,  |) ...  have  the  same 
limits  as  those  considered  in  Exs.  1,  2.  But  the  omission  of  the  alternate 
terms  in  the  sequence 

2»  3»  3>  4>  4»   5>  6>  *•• 

changes  it  into  a  convergent  sequence. 

(4)  In  a  convergent  sequence,  all,  an  infinity,  a  finite  number 
or  none  of  the  terms  may  be  equal  to  the  limit. 

Examples  of  these  four  possibilities  (in  order)  are  given  by : 

1  1   •   /I     X  13.2  1 

the  limits  of  which  are,  in  order,  1,  0,  0,  0. 
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(5)  We  shall  usually  employ  €  to  denote  an  arbitrarily  small 
positive  number ;  strictly  speaking,  the  words  arbitrarily  amaU, 
or  no  matter  how  smaUy  or  however  sttuiII  (which  are  frequently 
added  to  e)  are  redundant,  but  serve  to  emphasise  the  state- 
ment that  the  variable  is  less  than  6. 

We  shall  also  use  N  (or  G)  to  denote  an  arbitrarily  great 
positive  number ;  here  again  the  adjectives  great  or  large  are 
unnecessary,  but  are  usually  added  to  emphasise  the  statement 
that  the  variable  is  greater  than  N, 

By  using  e  to  denote  any  positive  number,  we  could  dispense 
with  N;  but  it  avoids  confusion  to  use  two  distinct  symbols. 
However  it  is  sometimes  convenient  to  use  1/e  for  N. 

(6)  It  often  happens  that  a  certain  limit  I  can  be  proved  to 
be  less  than  a  +  Cm,  where  Cm  can  be  made  arbitrarily  small  by 
choice  of  an  index  7n  which  does  not  appear  in  I  or  a;  we  can 
then  infer  that  l^a.  For  if  I  were  greater  than  a,  we  could 
not  make  €,n  less  than  i  — a,  which  contradicts  the  hypothesis. 

As  a  special  example  of  this,  suppose  that  (a„),  (b^)  are  two 
convergent  sequences  such  that  |6n*-"^n|  can  be  made  less  than 
€  by  taking  7i  >  t/i  ;  then  we  can  choose  ?m,  so  that  each  of 
the  differences  |6n  — ^nl,  Ibn  —  ^i^bnl,  la^  — lima„|  is  less  than  e, 
provided  that  7i>7ii.  Thus  |  lim  6„  —  lim  a„  |  <3€,  by  choice  of 
7n  only;  hence  we  must  have  lim6,^  =  lima„. 

(7)  It  should  be  observed  that  if  (a„),  (6„)  are  convergent 
sequences  such  that  a»<!6ni  it  may  easily  happen  that 

lima„  =  limfc„. 

For  the  difference  bn  —  an,  although  constantly  positive,  may 
converge  to  0  as  a  limit.     Thus  the  correct  conclusion  from  the 

inequality  a^  <  6,j  is 

liman  =  lim  6„. 

2.  Monotonic  sequences;  and  conditions  for  their  con- 
vergence. 

A  sequence  in  which  a^^^^^a^  for  all  values  of  oi  is  called 
an  increasing  sequeii^e;  and  similarly  if  a^+^^a^^  for  all 
values  of  n,  the  sequence  is  called  decreasing.  Both  increasing 
and  decreasing  sequences  are  included  in  the  term  monotonic 
sequences. 
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The  first  general  theorem  on  convergence  may  now  be  stated : 

A  monotonic  sequence  has  always  a  limit,  either  finite  or 
infinite ;  the  sequence  is  convergent  provided  that  \a^\  is  less 
than  a  number  A  independent  of  n;  otherwise  the  sequence 
diverges. 

For  the  sake  of  definiteness,  suppose  that  a^j^.^^a^,  and 
that  a^  is  constantly  less  than  the  fixed  number  A,  Then, 
however  small  the  positive  fraction  e  may  be,  it  will  be 
possible  to  find  an  index  m  such  that  an<iam+€,  if  7i>-m; 
for,  if  not,  it  would  be  possible  to  select  an  unlimited  sequence 
of  indices  p,  q,  r,  s,  .., ,  such  that  ap^a^  +  e,  ag>ttp  +  €, 
^r>ct^  +  e,  a,  >-ar+e,  etc.;  and  consequently,  after  going  far 
enough*  in  the  sequence  p,  q,  r,  s,  ..» ^  we  should  arrive  at  an 
index  v  such  that  a^^ A,  contrary  to  hypothesis. 

Thus,  if  we  employ  the  graphical  representation  described  in 
the  last  article,  we  see  that  all  the  points  to  the  right  of  the 
line  a:  =  m  will  be  within  a  strip  of  breadth  e;  and  that  the 
breadth  of  the  strip  can  be  made  as  small  as  we  please 
by  going  far  enough  to  the  right.  From  the  graphical 
representation  it  appears  intuitively  obvious  that  the  sequence 
approaches  some  limit,  which  cannot  exceed  A  (but  may 
be  equal  to  this  value).  But  inasmuch  as  intuition  has 
occasionally  led  to  serious  blunders  in  mathematical  reasoning, 
it  is  desirable  to  give  a  proof  depending  entirely  on  arithmetical 
grounds ;  such  a  proof  will  be  found  in  the  Appendix,  Art.  149. 


1.     As  an  example  consider  the  increasing  sequence 
which  is  represented  by  the  diagram  below. 


'«, 


2        3        4         5        6 

Fig.  4. 


In  this  case  we  may  take  A  —  \,  and  there  is  no  difficulty  in  seeing 
that  the  limit  of  the  sequence  is  equal  to  A  ;  but  of  courae  we  might 
have  taken  Jl  =  2,  in  which  case  the  limit  would  be  less  than  A, 


•  'IM 


The  number  of  terms  to  be  taken  in  the  sequence  p,  q,  r,  s,  ...   would  be 
equal  to  the  integer  next  greater  than  {A  -  aj)/e. 
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Ex.  2.     A  second  example  is  given  by  the  sequence  (1  +  I/t^)**,  which  has 
for  its  first  six  terms  the  approximate  values  2,  2*26,  2*37,  2*44^  2*49,  2*52. 


The  reader  is  probably  aware  that  this  sequence  always  increases,  but 
that  its  terms  are  always  less  than  3  ;  the  limit  obtained  is  the  number 
€=2*7 1828....  A  formal  proof  of  the  monotonic  property  is  given  in  the 
Appendix,  Art.  158 ;  and  the  limit  is  evaluated  in  Art.  57. 

But  in  case  no  number  such  as  A  can  be  found,  so  that, 
however  great  A  may  be,  there  is  always  an  index  m,  such  that 
Ujn^A,  then  it  is  plain  that  the  sequence  diverges  to  +oo. 
For  we  have  anS^w^-^i  if  n^m. 

The  reader  will  have  no  difficulty  in  modifying  the  foregoing 
work  so  as  to  apply  to  the  case  of  a  sequence  which  never 
increases,  so  that  a^+^^a^. 

Ex.  3.    Consider  the  sequence  an=r^. 

If  0<r<l,  the  sequence  (a„)  steadily  decreases  but  the  terms  are  always 
positive ;  and  consequently  o^  approaches  a  definite  limit  I  such  that 
1>^^0.     Thus  we  can  find  m  to  correspond  to  €,  so  that 

l<r^<l-\-€,    if  n>m. 

Hence  r*+i<r  (;  +  €>; 

And  consequently  ^<r"+^<r(^-f€) 

or  l{l—r)<r€. 

Since  this  inequality  is  true,  however  small  €  may  be,  we  have  ^=0. 

When  r>  1,  it  follows  from  the  last  result  that  1/r"-^),  and  hence  we  can 
•determine  m  so  that  l/r"<€,  if  n>m. 

Thus  we  find  r">  l/€,  if  »>»i,  and  consequently  r"-*-oo .    This  i^esult  can 

also  be  established  from  the  monotonic  property  of  the  sequence  ;  or  by  direct 

reasoning,  as  in  Ex.  1,  Art.  6. 

If  r  is  negative,  we  have 

r»=(-l)".|r|" 

and  so  the  behaviour  of  the  sequence  can  be  determined  from  our  results 
.already  obtained. 

Summing  up,  we  conclude  that : 

If  -l<r<l,    r"-^; 

r=l,    r"=l  ; 

r>l,   r"-*"00. 
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In  all  other  cases  the  sequence  oscillates,  and  we  find  : 

If  r<  — 1,    r*'->QO,    r*'"^^-^— 00  ; 

r=-l,    f="=l,      r»"+^=-l. 


4,    Take  next  an=f^ln\. 

If  r  is  positive,  let  p  be  its  integral  part.  Then  the  sequence  (a^)  decreases 
steadily,  after  n  exceeds  the  value  p ;  and  since  (a„)  is  positive  it  follows 
that  Un-^l  =0. 

Now  ?!!?=_^    ._!1^...Z.<^<|,  if  n>p. 

a,     n  +  1    n  +  2      2w     2n     2  '^ 

Thus  we  can  find  m  so  that 

l<an<l+€\  ..  ^^^ 
J-  ir  n>m. 

and  a4n<ian  '^ 

Hence,  as  in  Ex.  3,  we  obtain 

l<\{l-\-€)  or  l<€. 

It  follows  that  ^=0. 

When  r  is  negative,  we  obtain  the  same  result  by  writing 

«„=(-!)-. |r|-/w!. 

ThtLs  for  all  values  of  r  we  have 

lim  — =0. 
n\ 

3.  Oeneral  principle  of  convergence. 

If  a  sequence  is  not  monotonie,  the  condition  that  |  a^  \  remains 
constantly  less  than  a  fixed  number  is  by  no  means  sufficient 
to  ensure  convergence;  this  may  be  seen  at  once  from  the 
sequence  given  in  Example  3,  Art.  I,  for  which  0<a^<l. 

The  necessary  and  sttfficient  condition  for  convergence  is  that 
it  may  be  possible  to  find  an  index  m,  corresponding  to  any 
positive  number  e,  svxih  that 

for  all  values  of  n  greater  than  m. 

Interpreted  graphically,  this  implies  that  all  points  of  the 
sequence  which  are  to  the  right  of  x  =  7n,  lie  within  a  strip 
of  breadth  2e.  The  statement  is  then  almost  intuitive,  since 
the  breadth  of  the  strip  can  be  made  as  small  as  we  please, 
by  going  far  enough  to  the  right;  an  arithmetical  proof  will 
be  found  in  the  Appendix,  Art.  151. 
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GENEKAL  PKINCIPLE  OF  CONVERGENCE. 


Consider  the  sequence 


h  2,   f,   I   h   i    t,    I   f.   i    ..., 


2i 


3        4         5 

Fig.  6. 


6 


8 


for  which  it  is  easily  seen  that  the  limit  is  1.     The  diagram  is  as  indicated ; 
and  it  will  be  seen  that  m  may  be  taken  greater  than  or  equal  to  2/c. 

Caution.  The  reader  must  be  warned  not  to  regard  the 
above  test  of  convergence  as  equivalent  to  a  condition  sometimes 
given  (even  in  books  which  are  generally  accurate),  namely: 

The  necessary  and  sufficient  condition  /o?'  convergence  is  that 

lim(an+p  — an)  =  0. 


n-^Qo 


This  condition  is  certainly  necessary,  but  is  not  sufficient, 
unless  p  is  supposed  to  be  an  o.rhitrary  function  of  n^  which 
may  tend  towards  infinity  with  n,  in  an  arbitrary  luay. 

For  exaniple,  suppose  that  On  =  log  n  ;  then 

lim  {an^.p  -  an)  =  lira  log  (1  +p/«)=0, 


n— >« 


if  JO  is  any  fixed  number.     But  the  sequence  (a„)  is  divergent,  as  may  be 
seen  from  the  Appendix,  Art.  157. 

The    reader    will    have    no   difficulty   in   proving    that    the 
elementary  rules  foi^  calculating  vjith  limits  are  as  follows: 

lim  (a„  ±  fe„)  =  lim  a^  ±  lim  b^ , 

lim(tt„  .  fe^)  =  lim  a„  .  lim  fe^, 

provided  that  the  sequences  (a„),  (fe^)  are  convergent. 

lim(a„/6J  =  limaJlimfe„, 

provided  that  (a„),  (6^)  are  convergent  and  that  lim  b^  is  not 
zero.     And  generally  that 

lim/(a„,  6„,  c„,  ...)=/(lima,^,  lim6,^,  limc„,  ...), 

where   /   denotes    any    combination    of   the    four    elementary 
operations,  subject  to  conditions  similar  to  those  already  specified. 
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If  the  functional  symbol  contains  other  operations  (such  as 
extraction  of  roots),  the  equation  above  may  be  taken  as  a 
definition  of  the  right-hand  side,  assuming  that  the  left-hand 
side  is  found  to  converge.  On  this  basis  the  theory  of  irrational 
indices  and  logarithms  can  be  satisfactorily  constructed.* 

It  is  to  be  remembered  that  the  limits  on  the  left  may  be  perfectly 
definite  without  implying  the  existence  of  lim  a^  and  lim  &„•    ^o  illustrate 
this  poasibility,  take  a„=<-l)",  6„  =  (-l)"-ni  +  l/w). 
Then  « ;,  +  6„ = (  - 1 )«" V»  and  (a„ + b„)-*0, 

««.&»= -(l  +  l/n)    »    (««.6«h*-l, 
«n/&«  =  -  «/( w  + 1 )    „    (a„/6„)—  - 1 , 

80  that  these  three  limits  are  quite  definite,  in  spite  of  the  non-existence  of 
lim  On  and  lim6„. 

If  Un  is  convergent  and  bn-^0,  we  cannot  infer  that  a^/6^->oo 
without  first  proving  that  a«/6^  has  a  fixed  sign. 

If  an-^0,  and  bn^O,  the  quotient  ajb^  may  or  may  not  have  a 
limit  (see  Appendix,  Art.  152). 

Thus  with  an  =  l,  6„  =  (-l)"/7i,  we  see  that  6„-^,  but  a„/6„=(-l)"n  and 
«o  a„/6„  oscillates  between   -co  and  -f-oo. 

Again,  with  a„  =  l/w,  6«  =  (-  l)"/w,  the  value  of  aJK  oscillates  between  -  1 
and  +1. 

When  one  of  the  sequences  diverges  (say  «„-*-oo  )  and  the 
other  converges  (say  to  a  positive  limit)  it  is  easy  to  see  that 

(an±bn)^^  ;    an.bn-^<x>  ;    an/fen^ 00  ;    feJa„-^0; 

the  only  case  of  exception  arising  when  6„-^0,  and  then   the 
sequences  {a^,b^)  and  (an/bn)  need  special  discussion. 
Again,  if  both  a^,  and  bn  diverge  to  oo,  we  have 

but  both  (an  —  bn)  and  (an/bn)  have  to  be  examined  specially  (see 
Appendix,  Art.  152). 

If  On^oo  and  bn-^oo  ,  there  are  three  distinct  alternatives  with 
respect  to  the  sequence  (an/bn),  assuming  that  it  is  convergent^ 

(i)  an/bn-^0]    (ii)  ajb^-^k>0;    (iii)  aJ6„^oo. 


*  Thus  we  can  define  x^  as  lima;"",  where  (an)  =  l,  ^,  {,  {i,  ...-►^2. 
t  Even  when  a„  and  b^^  are  both  monotonic,  the  sequence  a„/h„  need  not  con- 
verge (Appendix,  Art.  152,  Ex.  4). 
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In  case  (i),  a^  diverges  more  slowly  than  6„ ;  in  case  (iii)  a^. 
diverges  more  rapidly  than  h^.  In  case  (ii)  it  is  sometimes 
convenient  to  use  the  notation 

where  ttn,  h^  are  complicated  expressions. 

Rules  are  given  in  the  Appendix  (Art.  152)  for  the  deter- 
mination of  lim  (dn/bn)  iu  a  number  of  cases  which  are  important 
in  practical  work. 

4.  Upper  and  lower  limits  of  a  sequence. 

If  a  sequence  (a,J  has  a  greatest  tervi  H,  this  term  is  called 
the  upper  limit  of  the  sequence ;  and  similarly,  when  there  is 
a  least  term  A,  it  is  called  the  lower  limit 

But  if  a  sequence  has  no  greatest  term,  it  follows  that  no 
matter  how  large  n  may  be,  there  is  always  a  larger  index  p, 
such  that  ap  =  an.  Further,  there  is  an  infinite  number  of  such 
indices  p;  otherwise  there  would  be  a  greatest  term  in  the 
sequence;  thus  to  make  p  definite  we  suppose  p  to  be  the 
least  index  satisfying  the  required  condition.  Hence  the  terms 
of  the  sequence  which  fall  between  a^^  and  ttp  are  all  less 
than  Un  and  ap. 

Choose  now  a  succession  of  values  of  p  such  that 

Op^^a^,     Op^^ap^,    ap^^ttp^,     etc. 

2^i>l|       Pi>Pv       Pz>P2* 

and  for  simplicity  denote  a^^  by  6^.     Then  we  have  constructed 

a  monotonic  sequence  ft^,  feg*  ^8»  •••J  ^^^  ^^^^  sequence  has  a 
limit  (Art.  2),  either  a  finite  number  H  or  oc ,  If  huib^  =  H, 
we  can  find  m  so  that  b^  lies  between  H—  e  and  H,  no  matter 
how  small  €  may  be;   and  consequently  we  have 

H'-e<iap  <iH,    provided  that  r^Tn. 

H  is  then  called  the  upper  limit  of  the  sequence;  and  clearly 
H  is  not  axituaUy  attaiified  by  any  number  belonging  to  the 
sequence. 

Similarly,  if  lim6^j=oo,  we  can  find  m  so  that 

Up^N,     provided  that  r^m, 
no  matter  how  large  N  may  be. 
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If  tJte  upper  limit  of  the  sequence  is  H,  whether  attained 
or  not,  tite  sequence  h(is  the  two  following  properties: 

(i)  No  term  of  the  sequence  is  greater  than  H. 

(ii)  At  least  one  term  of  the  sequence  is  greater  than  -ff— e, 
lunvever  small  e  may  be* 

But  if  tfie  upper  limit  of  the  sequence  is  cx),  it  has  the 
projfcrty : 

An  infinity  of  terms  of  the  sequence  exceed  jV,  no  matter 
lufv:  great  N  may  be. 

It  is  easy  to  modify  these  definitions  and  results  so  as  to 
refer  to  the  lower  limit  (h  or  —  x  ). 


8      4       8       6       7      8       9      10     11     12 

Fig.  7. 


The  diagram  gives  an  indication  of  the  mode  of  selecting  the 
sub-sequences  for  H  and  h;  these  are  represented  by  dotted  lines. 


1.  (Art.  1)  a„  =  2/i-l. 

Here  we  have  6„  =  «:/„,  and  so  the  upper  limit  is  x  ;  A  =  l,  because  1  is 
the  lea.st  number  in  the  sequence. 

Ex.  2.  (Art.  1)  tf„  =  ].w. 

Here  E=\,  because  this  is  the  greatest  number  in  the  sequence  ;  and  h  is 
seen  to  be  0,  which  is  not  actually  attained  by  any  number  of  the  sequence. 

Ex.  3.  (Art.  1)       J,  J,   I  i,   3,   J,  I  I   t,   .... 

Here  the  sequence  (6„)  is  J,  |,  J,  f,  ...  and  gives  H=l  ;  and  similarly 
A  is  found  from  the  sequence  J,  J,  },  \,  ...  to  be  0.  These  sequences  are 
indicated  in  Fig.  3  of  Art.  1  by  the  dotted  lines. 

6.  Maximum  and  minimum  limiting  values  of  a  sequence. 

We  have  seen  in  the  last  article  that  any  infinite  sequence 
has  upper  and  lower  limits.     Consider  successively  the  sequences 


«i,   a2,   ttg, 

a^,  ^5>  ■  •  •  > 

ag,  ag, 

^'■41  ^^s^  •  •  • » 

as» 

4»    ^5>  •  •  •  > 

4'        5'  '  *  *  * 

and 

SO  on. 

*  If  H  'u  not  attained,  there  will  be  an  infinite  number  of  such  terms. 
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Let  the  corresponding  upper  and  lower  limits  be  denoted  by 
H^,  h^;  H^,  h^;  H^,  h^\  if^,  h^\  and  so  on. 

Then  we  may  have  H^  =  a^,  in  which  case  a^  must  be  the 
greatest  term  in  the  sequence(a„);  otherwise  we  shall  have  H^^H^. 
Hence  in  all  cases  H^H^.  Thus  H^^H^^H^^H^^ ,,. ,  and 
so  the  sequence  (Sn)  is  monotonic  and  gives  a  limit  G  or  —  oo 
(Art.  2).  Similarly  h^^h^^h^^h^^... ,  and  therefore  (hn)  has 
a  limit  gr  or  -f  oo .  It  may  be  noticed  that  G  can  only  be  +  oo 
in  case  H^  =  H2  =  H^=  ."  = +^:   and  g  can  only  be— oo,  if 

Aj  =  Ag  =  ""s  =  •  •  •  =  —  00  . 

It  is  important  to  notice  that  (?,  g  can  be  obtained  as  the 
limits  of  two  sub-sequences  properly  selected  from  (an)-  For, 
either  ifj,  H^,  H^,.,,  all  belong  to  the  sequence  {aj^,  in  which 
case  the  sub-sequence  for  G  is  coincident  with  {H^\  or  else, 
after  a  certain  stage,  we  have  -£r^  =  ^,„+i  =  fi^„,+2=  ...  =  G,  and 
then  Hfn  is  itself  the  limit  of  a  certain  sub-sequence  selected 
from  (a„),  so  that  this  same  sub-sequence  defines  G.  An  exactly 
similar  argument  applies  to  g. 

Again  no  convergent  sub-sequence  selected  from,  (a^)  can  have 
a  limit  which  is  greater  than  G  or  Uss  than  g.  For  since 
limifn=G,  we  can  find  m  so  that  Hm=G  +  €,  no  matter  how 
small  €  is;   but,  by  the  definition  of  Hm,  we  have 

<^n^Hm,       if  n^m, 

so  that  cin=G+e,     if  n^on. 

Thus,  if  I  is  the  limit  of  any  convergent  sub-sequence  selected 
from  {an),  we  must  have  I  =  &-{-€;  and,  as  e  is  arbitrarily  small, 
this  requires  l^G,  In  like  manner  we  prove  that  7n'  can  be 
found  to  make  an^g  —  e,  if  n^nfi\  and  deduce  that  i  =  (/. 

The  two  properties  just  established  justify  us  in  calling  G 
the  maximwtn  limit  amd  g  the  minimuon  limit  of  the  sequence 
(a„);   in  symbols  we  write 

G  =  lim  an  =  lim  a^ ,    g=  Hm  a^  =  Km  an* 


n-^oo  n—^cc 


The  symbol  lima„  is  used  to  denote  either  the  maximum  or 
minimum  limit ;  thus  an  inequality  /  <  lim  a„  •<  F  implies  that 
f<g8^ndG<R  ~ 

If  it  happens  that  6r  =  oc ,  we  have  Hn=<X) ,  and  consequently 
there  must  be  an  infinity  of  terms  a^  greater  than  any  assigned 
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number  iV,  however  great;  similarly  when  gr=  —  x  ,  there  must 
be  an  infinity  of  terms  less  than  —N.  On  the  other  hand,  if 
lim  Hn  =  —  00  ,  it  is  easy  to  see  that  lim  a,i  =  —  oo  ;  and  similarly 
if  lim hn=  +00   we  must  have  lim a„  =  +  oo  . 

From  what  has  been  explained  it  is  clear  that  every  sequence 
has  a  inaximum  and  a  minimum  limit;  and  these  liraits 
are  equal,  if,  and  only  if,  the  sequence  converges. 

It  is  convenient  to  call  sequences  oscillatory  when  the 
maximum  and  minimum  limits  are  unequal.  We  shall  call 
these  limits  the  extreme  limits  of  the  sequence,  in  case  we 
wish  to  refer  to  both  maximum  and  minimum  limits. 

It  will  be  evident  that  the  viaxiinum  limit  coinmdes  with 
the  upper  limit,  except  when  the  latter  is  actually  attained  by 
one  or  more  terms  of  the  sequence;  and  similarly  for  the 
minimum  and  lower  limits. 


Fio.  8. 

The  diagram  gives  an  indication  of  the  process.     The  points 
Hn  and  h^  are  marked  with  O  and  are  joined  by  dotted  lines. 

Ex.  1.     In  the  sequence  (Ex.  3,  Art.  I) 

S*    3»    3»    4l    4>    5»    6>    S>    5>    *•• 

we  have  ffn—l,  ^n=0;  so  that  6^=1,  g=0. 

Here  it  is  plain  that  convergent  sub-sequences  can  be  selected  to  give 
awy  limit  between  the  extreme  limits.     Thus 

h  h  ?i  f»  ...gives  the  limit  J 
and  I  f  {I  II,  ...gives  the  limit  -L. 

Ex.2.     With     2,  -f,  i  -f,  i...     a„  =  (-i)«-i^l  +  lj 

we  get  ff,  =  2,  i72=^3  =  i,  H.^H.^l... 

and  ^,=^2=-:^,  /i3=A4= -f, ... , 

so  that  Q  =  \,  g=  -1. 

Ex.  3.  With     1,  -2,  3,   -4,  5,  -6,...     a„=(-l)"-*?i 
we  find  //„=Q0,  A„=-x 

and  so  (?  =  oo,^=— x. 

In   Exs.  2,  3  it   will  be  seen  that  no  sub-sequences  can  be  found  to 
converge  to  limits  other  than  the  extreme  limits. 
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The  reader  will  find  some  rules  for  calculating  with  extreme 
limits  in  Exs.  14-17  at  the  end  of  this  chapter. 

6.  Sum  of  an  infinite  series ;  addition  of  two  series. 

Suppose  that  a  sequence  a^,  Wg,  a^,  ...,  a^, ...  is  given  and 
that  we  deduce  from  tliis  sequence  a  second  s^,  Sg,  S3,  ...  by 
addition,  so  that 

^n  =  ^l  +  ^2+^3+ •••+%• 

Then  if  the  sequence  (s^)  is  convergent  aiid  has  the  liniit  S, 
the  infinite  series 

00 

1 

is  called  convergent;  and  S  is  called  the  sum  of  the  series. 
It  is,  however,  of  fundamental  importance  to  bear  in  mind 

that  S  is  a  limit:  and  accordingly  care  must  be  taken  not  to 

assume  without  proof  that  familiar  properties  of   finite   sums 

are  necessarily  true  for  limits  such  as  S. 

Similarly,  if  the  sequence  («„)  is  divergent  or  osciUatoi^,  the 

infinite  series  is  said  to  diverge  or  to  oscillate,  respectively. 


1.  The  geometric  series  l+r+r2  +  r^+...  converges  if  r  is  numerically 
less  than  1  ;  it  diverges  if  r  is  not  less  than  1  ;  it  oscillates  if  r  is  not  greater 
than  -1. 

For,  except  when  r=l,  *„=(! -r")/(l-r) ;  and  when  r=l,  Sn  =  n. 

Now  if  -l<r<l, 

we  can  write  |r|  =  l/(l+a), 

where  a  is  positive.    Then 

|r|"<l/(l+?ia) 
by  the  binomial  theorem. 

Thus  limr"=0, 

«— ♦■00 

a  resalt  which  was  obtained  independently  in  Ex.  3,  Art.  2. 
Hence  S=\\m Sn= 1/(1 -r),        if  -l<r<l. 


K  r^l,  it  is  obvious*  that  a„^«,  and  accordingly 

lim  «n  =  00 , 

80  that  the  series  diverges. 

When  r  is  less  than  —1,  we  have  r=-(l+6),  where  b  is  positive, 

and  so  (-r)*'>l+n6. 

Hence  *„>(2+n6)/(2  +  5),        if  n  is  odd, 

or  Sn<  —nbl{2  +  h),        if  n  is  even. 
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Thus  lim»n=-ao,     lim«„=+oo, 

and  so  the  series  oscillates  between  -oo  and  +00. 

If  r=  -1,  «n=I,        if  n  Ib  odd, 

and  «n=0,        if  n  is  even. 

Thus  the  series  again  oscillates. 

We  have  now  justified  all  the  statements  of  the  enunciation. 

It  follows  at  once  from  the  results  stated  in  Art.  3  that  if 

S=a^  +  a2+cL^+''-  to  00 
and  T=b^+b2+b^+*-.  to  00  , 

then  S±T=(a^±b,)  +  (<i^±b^)+(^i^±b^)+,.. . 

The  rule  for  multiplication  of  S,  T  does  not  follow  quite  so 
readily  (see  Art.  34). 

It  should  be  observed  that  the  insertion  of  brackets  in  a 
series  is  equivalent  to  the  selection  of  a  sub-sequence  from 
the  sequence  (8,1);  and  since  an  oscillatory  sequence  always 
contains  at  least  two  convergent  sub-sequences  (those  giving 
the  extreme  limits),  it  is  evident  that  an  oscillatory  series  can 
always  be  made  to  converge  by  grouping  the  terras  in 
brackets;  and,  conversely,  the  removal  of  brackets  may  cause 
a  convergent  series  to  oscillate, 

Ex.  2.  The  series  l-J  +  S-£  +  t~t  +  ---  oscillates  between  the  values 
•306...  and  1-306...;  but  the  series  (1 -.J)4-(§- J)+(i-i)  +  ...  converges 
to  the  sum  '306...,  while  1 -(^ -§)-(?- f)- ...  converges  to  the  sum 
1-306....     [•306...  =  l-log2  =  J-lt+}-J-l-...,  see  Arts.  21,  24,  63.] 

It  is  evident  that  when  we  are  only  concerned  with  deter- 
mining whether  a  series  is  convergent  or  not,  we  may  neglect 
any  finite  number  of  terms  of  the  series;  this  is  often  con- 
venient in  order  to  avoid  some  irregularity  of  the  terms,  at 
the  beginning  of  the  series. 

In  particular,  it  is  clear  that  the  series 

are  simultaneously  convergent.     The  sum  of  the  latter  is  often 
called  the  remainder  after  m  terrfis  of  the  former. 
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EXAMPLES. 

Arts.  1-3. 

L  If  an+i  =  ^/(^  +  an),  where  k>0,  aj>0,  the  sequence  (a„)  is  nionotonic 
and  converges  to  the  positive  root  of  the  equation  x^=x-^L 

2.  If  a„+i  =  ^/(l+a„),  where  k>0^  aj>0,  the  sequence  (a„)  converges  to 
the  positive  root  of  the  equation  x^+x=k. 

3.  If /(^)  is  a  continuous  function  of  x  such  that  '/'(•^)|  =  ^<I>  and  if 
ai.+i=/(an)j  the  sequence  (a«)  converges  to  a  root  of  the  equation  Jf  =/(.r) ; 
it  should  be  observed  that  this  equation  has  only  one  real  root. 

Ex.    /(a?) = i  cos  X. 

4.  If  a„-^0,  prove  that  6*«-^l,  where  b  is  any  positive  number;  and 
deduce  that  if  a„-^a,  6'*«-*'6*.     If  an-^-oo,  6'*«-*0  or  x. 

5.  If  a„+i=ita„  +  Za„_i,  where  /*,  I  are  positive,  prove  that  a„/a"  converges 
to  the  limit  («2~"^ii^)/*(^~iS>)»  where  a  is  the  positive  and  ^  is  the  negative 
root  of  .x^=kx+L 

6.  If  in  (5),  k-\-l  =  lj  prove  that  a„->(a2  +  ^ai)/(l+^).  In  particular,  if 
each  term  of  a  sequence  is  the  arithmetic  mean  of  the  two  preceding  terms, 
the  two  sequences  a,,  a^,  ^5, ...  and  a2,  04,  a^,...  are  separately  monotonic 
and  converge  to  the  common  value  J(2a2+a,). 

Examine  similarly  the  cases  in  which  the  geometric  and  harmonic  means 
are  taken. 

7.  If  a„^.i=i(a„  +  6„),  6n+i=V(««+i^f.)»  where  Oj,  6^  are  positive,  the 
sequences  (an),  (6„)  are  monotonic  and  converge  to  a  common  limit.  If 
aj  =  cos^,  6j  — 1,  the  common  limit  is  (sin  $)/$  ;  and  if  ai  =  cosht^  ^i  =  l>  the 
common  limit  is  (sinh  u)/u.  [Borchardt.] 

8.  If  a„+i=i(a„+6„),  a„+i6«+i  =  a„6„,  so  that  Ah+i,  i«+i  are  respectively 
the  arithmetic  and  harmonic  means  of  a„,  6„,  then  the  sequences  (a„),  (6n) 
are  monotonic  and  converge  to  the  common  limit  >J(aib^),  where  a^  6,  are 
positive. 

9.  If  a„+i  =  i(a«+6«),  6«+i  =  N/(a„6„),  so  that  a„+i,  6„+i  are  respectively 
the  arithmetic  and  geometric  means  of  a„  and  6„,  then  the  sequences 
(a„),  (6„)  are  monotonic  and  converge  to  a  common  limit  L 

This  limit  was  called  by  Gauss  the  arithmetrico-geometric  mean  of  a,,  61, 

and  can  be  applied  to  calculate  certain  elliptic  integrals  by  means  of  the 

formula 

IT  _  n^ dO ri^ dO 

I.S.  B 
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10.  In  general,  if  an+i=/(«n)>  and  if  (a«)  converges  to  a  limit  l^  then  I 
must  be  a  root  of  the  equation  x—f{x). 

But  there  are  two  limits  which  can  be  derived  from  (a„)  by  means  of 
sub-sequences,  they  must  satisfy  the  equations  x=f{y\  y=f(x). 
For  illustrations,  see  Ex.  11. 

11.  If  a„+i=iJ^»t,  ;fc>0,  a  number  of  alternatives  arise;  we  can  write 
the  condition  in  the  form  loga„+i  =  A.a„,  if  A. = log  it.  By  means  of  the 
curve  y=logx  and  the  line  y=A.r  we  can  easily  prove  that 

(i)  if  k>l/e,  (a„)  is  a  divergent  monotonic  sequence ; 
(ii)  if  0<A.<l/c,  the  equation  Xx^logx  has  two  real  roots  a,  ft  (say 
that  a</3);  then   the  sequence  (a„)  is  monotonic,  and  a«  -►  a 
if  ai<l3;   but  if  ai>^,  a„-*oo. 

When  A.  is  negative,  the  equation  logx=kx  has  one  real  root  (a);  but 
the  sequence  (a„)  will  be  seen  to  be  no  longer  monotonic.    To  meet  this 

difficulty  we  may  write  log  (log )=log(- A.)  +  A.a„_i  and  use  the  curve 

log- j  and  the  line  y=log(- A.)  +  X:f.     It  can  then  he  proved  that 

the  sequences  {(hn\  (^^+i)  are  separately  monotonic,  and 
(iii)  if   -e<A<0,   a,.-»a. 

(iv)  if    A<-e,    a'i«+i-*M,    a^^-*  o,    if   a^<a]    but    a^n-^?/,    a^+i-^v, 
if  ai  >  a  ;   and  a„  =  a,  if  a,  =  a. 

Here  u,  v  are  such  that  u<a<v  and  ifc"=v,  if=u. 

This  problem  was  discussed  in  the  special  case  ai=k  by  Seidel  (Abhand- 
lungen  der  k.  Akad.  der  Wissensch.  zii  Miinchen^  Bd.  11,  1870),  who  was  the 
first  to  point  out  the  possibility  of  oscillation,  in  case  (iv).  Previously, 
Eisenstein  (Crell^s  Journal  fur  JfatLy  Bd.  28,  1844,  p.  49)  had  obtained  the 
root  a  as  a  series  proceeding  in  powers  of  A. ;  this  series  is  the  same  as 
the  one  given  in  Art.  56,  Ex.  4,  below. 


AjTts.  4,  5. 

12.  The  reader  may  find  it  instructive  to  determine  the  upper  and  lower 
limits,  and  also  the  extreme  limiting  values  of  the  following  sequences. 
The  relations  of  the  terms  a„  to  the  limits  should  also  be  considered. 

(1)  a„=(-l)"w/(2?i  +  l).  (2)  a,.  =  (-l)"(7H-l)/(2w+l). 

(3)  a„  =  n  +  ( -l)"(2w  +  l).  (4)  a„=2w  +  l+(-l)";i. 

13.  In  an  oscillatory  sequence  there  may  be  a  finite  number  of  limits 
derived  from  sub-sequences,  all,  some,  or  none  of  the  limits  being  attained, 
as  may  be  seen  by  considering  : 

(1)  a„=sin(J?i7r),  which  consists  of  the  seven  numbers  0,   ±i,   ±i>/3, 

±1  all  repeated  infinitely  often. 

(2)  a„  =  (  1  +  - j  sin(Jwr)  has   the    same    seven   limits   as  in  case  (1), 

but  only  the  value  0  is  attained. 
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(3)  a„=(  1  +  — jcoa(j7iir)  has  the  four  limits  db^,  ±1,  but  no  term  a„ 

is  equal  to  any  of  these  values. 

There  may  also  be  a  whole  interval  of  limits  (see  Ex.  1,  Art.  5) ;  ^nd 
an  infinity  of  these  limits  may  be  attained.  But  it  is  then  not  possible 
for  a„  to  attain  aU  the  limits,  for  the  set  of  points  forming  an  interval 
are  not  countable  {i,e,  cannot  be  put  into  one-to-one  correspondence  with 
the  set  of  positive  integers),  and  therefore  cannot  form  a  sequence  (a„). 

14.    Addition^  subtraction  and  fmdtiplicatioii  of  oscillatory  sequences. 
If  WmOn—h^   lima„=ir 


and  lim^n^"^,    lim  &n=A 


then  k-\-l^\\m{an-\-h^^K+L 


and  it  — Z^lim(a„-6n)~ir-^. 

For  multiplication  the  results  are  not  so  simple ;  we  may  suppose  that 
by  changes  of  sign,  if  necessary,  we  have  made  K  and  L  positive.    Then 

(1)  if  0<i:<  AT  and  0<l<Ly  we  have 

kl^^(a^K)^KL; 

(2)  if  0<k<K  and  1<0<L,  we  have 

Kl^^{a,,K):^KL\ 

(3)  if  it<0<^  and  1<0<L,  we  have 

A.^lim(a«6„)g/A, 

where   A.  is  the  numerically  greater  of   leL  and   A7,  /x  of  kl 
and  KL, 

These  rules  apply  also  in  the  limiting  cases  k^K^  ^=Q}  ^=x,  etc.,  on 
the  understanding  that  the  rules  can  give  no  information  in  cases  when 
a  product  0  x  oo   is  present. 

It  is  also  to  be  noticed  that  convergence  of  {anh^)  is  quite  possible,  and 
that  these  inequalities  may  easily  give  very  much  wider  limits  for  {a^hn) 
than  are  necessary  in  particular  cases. 

15.  As  regards  division  of  oscillatory  sequences^  it  is  usually  best  to  reduce 
the  question  to  one  of  multiplication  by  the  reciprocal,  and  we  find  that 

(1)  If  0<^<Z,  we  have 

l/X-lim(l/6„),     l/;=li^(l/6„), 


and  so  kjL ^ lim (a„/6„) ^ Kjl,    if  0<k<K, 


but         k/l ^ Ihn {ajb„) ^ K/l,    if  k<0<K, 

(2)  If  ^  <  0  <  Z,  no  general  rules  can  be  laid  down  at  ally  as  the  terras 
in  (l/6n)  which  are  numerically  greatest  arise  from  those  terms 
of  (6„)  which  are  nearest  to  0 ;  and  the  values  of  ^,  L  give  no 
information  whatever  as  to  these  terms. 
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16.   To  illustrate  the  results  of  Exs.  14,  15,  the  reader  may  consider 
the  following  cases : 


(i)K)=    1,     h     h     I 
(M=-J,  +S,  -J,  +*, 

(2)(a„)=     1,      I      J,       I 
(6,)= -2,   +3,   -4,  +5, 

(3)  (a„)  =  l,  J,  2,  J,  3,  },  4, 
(6„)  =  1,  1,  i,  2,  J,  3,  J, 


««6„-*0,   a„/6«->0. 


lim  (&«/a„)  =  -  oc ,    lini  (6„/an)  =  oo . 
lim(a„6«)=-l. 


lim(a„6„)=  +  l. 

a„6„-^l. 

lira(a„/6„)  =  0,    lini(a«/6,)=oo. 


There  is  no  difficulty  in  constructing  further  examples. 

17.  Verify  the  following  table,  and  construct  examples  of  each  possi- 
bility, where  (1)  denotes  convergence  to  a  limit  not  zero,  (2)  to  zero, 
(3)  divergence  to  +ao,  (3')  divergence  to  —  x,  (4)  finite  oscillation, 
(5)  infinite  oscillation. 


On 

bn 

a« 

bn 

Clnbn 

1 

2 

1 

2 

1 
2 

1     3     , 

5 
3 

any  way 
3 

3 

3  or  3' 

3 

4 

3,  3'  or  6 

^ 

4 

4 

3 

5 

3,  3'  or  5 

5 

5 

4 

4 

1,  2,  4 

2 

2 

2 

4 

1 

5 

any  way 

2 

2 

3 

4 

anv  way 
'2 

5 

5 

any  way 

[Hardy.] 


Art.  6. 

18.    If  the  series  Sa*  converges  to  a  sum  «,  and  if  a„=6„,  then  26«  is 
also  convergent  and  has  the  sum  «.  [Stolz.] 


19.   The  series 


+  ,-- 


l-.r2  '  1-0^  '  l-o; 


s 


+  ... 


has  the  sum  to  n  terms  :; ^ „,  if  A' =2". 

Thus  the  series  to  oo  converges  except  when  j:=dbl,  and  the  sum  is 
xf{l-x)  when  |^|<1,  or  -1/(j;-1)  when  |.r|>l.  [De  Morgan.] 

20.   The  series 


a. 


a^ 


a. 


+  ... 


1+ai     (l+ai)(l+a^)     (\+ai){l+a^)il  +  a^) 
can  be  summed  to  n  terms.     The  series  converges  if  the  terms  a„  are  all 
positive  after  a  cei-tain  stage. 

In  particular  (see  Art.  38)  the  sum  to  x  is  1  if  the  series  2)an  diverges ; 
examples  of  which  are  given  by  l/a„  =  a  +  n,  a-{-2ii,  etc. 


21.   The  series 


r  2.r2         4r*         Rr® 


1+07      1+0:2      l^jA      l+jpS 

converges  to  the  sum  xl(l-x\  if  |o:|<l. 
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22.  Discuss  the  series 

l  +  2r+3r«+4r3+...,     l+3r-f6r»+10rS+15r4  +  ... 
on  the  same  lines  as  the  geometrical  progression  of  Art.  6. 

MisceUaneous. 

23.  If  the  sequence  (on)  is  monotonic,  prove  that  the  same  is  true  of 
the  sequence  whose  nth.  term  is 

(tti +  02 +...+««)/«, 
and  that  these  sequences  vary  in  the  same  sense. 
Compare  similarly  the  sequences 

(a„/6„)   and    (a,  +  a2  +  ...+a«)/(6,-f-62  +  "-  +  ^i)» 
where  6„  is  positive. 

24.  By  taking  a„  =  a"~^(l  —a)  in  Ex.  23,  shew  that  the  sequence  (1  -a")/?^ 
is  a  decreasing  sequence  when  a  is  positive.     Deduce  that 

na*'-^!  -a)<\  -  a"  <n{l  -a\        if  0<a<l, 

7ia"-^(a-  l)>tt"-l>?i(a-l),        if  a>l, 

and  examine  the  extension  of  these  inequalities  to  fractional  values  of  n. 

25.  Deduce  from  the  inequalities  of  Ex.  24  that  n(a"-l)  decreases  as 
n  increases,  but  remains  positive  (a>l);  deduce  that  it  converges  to  a 
limit  /(a),  and  that  y(^,)  _y(«)  =/(6/a). 

28.    If  af,+i=^-^ — -y  the  behaviour  of  the  sequence  (a„)  depends  on  the 

nature  of  the  roots  of  the  quadratic  ra:^  +  (s-p)x-q—0. 

If  these  roots  are  denoted  by  a,  jS,  we  can  prove  that  if  /S  is  not  equal 
to  a,  the  equation  reduces  to 

a„+i-  a^p-ra  /an-^o.\ 

Consequently,  if  cl,  13  are  real  and  unequaly  a„  -►  ct,  provided  that 

I  />  -  ra  I  <  I  p  -  rjS  I  ; 

in  the  exceptional  case  when  (p  —  ra)  +  (p-rl3)  =  0,  we  have  /?-f«=0,  and 
a„  is  alternately  equal  to  the  two  fixed  values  aj  and  {pai  +  q)/(rai-p). 

If  a,  13  are  complex  \p-ra\—\p-rp\^  assuming  that  p^  q^  r,  a  are  real, 
so  that  convergence  is  impossible  ;  it  is  then  possible  to  reduce  a„+i  to 
the  form  Oy  +  (^«/)tan nO 

1  +  {l-\-a{ni)  tan  n6^ 
where  {p-\'8f^eiQ^d^A{p8  —  qr)  and  k,  I,  m  are  easily  expressed  in   terms 
of  p,  q,  r,  «.     It  is  evident  that  if  Ojir  is  rational^  the  sequence  (a„)  will 
repeat  itself  in  certain  periods. 

/f  P=a,  both  being  real  (in  consequence  of  the  reality  of  p,  q^  r,  «),  we 
find  that  1  \  r 

«n+i-"     cin  —  a.     ra-\-9 
and  so  (except  when  r=0,  a  case  requiring  no  special  discussion),  we  have 


Ort-^O. 


CHAPTER   II. 

SERIES  OF  POSITIVE  TERMS. 

7.  If  all  the  terms  {a^,  a^,  a^,  ...)  of  the  series  are  positive,  the 
sequence  («„)  steadily  increases ;  and  so  (by  Art.  2)  the  series  2a„ 
must  be  either  convergent  or  divergent;  that  is,  oscillation  is 
impossible.     It  is  therefore  clear  (from  the  same  article)  that: 

(1)  The  aeries  converges  if  s^  is  less  than  sortie  fixed  number 
for  aU  values  of  n. 

(2)  The  series  diverges  if  a  value  of  n  can  he  found  so  that 
s^  is  greater  than  N,  no  Tnatter  how  large  If  is. 


1.     Consider  the  series  given  by  a„  =  l/n!,  so  that 


*n— l+o  i  +  rt  •+  I  •'•••■^»,  t* 


Compare  «n  ^ith  the  sum 

^»»~  ^  +  2  ^  2^  "^  23  ^ ' "  "^  2^*~^' 

It  is  clear  that  3!=3.2>2«;  4!  =  4.3.2>23; 

and  so  on,  nl  =  n.(w-l)...3.2>2""^ 

Thus,  from  the  third  term  onwards,  every  term  in  <r„  is  greater  than  the 
corresponding  term  in  «„ ;  and  the  first  and  second  terms  in  the  sums 
are  equal.    Thus  o-„>.?„. 

»"'  --=(l4-)/('-2-)  =  ^-^<2' 

so  that  «„<o-„<2. 

Consequently  the  series  ^a^  is  convergent  and  its  sum  cannot  exceed  2. 
If  the  sum  is  denoted  by  e  - 1,  as  usual,  we  can  prove  similarly  that 

c-l-«OT<l/{m(m!)}. 

By  direct  calculation  to  6  decimals  we  find  that  l+«7  lies  between 
2-71822  and  2*71828  and  that  l/{7(7!)}  is  less  than  '00003,  so  that  e  lies 
between  2*7182  and  2*7183.     Further  calculations  have  shewn  that 

^=2-7182818285.... 
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Ex.  2.    Consider  the  harmonic  series  (an^'iln\  for  which 

Then  arrange  the  sum  $„  into  groups  thus : 

where  the  last  term  in  each  group  is  a  power  of  2,  and  «=2'*.  Now 
compare  «„  with  the  sum 

■*"  \32  "*"•••  "^32/ "*""•"*■  \2«  ■*■"•"*"  2^/' 

where  the  number  of  terms  in  each  group  is  the  same  as  in  the  corre- 
sponding group  of  8„  ;  but  all  the  terms  in  any  group  of  <rn  are  equal  to 
the  last  term  of  the  group  in  «„. 

Then  <»>o-„,  by  inspection. 

But  each  group  in  <rn  (after  the  first)  is  equal  to  ^ ;  for  the  r^  group 
contains  2*""^  terms  each  equal  to  1/2'". 

Hence  cr„=l  +  J(?/i-l)  =  i(m+l), 

and  so  «„>^(m+l). 

Thus  «„>xV,  if  m^2N—l  ;  and  consequently  the  aeries  diverges. 

Since  all  the  terms  a^  are  positive,  we  need  not  stop  to  discuss  Sn 
for  cases  when  n  is  not  a  power  of  2 ;  of  course  if  some  terms  in  the 
series  were  negative,  this  would  be  necessary  in  order  to  make  sure  that 
the  series  would  not  oscillate. 

If  we  take  similarly 

"^  \2"*~^  +  •  ••  +  2m^y  ~  ^^^ 

w«  can  prove  that  S«>a„. 

This  gives  s„<m  +  l  ;  and  so  the  divergence  is  comparatively  slow. 
For  instance,  the  sum  to  a  million  terms  is  less  than  21,  because 

2«>=(1024)2>10». 
We  note  that  since 

the  series  l+i  +  J  +  J  +  ...  is  also  divergent. 
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The  method  used  here  can  easily  be  applied  to  discuss  the  two  series 

1+2^+3^  +  ^  +  ...   and   21^2 "^ 3 lop "^ 4Tog4 "^ ' * '  * 

But  the  discussions  in  Art.  11  are  as  easy  and  have  the  advantage  of 
being  more  easily  remembered. 

The  method  given  in  Ex.  2  can  be  put  in  the  following 
rule  (often  called  Catuchy'a  test  of  covdeiisatiov): 

The  series  2a„  converges  or  diverges  with  ^Na^,  if  1^=2** 
and  an^an+i',  and  it  is  easy  to  extend  the  proof  given  above 
80  as  to  shew  that  we  may  take  N  as  the  integral  part  of  /c", 
where  k  is  any  number  greater  than  1. 

(3)  It  is  clear  also,  from  the  results  of  Art.  2,  that  if  we 
can  Jirui  ti^,  no  that  8„  —  «n>^  (where  h  is  a  fixed  positive 
constant),  no  matter  how  large  n  onay  be,  then  the  series  must 
he  divergent 

For  we  can  then  select  a  succession  of  values  n^,  n-^,  n^y  n^t, 
n^y  ... ,  such  that 

«ni-«no>'^      «n3-«ni>^»      %-«n2>'^'      ^n,'-^n,>f^^      ^^'C- 

Thus,  on  adding,  we  find  that 

and  therefore  s^  can  be  made  arbitrarily  large  by  taking  r 

sufficiently  great;   and  so  the  series  diverges  in  virtue  of  (2) 
above. 

As  an  example,  consider  Ex.  2  above ;   we  have  then 

<«j-«»>(wi-w)/7ii, 

because  ««,  — «i.  contains  (wi  — 7i)  terms  ranging  from  l/(w  +  l)  to  l/?ii ;  and 
80,  by  taking  7ii  =  2n,  we  get 

^'2n  ""  *n  >  i« 

(4)  If  S  is  the  sum  of  a  convergent  series  of  positive  terms, 
the  sequence  (s^)  increases  to  the  limit  S;  the  value  of  s^  cannot 
reach,  and  a  fortiori,  cannot  exceed  S.  Thus  S  must  be  greater 
than  the  sum  of  any  number  of  terms,  taken  arbitrarily,  in  the 
series;  for  n  can  be  chasen  large  enough  to  ensure  that  s^ 
includes  all  these  terms. 

On  the  other  hand,  any  number  smaller  than  /S,  (say  S^— e), 
has  the  property  that  we  can  find  terms  in  the  series  whose 
sum  exceeds  S^e. 
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It  is  now  clear  that  a  series  of  positive  terms  remains  con- 
vergent even  if  an  infinite  number  of  its  terms  are  removed. 

Also  if  a  series  can  be  proved  to  converge  when  its  terms 
are  grouped  in  brackets,  it  will  still  converge  when  the  brackets 
are  removed,  provided  that  all  the  terms  are  positive, 

8.  Comparison  test  for  convergence  (of  positive  series). 

If  the  series  c^+Cg  +  Cg-h...  contains  only  positive  therms  and 
is  convergent,  and  if  another  series  a•^^~\-a^+a^~\-...  has  the 
property  0<a.Sc, 


-=  ^^n  rn    n 


(at  any  rate  for  values  of  n  greater  than  some  fixed  value), 
then  2/x„  is  also  convergent. 

For,  if  a„^c„,  when  7i>m,  we  have 


00 

if  T  is  the  sum   2c^. 

1 


Thus  8r,<8,n-^T; 

so  that  3^  is  less  than  a  fixed  number  (independent  of  n),  which 
establishes  the  convergence  of  2a^. 

In  case  the  inequality  holds  for  all  values  of  n,  we  have 
8^<CT;  so  that  the  sum  cannot  exceed  T. 

The  condition  that  all  the  terms  must  be  positive  in  2a„  and  Sc,,  may 
be  broken  if  there  are  no  negative  terms  after  a  certain  stage.  For  the 
convergence  of  the  series  will  not  be  affected  by  the  omission  of  a  finite 
number  of  terms  at  the  beginning  of  the  series. 

But  if  there  are  negative  terms  lefty  however  far  we  go  in  the  series  2c„, 
the  test  is  not  sufficient.     For  instance,  take  the  series 

1.2     2     2.3^3     3.4^4     4.5^*" 


and  compare  it  with 


^2     2^3     3^4     4^*'"* 


Every  term  in  the  second  series  is  numerically  greater  than,  or  equal  to, 
the  corresponding  term  in  the  first  series ;  and  the  second  series  converges 
to  the  sum  0.     But  the  first  series  diverges ;  for  in  this  series  we  find 

J__l     1 1__J^     1       1       1 

i.2     2'    2     2.3~3'    3     3.4~4'  ' 

BO  that  *2»«  =  o  +  0+7+'--  +  I-rT     *"^     *2n+l=*2«  +  «Vl 

z     o     4  7i+ 1  n  +  l 

giving    lim«9„+i  =  lim*2„  =  cx).     (Ex.  2,  last  article.) 
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9.  The  comparison  test  leads  at  once  to  the  following  form, 

which  is  often  easier  to  work  with: 

Let  the  series  2(1/C„)  he  convergent;  then  2a^  wilX  converge, 

provided  that  

lim(a„CJ 

is  Tiot  infinite,  both  series  containing  only  positive  terms. 

For,  when  this  condition  is  satisfied,  we  can  find  a  constant  0 
independent  of  n',  such  that 

Hence  a^  is  less  than  0/C^,  which  is  the  general  term  of  a 
convergent  series. 

It  is  useful  to  remark  that  there  is  no  need  to  assume  the 
existence  of  the  limit  lim(a„C^);  this  is  seen  by  considering 
the  convergent  series 

2^      2^      1      ^      1       2 

Uj       ^2      Og      O^      Og      Og 

for  which  aJJ^  is  alternately  equal  to  1  and  2. 

Further,  the  test  is  sufficient  only  and  is  not  necessary;  as 
we  may  see  by  taking  Cj^  =  nl  and  a„=l/2'*"^;  then  a^C„ >'?i/2, 
so  that  lim(a„(7„)  =  oo.     But  2a„  converges  (see  Ex.  1,  Art.  6). 

The  corresponding  test  for  divergence  runs: 

Let  the  series  2(1/D,j)  be  divergent,  then  2a^  iviU  diverge, 

provided  that  ,.  _ 

^  lira(«„Z)„)>0. 

both  series  containing  only  positive  terms. 

The  proof  is  practically  identical  with  the  previous  investiga- 
tion, when  the  signs  of  inequality  are  reversed.  We  note  also 
that  the  limit  lim(tt,ji)^)  need  not  exist;  and  that  the  test  is 
not  necessary. 

It  follows  immediately  that  the  foUirwing  conditions  are 
necessary  bnt  not  sufficient : 

For  convergence,  lim  (a^D^)  =  0 ; 

for  divergence,  lim  (a^C^)  =  x. 

But,  in  general  there  is  no  need  for  the  limits  of  (a^D^)  or 
of  (dnCn)  to  exist;  and  the  condition,  lim (a^D^)=:0,  sometimes 
given  as  necessary  for  convergence,  is  incorrect. 
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Let    a»s=l/n^    except    when    n    ia    a.    squared    integer,    and    let 
an  =  l/n'  when  n  is  a  square. 
Thus  the  series  is 

If  we  take  />„=«,  we  find 

lim  {OnDn) = 0,    lim  (a„/)„)  =  oo , 

so  that  lim(anZ>„)  does  not  exist.     But  jet  the  series  ISon  converges,  as 
will  be  seen  in  Art.  11. 

It  is  eaay  to  see  that  if  the  terma  a^  steadily  decrease,  the 
condition  lim(7ia^)  =  0  is  necessary  for  convergence;  but  even 
so,  the  general  condition  lim(a^Z)^)  =  0  is  not  necessary. 

For  if  2a^  is  convergent,  we  can  choose  tti,  so  that 

Now  each  of  these  terms  is  not  less  than  a^,  so  that 

{n  —  7n)a^<C€,      if  n'^m. 

But,  since  c/n^O,  we  can  choose  vO-Tn.),  so  that  Tna^^e, 
if  91  >  i/. 

Thus  7M/„<;2e,  if  n^v,  and  consequently 

lim  (luin)  =  0. 

That  this  condition  is  not  sufficient  follows  from  AbePs  example  (Art.  1 1 ) 
<l„==(nlog7^)~^  "which  gives  a  divergent  series,  although  lim(wa„)=0. 

No  condition  such  as  lim  («„/>„)=()  is  necessary  for  convergence  if  />„ 
tends  to  oo  more  rapidly  than  n ;  and  examples  of  convergent  series  for 
which  (OnBn)  bas  no  definite  limit  will  be  found  in  Pringsheim's  article 
{Math.  Annale7i,  Bd.  35,  p.  343).  Of  course,  if  tlte  limit  exists,  its  value 
must  be  zero  for  convergence  ;  but  convergence  does  not  imply  the  existence 
of  a  limit  for  (onD^ 

10.  If  the  series  2a„  is  compared  with  the  geometric  series 
2r",  we  can  infer  CauQhy's  test,  which  is  theoretically  of 
fundamental  importance : 


If  limo-^^^l,  tlie  series  converges; 


if  lima„">l,  the  series  diverges. 

It  is  of  great  importance  to  remember  that,  in  contrast  with 
the  ratio-tests  of  Art.   12,  these  conditions  both  relate  to  the 

nriaximum  limiting  value;  and  that  the  condition  lima^">-l 
is  not  necessary  for  divergence. 
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Further,  to  ensure  divergence,  it  is  Twt  necessary  that  a^* 
should  be  ultimately  greater  than  unity,  in  spite  of  what  is 

sometimes  stated  in  text-books;   and  if  a^"  oscillates  between 
limits  which  include  unity,  the  series  diverges* 

To  prove  these  rules,  suppose  first  that 

1^ 

hma„"  =  6'<l. 

Take  any  number  p  between  O  and  1  ;   then  we  can  find  m  so  that 

a„"</o<l,        if    n>m. 

Hence,  after  the  mth  term,  the  terms  of  ^a„  are  less  than  those  of  the 
convergent  series  2p" ;  that  is,  2a„  is  convergent.  And  the  remainder 
after  p  terms  is  less  than  /o^/(l-p)  provided  that  p>m. 

But  if  lima„">l,  there  will  be  an  infinite  sequence  of  values  of  n, 
(say  72i,  Tij,  W3,  ...),  such  that 

1 
a„">l,        if     n=np; 

and  therefore  an>l»       if    n  =  7ip. 

Thus  the  sum  Sa,„  taken  from  1  to  7ip,  must  be  greater  than  p  ;  and 
p  may  be  taken  as  large  as  we  please,  so  that  2a„  diverges. 

1^ 

We  know  from  Art.  1 54  that  lim  (in"  lies  between  the  extreme 

limits  of  («n+i/«n) ;  thus  the  series  converges  if  lim(«n.|.,/a„)  -<  1, 

and  diverges  if  lim(a„^_iA(„)>  I.     This  shews  that  d*Alembert's 

test  (Art.  12)  is  a  deduction  from  Cauchy's. 

But  on  the  other  hand,  since  we  only  know  that  lim  an" 
falls  between  the  extreme  limits  of  (^n+iA^n),  it  is  clear  that 
we  CO V  not  deduce  Cauehys  test  in  it^  full  generality  from 
d'Aleviberfs. 

If  we  consider  a  power-series  26„a^"  (in  which  6^  and  x  are 
supposed  pasitive),  Cauchy^s  test  will  give 

xl<^l,  for  convergence,  and  aji>l,  for  divergence, 

1 

where  i  =  limt„«. 

Thus  x^Ajl  gives  an  exact  boundary  between  convergent 
and  divergent  series,  supposing  i  to  be  different  from  zero  and 


*  ThivS  might  seem  to  l)e  at  variance  with  a  statement  made  by  Chrystal 
{Alfjehray  2nd  edition,  oh.  xxvi.  §5,  1) ;  but  his  remark  must  be  understood  as 
implying  the  insufficiency  of  the  method  used  in  that  article.  The  complete 
form  of  tlic  teat  is  given  by  Chrystal  in  §  11  of  the  same  chapter. 
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finite.  If  1  =  0,  the  condition  for  convergence  is  satisfied  for 
all  positive  values  of  x;  but  if  i=oo,  the  series  will  diverge 
for  all  values  of  x,  except  zero. 

But  if  we  apply  d'Alembert's  test  to  the  power-series,  we  can 
only  infer  that 

x<^g  gives  convergence,   and  x^Q  gives  divergence, 

where  gr  =  lim  (6^fc„+i)  and   G  =  lim(6^6„+i); 

so  that  when  gr,  0  are  unequal  (as  they  may  easily  be),  we  can 
obtain  no  information  as  to  the  behaviour  of  the  series  if 
9<x<0. 

In  spite  of  this  theoretical  objection,  d'Alembert's  test  is 
sufficient  to  establish  the  region  of  convergence  of  the  most 
useful  power-series;  and,  on  account  of  its  simple  character, 
this  test  (with  its  extensions  in  Art.  12)  is  the  most  widely 
used  in  ordinary  work. 

11.  Second  test  for  convergf ence ;  the  logarithmic  scale. 

Suppose  that  the  terms  of  a  positive  series  are  arranged  in 
order  of  magnitude,  so  that  a^  ^  a^+j  >  0. 

If  we  write  f{n)  =  a^y  it  may  happen  that  the  function  f{x) 
is  also  definite  for  values  of  x  which  are  not  integers,  and 
that  f{x)  never  increases  with  x.  Then,  if  x  lies  between  n 
and  71-f-l,  it  is  plain  that 

a„^/(a;)^a„+i>0. 

Thus,  from  the  definition  of  an  integral,  we  have 

fn+l  fn+l  fn+l 

I      a^cbi^X      f{x)dx^\      a^j^^dx 

(*n+l 

or  a„g        /(ir)dx^a„+i. 

•'n 

Write  now/^=j  f(x)dx,  and  we  find  successively 

^-^2  =  -'s  ""  -^2  =  ^^3 » 

Adding  these  inequalities  we  have 
Hence  a^  =  s^^  —  7,^  =  a^  >►  0. 


%• 
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fn+l 

Further     (g^+j-/^^.J-(s^-/J  =  a„+i-        f(x)dx:^0, 

and  therefore  the  sequence  whose  7?th  term  is  «^  — /„  never 
increases'^  and  since  its  terms  are  contained  between  0  and  a^, 
the  sequence  must  have  a  limit  (Art.  2)  and 

Thus,  the  series  San  converges  or  diverges  with  the  integral  * 

I  f{x)dx;  if  convergenty  the  sum  of  the  series  differs  froTH  the 

integnd  by  less  than  a^;  if  divergent,  tlie  limit  of  (Sn-^In) 
n,evertheless  exists  and  lies  between  0  and  ay 

Ex.     If  an  =  l/n{n  +  l\  /(^)=l/a7(x  +  l),  and  J   /(.r)c£r=log2. 

00 

And  2)aM  =  l,  which  is  contained  between  the  values  log  2  and  i  +  log2, 
1 

in  agreement  with  the  general  result. 

A  large  number  of  very  important  special  series  are  easily 
tested  by  this  rule : 

(1)  Consider     ip  +  2^+^+"'>   where   a^  =  n'P. 

Here,  if  p  is  positive,  the  rule  applies  at  once,  and  gives 

•'I  ,       F 

thus  the  integral  to  oo  is  convergent  only  if  p  >  1.  Thus  the 
given  series  converges  oidy  if  p  >•  1 ;  aiid  tite  sum  is  then 
contained  between  the  values  l/(p  — 1)  aTid  p/ip  —  l)- 

If  p=\,  the  integral  is  equal  to  log  re,  and  shews  that  the 
harmonic  series  is  divergent  (see  Art.  7) ;  we  infer  also  that 

exists  and  lies  between  0  and  1.  This  is  Euier's  or  Mascheroni*s 
constant. 


The  convergence  of  the  aeries  used  in  Art.  9 

11       1_      1      1      1      1     _!_ 

1  +  22  +  32  +  4^  "^  5*  "^  62  "^  7^  "^82  "^  c)f 

can  now  be  inferred. 


*  The  integral  converges  or  diverges  with  the  soqueuce  (/„) ;  for  further  details 
see  Appendix  III. 
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For  the  first  n  terms  are  included  in  iS^„  +  T„,  where 

o„=  I +-^  4- ^2  +  42  +  •••  +  :^> 

•«  n  —  ■*•  T  "«■  T     o  "t" •  T  . . .  T  a    I 

4^     9^     16*  (n2)* 

and  so  the  sum  of  these  n  terms  is  less  than  iS'„  +  7*„. 

Now  by  (1)  ^„<2,     Tn<4, 

and  so  Sn+Tn<Q. 

Hence  the  given  series  converges  to  a  sum  not  greater  than  6  (Arts.  2,  7). 

(2)  C!onsider   i(log2)-P+^(log3)-P+i(log4)-P+ ... , 
for  which  aj^  =  0  and   a„  =  7i"^(log'M)"^. 

Here  f(x)=:x'^(logx)'P, 

and  so         \  f(x)dx=:  [{log  xy-P- {log  2y-y]/{l" p). 
or  =  log  (log  aj/log  2),     if  p  =  1. 

Thus  the  given  series  converges  if  p  >  1  and  diverges  if 
p^\  ;  it  should  be  noted  that  ii  p  =  l,  the  divergence  is  very 
slow,  the  sum  of  a  billion  terms  being  less  than  5. 

(3)  It  can  be  proved  similarly  that  if  we  omit  a  sufficient 
number  of  the  early  terms  to  ensure  that  all  the  logarithms 
are  positive,  and  if 

a^  =  (7?  log  7i) -  Mlog  log  n) -P, 
or  {n  .  log  n .  log  log  n) ~ ^  [log  (log  log  n)]  "^, 

the  series  converges  if  p>l,  diverges  if  p^l.  - 

(4)  Since   \  lF\x)/ F{x)]dx^log  [F{x)l  it  is  clear  that  the 

two   integrals    I    [F'{x)  /  F{x)]clx,  and  I    F\x)dx   converge  or 

diverge  together ;  now  if  we  suppose  that  F\x)  is  positive  but 
decreases  to  zero  as  a  limit,  the  same  will  be  true  of  F\x)/F{x), 
provided  that  F{x)  is  positive  and  so  we  can  deduce  the  result : 

Tlie  aeries  ^F'{n)  /  F{n)  covverges  or  diverges  according  as 
the  series  ^F\n)  does.  Similarly,  if  XF\n)  is  divergenty  the 
series  ^F\n)/[F(n)]P  converges  if  p^  1,  hut  diverges  if  p^\. 

This  result  shews  that  the  succession  of  series  begun  in 
1,  2,  3  can  be  continued  without  stopping;  but  for  ordinary 
work,  the  two  types  1,  2  are  sufficient. 
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The  following  results,  which  are  independent  of  the  Calculus,  have  a 
field  of  application  substantially  equivalent  to  (4) : 

Let  {M^  denote  an  increasing  sequence  suck  that  limMn=oD  ;  then 

^{M„^i-M,)IM„  and  2(.V,^,-ir„)/Jlf.+, 

are  divergent  serieSy  while  '^{M„+i~Mn)/Mn''~^-Afn+i  w  convergent  if  p>l. 
For,  if  we  take  the  sum  of  {Mn+i-M„)IMn  as  n  ranges  from  q  to  r,  we 

r 

see   that   its    value  is   greater   than   '^{Mn+i- M„)/Afr+i={Mr+i- Mg)/Mr^y 

because  in  the  summation  J/„<i^r+i-     We  can  choose  r  large  enough  to 
make  i/r-f  i=2i/g ;   and  so  this  sum   is  greater  than  ^,  no  matter  how 
large  q  may  be.     Thus  the  series  diverges.     (Art.  7  (3).) 
Similarly,  '2{M„+i  —  Mn)/^n+i  is  divergent. 

If  p  =  2,  the  third  series  reduces  to  2(t?--t7 — )  =  -i7-»  and 

vergent ;    thus  if  />  >  2,  the  terms  are  less  than  those  of  a  convergent 
series,  and  so  the  only  case  left  for  discussion  is  given  by  1<  p  <  2. 
From  Ex.  24,  Ch.  I.,  we  have  the  inequality 

( 1  -  a"»)/w  >  (1  -  a")/7i,     if  ?w  <  w. 

Write  now  a"=c,   m/71  —  k, 

and  then  we  have  l-c*>X*(l  -c) 

where  k  is  a  proper  fraction. 
To  apply  this  lemma,  write 

and  then  we  get       1  -  ,t  "   <  -    1     1  -  ( 17-^  )         j 

M„^^-M         1     /    1 \_\ 

From  this  it  is  plain  that  the  given  series  has  its  terms  less  than  those 
of  a  convergent  series. 

12.  Ratio-tests  for  convergence. 

Kummer's  test  for  the  series  Sa^  runs  thus: 
//  ^Dn~^  is  a  divergent  series,  then  2a„  is 

(C)  convergeoity  if  lim(i)„ — - — Dn+i)^0, 

(D)  divergent,     if  Imi  ( D„-^ —  -Dn+i)  <  0. 

For  in  the  first  case,  if  (/  is  the  minimum  limit  and  h  is  any 
positive  number  less  than  g,  an  integer  m  can  be  found  such  that 

i)n-^-i;n+i>A,     if  n^m. 
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Thus  OnDn  -  a«+ii)n+i  >  han+i ,     H  n^m, 

or  adding,  we  have 

Hence  am+i+am+2  + ...  +a„<  a„»i)^/;?, 

and  the  last  expression  on  the  right  does  not  involve  n;  so 
that  2«n  remains  always  less  than  a  fixed  number,  and 
therefore  2a„  is  convergent. 

In  the  second  case  we  can  find  m,  so  that 


a, 

^^  <JnDn<i(hi+iDn+l,      if   71  ^m. 

Hence  ani>n>  a,„7)^,         if  7i  >  m, 

and  so  the  teims  of  la^  are,  after  the  mth,  greater  than  those 
of  the  divergent  series  (a^D,n)2i)„-i.  Thus  Sa^  is  also 
divergent. 

Special  cases  of  importance  are : 

(1)  d'Alemberfs  test 

Let  i)n  =  -Dn+i  =  l;   then  the  conditions  are 

(C)  lim  (an/an+i)  >  1 ;     (D)  In5^(a„/a^,)  <  1. 

This  should  be  compared  with  Cauchy's  test  of  Art.  10. 


1.  If  this  test  is  applied  to  the  series  1-f  2.t?+3iB*+4^4-...  we  see 
that  it  converges  if  a:<l,  diverges  if  ;r>  1  ;  but  the  test  gives  no  result  if 
x=l  although  the  series  is  then  obviously  divergent. 

(2)  Raabe's  test;   to  be  tried  when  lim(a„/a«+,)  =  l- 
Let  Dn=^n,  then  the  conditions  are 

(C)  lim[7i(a«/an+i-l)]>l;     (D)  ^[n(anlan^,-l)]<l. 

Ex.  2.     If  we  take 

,      l+g      (l+a)(2  +  a) 

^1+18  ■*"(i+i8)(2+/3)  "*■•••' 

we  find  n(.^-.i\=  ^'"^  , 

\a„+i       /     1  +  ajn 

and  so  the  series  converges  if  /3>a+l,  diverges  if  /8<a  +  l.  If  jS=a+l 
the  test  fails,  although  the  series  may  then  be  seen  to  diverge  by  comparison 
with  Y,\jn, 

IS.  C 
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(3)  If  the  limits  used  in  (2)  are  both  equal  to  1,  we  must  use 
more  delicate  tests,  found  by  writing 

Z)„=nlog7i,  ti  log  71  log  (log  7i),  and  so  on. 

These  functions  are  of  the  form  /(n),  where  f{x)  is  continuous 
and  /"(a;)  tends  to  zero  as  x  tends  to  infinity.  Then  Rummer's 
test  becomes      (q  lim/cn>0;   (D)  Ii^iCn<0, 

where  _^  =  i+^+^. 

ttn+i  An)    f{n) 

For 

Now  we  can  find  v  ao  that  \f{x)  |  <  c,  if  .r  >  v,  and  so  the  last  integral 
is  easily  seen  to  be  less  than  ^e,  if  n  >  v.    Thus 

/(w+l)-/(w)-/(n)  — 0,    as  71  —  00. 

Writing  /(n+1)  and  f(n)  for  />„+i  and  D„  in  KummeHs  test,  we  are  led 
at  once  to  the  form  given  above. 

In    particular    if    f(x)  =  xlogXy    we     find    f(x)  =  \ogx+ly 
f\x)=l/x;  thus  we  find  de  Moi^gan's  avd  Bertrand'a  first  test, 

(C)  lim/)n>l;    (D)Ihiip„<l, 

where  —''  =1  +  1+    f''     . 

«n+i  n    n  log  n 

Their  further  tests,  given  by  /(a3)  =  a;  log  a:  log  (log  a;),  etc.,  are  of 
little  practical  importance. 

(4)  It  is  sometimes  more  convenient  to  replace  the  last  test 
by  the  following: 

(C)lim(7n>l;    (D)  iiS:(rn<l, 

where  log — —=    +       " 


(^*+i     n     n  log  7?  * 
After  a  certain  stage,  we  have  l<a„/a„4.i<l+(2/n) ; 

also  0<$-\ogO+^)=(^-^dt<i$^,      if  ^>0; 

Jo  i  +  r 

thus  we  see  that  0<p„-o-„<2(log7i)/72,  and  so  /o«-o"„-*-0. 

(5)  The  most  important  cases   in   practical   work  admit   of 
the  quotient  ctj(^n+i  bei^ig  expressed  in  the  form 


where  fi  is  &  constant,  X  an  index  greater  than  1,  and  |ft)„| 
remains  less  than  a  fixed  number  A  for  all  values  of  n. 
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If  this  expansion  is  possible,  it  is  easily  seen  that  d*Alembert*s 
test  fails :  Raabe's  test  gives  convergence  if  yw  >  1,  divergence  if 
/i<l.  To  discuss  the  case  fx  =  l,  apply  the  test  (3);  then  we 
have  to  consider  the  limit  of  w^Aogn.n^'^, 

But,  since  | w^ |<  J.,  and  lim (log n.n^'^)=^0, 
we  have  lim (cd„ . log n,n^-^)=i{). 

Thus  /x  =  l  also  gives  divergence.  We  may  therefore  sum 
up  these  results  in  the  working  rule  (essentially  due  to  Gauss 
in  his  investigations  on  the  Hypergeometric  series): 

//  it  is  posfdhle  to  express  the  qiwtient  o^Ja^i+i  in  the  form 

the  series  2a„  is  divergent  if  //<!,  convergent  if  /*>  1. 

If  we  apply  the  results  of  Art.  39,  Ex.  3,  to  the  quotient 
nanl(n+l)anjfv  it  is  not  difficult  to  prove  that,  wlien  ajdn+i 
COM  be  expressed  in  the  forni  above,  the  condition  lim(7ia„)  =  0 
is  necessa/ry  and  sufficient  for  convergence  (in  contrast  with 
the  results  for  series  in  general,  Art.  9). 

Ex.  3.    Consider  the  Hypergeometric  Series 

1  ,  a-/8^  ,  a(a  +  l)ff(ff+l)  „  .  a(a+l)(a  +  2);8(j8+l)(/8  +  2)  ■ 
^^l.y'''*'    1.2.y(y  +  l)    "^  ^       1.2.3.  y(7  +  l)(y  +  2)       '^'^•••• 

By  naing  d'Alenibert's  test  this  series  is  easily  seen  to  converge 
if  0<4;<  1,  and  to  diverge  if  x>l.    If  .v=l,  consider 

I 

a„  ^(y^-H)(y+n)  n(y  +  l-a-ff)-aj8 

a„+i    (a+7i)(j8+?i)^         n2+n(a  +  j8)+a/3  * 

which  gives  /Li=y  +  l-tt-j8,  so  that  the  series  converges  if  y  >a  +  ^,  and 
diverges  if  7  =  a+^. 

It  will  appear  from  Art.  50  that  the  series  converges  if  - 1<  :r  <  0 ; 
and  from  Art.  21  that  it  converges  also  for  .r=-l,  if  y  +  l>a  +  )8. 

13.  Notes  on  the  ratio-tests. 

It  is  to  be  noted  that  d'Alembert's  test  does  not  ensv/re  the 
convergence  of  a  series  if  we  only  know  that  aja^^^  >►  1  for 
all  values  of  n. 

For,  if  lim(a„/a„+i)=l,  it  will  not  be  possible  to  find  a  number  k  such 

that  ttfl      -I  ^  y  ^  /\       t        -— 

— =--l>*:>0,      forworn. 

In  particular,  if  a„  =  l/n,  an/a„+i=l  +  l/n>l  ;    and  yet  the  series  2a„  is 
divergent. 
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Secondly,  it  is  not  necessary  for  the  convergence  of  the  series 
'Ean  that  ajd^-^i  ^hovM  have  a  definite  limit 

For  it  will  be  seen  in  Art.  26  that  the  order  of  the  terms  does  not  aifect 
the  convergence  of  a  series  of  positive  terms ;  but  of  course  a  change  in 
the  order  may  affect  the  value  of  lima„/a„+i. 

Ex.  1.  The  series  a+l+a^-f  a*+a*+a*+,..  is  a  rearrangement  of  the 
geometric  series  l+a+a*+a'  +  ...,  and  so  is  convergent  if  0<a<l.  But 
in  this  series  the  quotient  a„/a„+i  is  alternately  a  and  l/u^. 

Ex.2.     Theseries    l+a+)3«+a«+i^+a«-f  )8<^+... 
is  convergent  ifO<a<jS<l;   as  is  plain  by  comparison  with 

In  this  series  we  have 

lima"/iS"-'*  =  0,    lim/?"/a"+»  =  oo. 

But  even  loheii  the  terms  are  arranged  in  order  of  magnitude^  the  convergence 
of  the  series  does  not  imply  the  existence  of  the  limit. 

Ex.  3.     Theseries       \+la-¥\a  +  \a?  +  \a^+la?+W'>t ,., 
has  its  terms  arranged  in  order  of  magnitude,  if  0<a<  1  ;  and  it  is  then 
convergent,  by  com parison  with  1  +  a  +  a  +  a* + a'  +  a'  +  a^  +  — 

But  yet  lim(a„/a„+i)  =  l/a,    lim(a„/a„+i)  =  l. 

Thirdly,  if  the  quotient  aja^+^  has  maximutn  and  minimum 
limits  which  include  unity,  the  whole  scale  of  ratio-tests  will 
fail. 

For,  if  lim(a„/a„+i)~(j>l  >^=lim(a„/an+i),  we  can  take  K,  k  such  that 

0>K>\>k>gy 

and  then  a„/an+i  is  greater  than  K  for  an  infinite  sequence  of  values  of  n, 
while  it  is  less  than  k  for  a  second  infinite  sequence  of  values. 
If  n  belongs  to  the  first  set  of  values,  we  shall  have 

w(a«/a„+i  - 1)  >  n(K- 1) ; 
but  if  it  belongs  to  the  second  set, 

n(a„lan+i - 1)  <  -  w(l  -  k). 

Hence  lim«(a„/a„+i- 1)=  4-ao,    lim«(a„/a«+i-l)= -oo, 

and  therefore  Raabe's  test  fails  entirely.    It  is  easy  to  see  that  the  failure 
extends  to  all  the  following  tests. 

If  we  apply  Raabe's  test  to  Ex.  3  above,  we  find 

limn(a„/an+i-l)=+QO,    lim  n(a„/a„+, -1)=1  ; 

and  passing  to  the  next  stage  we  get 

iim(logn)[7i(a„/a„+i-l)-l]=  +  oo,     lira  (log  70[n(a„/(/„+i  - 1)  -  1]=0, 

80  that  the  ratio- tests  can  give  no  information. 
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It  will  be  seen  from  the  foregoing  remarks  that  the  ratio- 
tests  have  a  comparatively  limited  range  of  usefulness;  and 
it  may  reasonably  be  asked,  why  should  we  trouble  to  intro- 
duce them  at  all,  and  not  be  content  with  the  more  general 
comparison-tests  ?  The  answer  to  this  is  that,  in  practice,  the 
quotient  aja^^^  is  often  much  simpler  than  a^,  and  then  it  is 
easier  to  use  the  ratio-tests  (if  they  apply)  than  any  others. 

Historical  Note.     Eummer  himself  gave  his  test  in  the  form 


lim[<p(n)-<t,(n+l)"^]>0 


for  convergence,  where  ip(n)  is  an  arbitrary  sequence  of  positive 
numbers,  subject  to  the  restriction  lim0(9i)an  =  O,  which  was 
proved  to  be  superfluous  by  Dini.  Dini  also  was  the  first  to 
obtain  the  condition- in  the  form  given  above,  where  the  aame 
expressions  are  used  to  test  both  for  convergence  and  for 
divergence.*   Further  extensions  have  been  given  by  Pringsheim. 

11  ErmakofTs  tests.! 

The  series  2/(ti),  in  which  f(n)  is  subject  to  the  conditions 

of  Art.  11,  is  ^     (^fie^^) 

(i)  convergent  if    lim  -^7^<1, 

(ii)  divergent  if      Um  -'y  .x  >!• 

For,  in  the  first  case,  if  p  is  any  number  between  the  maximum  limit 
and  unity,  we  can  find  (  so  that 

e'f(^)<PA^\  if     ^>f. 

Thus  (  e'f{€^)(Lc<p(  f{x)dx,      if    A'>f, 

or,  changing  the  independent  variable  to  ^  in   the   left-hand   integral, 

we  have  J  .^  x 

/    f(x)d.v<pj  f{x)dx. 
J  j^  * » 

That  is,  (1  -p)ff{x)dx<p\^\^f{x)dx-j'f{x)dx^ 

or 


p\  j  f{x)dx-j    f(x)dx  . 


*Som6  variations  of  the  tests  have  been  given  by  different  writers;  but 
Dini*s  are  ondonbtedly  the  most  convenient  in  practice. 

jfBvlietin  des  Sciences  MoUhematiqueSt  1871,  t.  2,  p.  250. 

i^The  reader  is  advised  to  use  the  geometrical  representation  of  i  f{x)dx  as 
the  area  of  the  curve  y^f[x)  when  following  out  the  argument. 
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Or,  again,  since  the  last  term  in  the  bracket  is  positive,  because  ^  is 
greater  than  X,  we  have 

(I-p)/    f{x)dx<p\    f{x)dx. 

As  this  inequality  is  true  for  any  value  of  X  greater  than  £,  it  is  clear 

that  the  integral   /  f(x)dx  must  converge ;  and,  therefore,  so  also  does 

the  series  2/(n). 

In  the  second  case,  (  can  be  found  so  that 

As  above,  this  gives 


f'f(x)dx^l'f{x)dx,      if    X>$, 


J  ■'( 


f'/(x)cLc^    'f{x)dx,      if    jr>f 


or  j'/(x)dc^j' 

This  indicates  that  the  integral  \f{x)dx  is  divergent,  because,  no  matter 

J  rx' 

how  great  X  may  be,  a  number  X'^e'  can  be  found  such  that  /  f{x)dx 

is  greater  than  a  certain  constant  K ;  compare  the  argument  of  Art.  7  (3). 
Thus  the  series  S/(n)  is  divergent. 

These  teats  include  the  whole  of  the  logarithmic  scale. 
For  example,  consider 

f(x)  =  l/{x.  log  X .  [log(log  x)y}, 

then  e*/(e*)  =  e*/{e* .  aj .  [log  a?p}. 

Thus  ^AeF)lf{x)  =  [log(log  x)Mlog  xp  -  \ 

and  so  lim  ^f{e^)/f(x)=:0,       if  p>l, 

or  =00,     if  2?^  1. 

That  is,  the  series  2/(^)  converges  if  j9>'l  and  diverges  if 

It  is  easy  to  see  that  if  <l>{x)  is  a  function  which  steadily 
increases  with  x,  in  such  a  way  that  ^{x)'^x,  the  proof 
above  may  be  generalised  to  give  Ermakoffs  tests: 

(i)  convergence,  if   Em  ^-^^^P^^^^<1, 
(ii)  divergence,  if     lim  i&!<^^^^M>  i. 
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16.  Another  sequence  of  tests. 

Although  the  following  sequence  is  of  less  importance  than  the  ratio-tests 
in  ordinary  work,  it  is  of  theoretical  interest,  giving  a  continuation  of 
Cauchy's  test  in  Art.  10. 

We  have  seen  in  Art.  11,  that  if  2/"('*)  «  divergent,  '2FXn)/[F{n)y 
converges  only  if  p>l.    This  gives  the  following  test: 

la„  converges  if   lim -f  ^     v  ^  !^J  >  j 


logiFCn)] 
and  diverges  if     ial2gM^]<i^ 


where  F'{n)  is  positive 
but  tends  steadily  to  0. 


log  [/■(»)] 

For,  in  the  first  case,  as  on  previous  occasions,  we  can  find  p>\  and  an 
index  m  such  that 

-log[F(n)]    >^'        '^  ''^"^ 

or  a„  <  F'{n)l[F{n)Y,       if  n  >  m. 

This  shews  that  Son  converges,  by  the  principle  of  comparison. 
But,  in  the  second  case,  we  have  an  index  m  such  that 

F'  {n)/an  ^  F(n),       if  n  >  m, 

or  an  g  F'{n)IF{n\       if  n  >  m, 

this  shews  that  Dan  diverges. 

Special  examples  of  this  test  are  given  by 

(1)  F{n)=in ;  and  the  function  to  examine  is 

log  (IK) 
logn 

(2)  F{n)^\ogn\  and  the  function  is 

log(l/na,) 
log  (log  w)' 

(3)  /'(n)=log(logn) ;  then  the  function  is 

log{l/(yi.logyi.an)} 

log  [log  (log  n)] 
and  so  on. 

The  test  (1)  can  be  transformed  into  another  shape,  first  given  by  Jamet, 

in  which  the  relation  to  Cauchy's  test  is  easily  recognised. 

If  we  write  A=log(l/a„),  it  is  easy  to  see  that 

1  -  A/n<  a^<  1/(1  +  A/w), 
so  that  k>n{\  - a^'') > M(l  +  A/n). 

A  rr—      n 


Thus  we  have  lim, =lim, (l-an-), 

log  71     —  log»^ 

provided  that  lim(A/7i)=0;  and,  if  this  condition  is  not  satisfied,  Cauchy's 
test  will  settle  the  question.    So  in  all  cases  of  practical  interest,  the  test 

lim,-^(l-a„")>l,    TSr-^(l-a„")<l. 
—  logn^  '       '  log7r  ' 
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Similarly  it  can  be  proved  that  test  (2)  can  be  replaced  by 

lii»  log(logn)^''<^  -  "-">  -  >°8  "]  >  1- 

This  form  proves  for  example  that  the  series  2(1  — ^ognj  diverges  if 
O^^^l,  but  converges  for  x>l. 

16.  General  notes  on  series  of  positive  terms. 

Although  the  rules  which  we  have  established  are  sufficient 
to  test  the  convergence  of  all  series  which  present  themselves 
naturally  in  elementary  analysis,  yet  it  is  impossible  to  frame 
any  rule  which  will  give  a  decisive  test  for  an  artificially 
constructed  series.  In  other  words,  whatever  rule  is  given,  a 
aeries  can  be  invented  for  which  the  rule  fails  to  give  a  decisive 
resvZt 

The  following  notes  (l)-(3)  and  (8)  show  how  certain  rules 
which  appear  plausible  at  first  sight  have  been  proved  to 
be  either  incorrect  or  insufficient.  Notes  (4)-(7)  shew  that 
however  slowly  a  series  may  diverge  (or  converge)  we  can 
always  construct  series  which  diverge  (or  converge)  still  more 
slowly ;  and  thus  no  test  of  comparison  can  be  sufficient  for  all 
series. 

Other  interesting  questions  in  this  connexion  have  been  con- 
sidered by  Hadamard  (Acta  Matheniatica,  t.  18,  1894,  p.  319, 
and  t.  27,  1903,  p.  177). 

(1)  Abel  has  pointed  out  that  there  cannot  be  a  positive 
function  (p{n)  such  that  the  two  conditions 

(i)  lim0(7i).a^  =  O,       (ii)  lim 0(7i) . a„ > 0 

are  sufficient,  the  first  for  the  convergence,  the  second  for  the 
divergence  of  any  series  2/i^. 

For,  if  80,  2I[^(»)j"*  would  diverge ;  and  therefore,  if 

J/» = [*(!)]-»  +  [*(2)]-'  + . . .  +  [<t>(n)]-\ 
the  sequence  Mn  would  be  an  increasing  sequence  tending  to  oo . 
Hence  the  series  '2{Afn-Mn-i)IM„  would  diverge  also  (Art.  11)  ;  but 

so  that  lim <li{n)(Mn - Mn-y)IM„^0, 

contradicting  the  first  condition. 

(2)  Pringsheim  has  proved  that  there  cannot  be  a  positive 
function  ^(ti)  tending  to  oo,  such  that  the  condition 

\\m<t>{n).a^^O        (0^0) 
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is  necessa/ry  for  the  convergence  of  2a^.  In  fact,  for  any  such 
function  (p{n)  and  for  any  convergent  series,  the  terms  of  the 
series  can  be  so  rearranged  that 

lim0(7i).a„  =  oo . 

See  Math,  Anjialen,  Bd.  35,  p.  344. 

(3)  Pringsheim  has  proved  that  there  cannot  be  a  positive 
function  ^(n)  such  that  the  condition 

lim0(/2).a„>O 

is  necessary  for  the  divergence  of  2a^.  In  fact,  for  any 
function  <f>{n)  and  any  divergent  series,  the  terms  of  the  series 
can  be  so  arranged  that 

lim  0(7?).(<>j  =  O, 

provided  that  the  terms  of  the  series  tend  to  zero. 
See  Math,  Annalen,  Bd.  35,  p.  358. 

(4)  Abel  remarked  that  if  2a„  is  divergent,  a  second  series 
26^  can  be  found  which  is  also  divergent,  but  such  that 

lim(6>„)  =  0. 

For,  write    M„=ai+a^+...+a„,  hn-aJM„  =  {Mn -Mn-i)lMn. 
The  series  S6„  diverges  by  Art.  11  ;  and 

lim(6„/a„)=lim(l/J/«)=0. 

(5)  du  Bois  Reymond  shewed  that  if  2a^  is  convergent,  a 
second  convergent  series  Sfcn  can  be  found  which  has  the 
property  lim  (bjaj  =  oo . 

For,  write  «n=«i+«2+'"+^"»  «=lini«„, 

l/J/i=«,   l/J/„+,=<-<„=a„+i+a„+2  +  ...to  00. 
Then  Mn-^^  ;  and  consequently  the  series  26„  converges  if 

K={M„^i'M,)IMlM„^^  =  a„Ml-\ 

provided  that  q  is  positive  (see  Art.  11). 
But  if  ^<1,  it  is  evident  that  bn/a„^^:c. 

(6)  Stieltjes  shewed  that  if  u^,  itj,  Uj,  ...  is  a  decreasing 
sequence,  tending  to  zero  as  a  limit,  a  divergent  series  Zd^ 
can  be  found  so  that  Xu^d^  is  convergent. 

For,  write  i^n=l/ttn;  then  if  dn^^Mn^^- M,)IM„^^  the  series  2)rf„  is 
divergent  (Art.  11).    But 

^  ti  _Mn+i-M„      1         1 


Mn^in-¥\  Mn       Mn+i 

80  that  ^Undn  converges  to  the  sum  \lM^  =  u^. 
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(7)  Stieltjes  also  proved  that  if  v\,  v.,*  ^8»  •••  ^^  *^  increasing 
sequence,  tending  to  infinity  as  a  limit,  a  convergent  series  2c„ 
can  be  found  so  that  2v„c^  is  divergent. 

For,  write  c„=l/i7„-l/vn+i,  which  makes  2<7h  a  convergent  series;  then 
t%i'J«=(v„+i-v»)/v„+i,  so  that  2i7„Cn  is  divergent. 

(8)  Finally,  even  when  the  terTUS  of  the  series  2a^  steadily 
decrease,  the  following  results  have  been  found  by  Pringsheim : 

However  fast  the  series  2o«*  may  converge,  yet  there  are 
always  divergent  series  2a„  such  that  limc^a^  =  0. 

However  slowly  <l>(n)  may  increase  to  oo  with  n,  there  are 
always  convergent  series   2a^,   for  which   limn, <p(n),a^=  ao 
(although  limii.a^  =  0  by  Art.  9). 

See  Math,  Annalen,  Bd.  35,  pp.  347,  356. 


EXAMPLES. 

1.  Test  the  convergence  of  the  series  2cr„,  where  a„  is  given  by  the 
following  expressions : 

^  \    .   }±2L     ^^L-,      J — ,  (Arts.  8,  9) 

l+n2'    l  +  7i2'    l+JP"'   (log^O*" 

{7i\f        «*     m(m+l)...(y;i+7t-l)  . 

_1  n^  1  1_    _  1  1 

«•+*/«'    (w  +  l)''-*^«'    (log/i)"'    (log?i)'"»"'   [log(logn)]^°«"'   (log7i)^««<i'«"»' 

(Art.  16) 
ai/«  - 1.    (Ex.  25,  Ch.  I.,  and  Art.  11) 

2.  Prove  that  if  6-l>a>0,  the  series 

g    a(a+l)    a(o  +  l)(a+2) 
^'^6'^6(6  +  l)'*'6(6  +  l)(6  +  2)  ■*■••• 

converges  to  the  sum  (6-l)/(6-a-l). 
Shew  also  that  the  sum  of 

a    ^a(cf  +  l),    a(a+l)(a  +  2) 
6"^  ^6(6  +  1)  ■^^6(6+l)(6+2)  ■*"■•• 

is   a(6-l)/(6-a-l)(6-a-2),   if   6-2>a>0. 

[If  the  first  series  is  denoted  by  Wo+^*i+'*a+-">  ^®  g^^ 

(6  +  /i)t^.+i  =  (a+w)tt„, 
which  gives  (6-a-l)w„+i=(a+n)w„-(a+n+l)«„+i. 

Hence  (6-a- l)(5„-z^o)=^"o-(<*+^0^«  hy  addition.    But  lim(ni*„)=0 
by  Art.  9,  since  the  terms  steadily  decrease.    Hence  lim^n  can  be  found. 

The  second  series  can  be  expressed  as  the  difference  between  two  series 
of  the  first  type.] 


:h.        n.]  EXAMPLES.  43 

^  3.   Prove  that  the  series 

i„  ,     g  +  l     (a  +  l)(2a+l)    (a  +  l)(2a  +  l)(3a  +  l) 

^■^6  +  r  (6  +  l)(26  +  l)     (6+l)(26  +  l)(36+l)"^'- 


len 


re 

0 


e 


converges  if  6>a>0  and  diverges  if  a^6>0. 
4.    Prove  that  the  series 


^.  ^2    3^2.4    5^2.4.6    7^*" 

converges. 

^  Shew  also  that 

■-a)'-(H)'-(Kr3'-- 

converges  if  /?>2,  and  otherwise  diverges  (Art.  12). 

5.  Prove  that,  if  0  <  ^  <  1,  2^**  of*  converges  for  any  positive  value  of  x. 

Prove  that   IH — gH 1 — gH —  converges  if   a>i8>l,    but    that    the 

2P    3*     4*^     6* 

ratio  of  two  consecutive  terms  oscillates  between  0  and  oo  (Art.  10). 

6.  Prove  that  2(1 /J „)  converges  if  the  sequence  (5„)  never  decreases, 
where  Bn=A^i-2An  +  A„+i. 

^  7.   Shew  that  in  Kumnier's  test  for  convergence  we  can  write  <j!)(n)  in 

place  of  l/Dn,  where  <j!)(w)  is  an  arbitrary  positive  function ;  but  prove 
also  that  there  is  no  advantage  in  making  this  change. 
Deduce  that  Xon  is  convergent  if,  after  a  certain  stage, 

^i='^<")[^+^(^)]'  [GinDicE.] 

8.  If  ttn+i/dn  can  be  expressed  as  the  quotient  of  two  polynomials  in  ??, 
P{n)IQ(n)y  of  the  same  degree  k^  whose  highest  term  is  7i*,  and  if  the 
highest  term  in  Q{n)-P{n)  is  iln*"',  prove  that  2a„  diverges  if  ^>1, 
converges  if  i=»l  and  A>'i.  [De  Saint-Germain.] 

9.  Test  the  convergence  of  the  series  2a„,  where 

a„=(2-e)(2-e*)(2-ei)...(2-e^). 
^  10.    Find  limits  for  the  sum 

°*»  ^^     /„«    I       77     Q~,    7T  "T"  •  •  •  "T" 


in  terms  of  the  integral 

•2"     dx  n      dt 


Jo  v/(7i2+i)    hyl{\+tlnf 


and  deduce  that  Jn~^2  as  n  increases  to  oo. 
Similarly  investigate 

n  ,     n     ,      n  n 


a- 


"      7l2+i+^2  +  2«  +  n2'*"""'^(7l-l)2  +  7l5« 
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^i 

'    >-/-r 

1 

-  i 

X'^M 

IL    F/'/i*:  tr-*l  if  //  apt/?va/,L*^  a^rto  tLr-^j;:L  pj?:rire  Tal::t», 

['|V^  pT'/V*  th*;  UtUrf    [Art,  fiOte  tbat   if 

/if I/;  in  iftmliivis  but  le»M  tlian  1  k.     The  desired  limit  is  that  of  f{l),  which 
can  \tti  put  in  tb#;  form 

11  1  /•'  <:/^- 

From   thin  exfireiMiori  we  can  easily  t^ee  that  the  desired  limit  must  be 
4H|Mal  U;  tljat  of 

12,  More  f^enerally,  if  Mn-an-k-b^  (where  16.  jis  less  than  a  fixed  value, 

and  }fn  Im  never  ssero),  « 

limf/;?2i^«-'**"«I, 

2  j^  1  ♦,,--)  exiHts  and  is  finite.  [Dirichlet.] 

If  Mn  tendn  itetulily  to  infinity  with  w,  and 

thmi  lira  (picf^i^H-p)-!,  if  Mn^i/Mn-^l] 

or  =(1  - l/c)/logc,      if  Jlf„^i/Jlf„-.c>  1, 

or  =0,  if  Mn^ilM„-^co. 

[Prinosheim,  AfatL  Annalen^  Bd.  37.] 
Ex.     M„  -n\  2«,  n\ 

13.  lUiliMo  Theorem  II.  of  Art.  152  (Appendix)  to  shew  that  if  (wn) 
d(HM't«amm  Mtimdily,  tlie  condition  lim(nt*n)=0  is  necessary  (Art.  9)  for  the 
oonvorj<om*e  of  i)M„,  by  writing 

-"  that  ;'"-^,.-««„  ^"--3-»  =  ^„.j.  [Cesaro.] 

If  «M  (l  -,J<^K'*j  t  Pi'^^ve  that  Hm(n?0  =  l,  and  deduce  the  divergence 
of  ^tin  (I'ompaiH)  Art.  15). 
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14.  If  2a„,  '^bn  are  both  convergent,  so  also  is  2(a„6„)'.  But  Dan,  26* 
may  both  diverge  and  yet  2(a„6„)'  may  converge ;  a  fact  illustrated  by 

If  2a„  converges,  so  also  does  2(a„a„+i)»  ;  but  the  converse  is  not  true, 
as  may  be  seen  from  either  of  the  two  series  just  written  down. 

On  the  other  hand,  if  (o«)  is  monotonic,  the  convergence  of  2(<i„a„+i)' 
implies  that  of  2a„.  [Prinosreim.] 

15.  Use  the  preceding  example  to  prove  that  if  2a„*  is  convergent,  so 
also  is  ^ajn. 

16.  If  2„=l+l+l+...+^, 

shew  that  lim(2n--ilogn)  =  log2+i6', 

where  C  is  Euler's  constant  (see  Art.  11,  1). 

17.  By  the  method  of  Ex.  16  or  otherwise,  prove  that 

2;[w(4n«-l)]-i  =  21og2-l,   2;[7i(9?i-^-l)]-J  =  §(log3-l). 
1  1 

18.  Shew  that,  with  the  notation  of  Ex.  16, 

Deduce  that  2  ^g_     =  - 3  +  3 log 3  +  2 log 2.     [Math,  Trip.  1 905.] 

19.  Prove  similarly  that 

1'«(4»j*-l)S~2v  +  l     (2v+l)*  +  ^-'     l'+2  +  -  +  J' 

and  that  T  -,:-.,  -  ,\, « 2  log  2.  [Math.  Trip.  1 896.] 

1  7i(4w--l)''  ° 


20.   Shew  that 

t(4n-'-l)-""8'    t?T(4»2-^l)2~2 


*         n  1*1  3 


21.  Examine  the  convergence  of  So;*^^^,  where  .r  is  positive ;  in  particular, 
if  <^(«)=l+_4._+...^ — ,  or  if  <^(n)=logw,  prove  that  the  series  converges 
U  j'<l/e,  [Art.  15.] 

22.  Shew  that 

•11*71— 1  "  9.  1 


and 


f'4w«-l     2'    f   w!         '    f  (^  +  w-l)(«  +  «)(^+w  +  l)    t{t  +  iy 

f, 3 1 

T(«+w-l)(^+w)(«  +  n  +  l)(^  +  ?e  +  2)     ^(^  +  1)^  +  2)* 


CHAPTER  III. 

SERIES  IN  GENERAL. 

17.  The  only  general  test  of  convergence  is  simply  a  trans- 
formation of  the  condition  for  convergence  of  the  sequence  8^ 
(Art.  3);  namely,  that  we  must  be  able  to  find  m,  so  that 
|««  — ^wiK^i  provided  only  that  n'^in.  If  we  express  this 
condition  in  terms  of  the  series  2a^,  we  get : 

It  nnust  he  possible  to  find  vi,  corresponding  to  the  arbitrary 
positive  fraction  e,  so  tliat 

I  ^m+l  T"  Ctirt+2  "I"  •  •  •  "I"  f^m+p  I  "^  €» 

no  matter  how  large  p  may  he. 

It  is  an  obvious  consequence  that  in  every  convergent  series* 

Hm  an = 0,     lim  (a„+i  +  0,1+3  + . . .  +  ^n+p)  =  0. 

But  these  conditions  are  not  sufficient  unless  p  is  allowed  to 
take  all  possible  forms  of  variation  with  n\  and  so  they  are 
not  practically  useful.  However,  it  is  sometimes  possible  to 
infer  non-convergence  by  using  a  special  form  for  p  and 
shewing  that  then  the  limit  is  hot  zero  (as  in  Art.  7  (3)). 

We  are  therefore  obliged  to  employ  special  tests,  which 
suffice  to  shew  that  a  large  number  of  interesting  series  are 
convergent. 

*  It  is  clear  from  the  examples  in  Chapter  II.  that  the  condition  lim  0^=0  does 
not  exclude  divergent  series ;  but  it  does  not  even  exclude  oacUlcUory  series,  as 
perhaps  might  be  expected.     For  consider 

i-i-i+l+i  +  ^-i-i  _1_i4.i4.i4.i4.i4.i- 


where  lim«„=0,  lini«n=l»  and  yet  the  terms  tend  to  zero. 


17, 18] 
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18.  A  convergent  series  of  positive  terms  remains  con- 
vergent when  each  term  a„  is  multiplied  by  a  factor  %, 
whose  numerical  value  does  not  exceed  a  constant  k. 

For  since  2a^  is  convergent,  the  index  in  can  be  chosen  so 
that  ^a^<6/A;,  however  small  €  may  be. 


m+l 

But 


and 


wi+l  m+1 


«n^'«l  =  a»l^n 


a„^. 


Thu8 


2  an-^n 


m+l 


)*«  +  ?> 
m+l 


and  therefore  the  series  2a^v^  is  convergent. 

Two  special  cases  of  this  theorem  deserve  mention : 

(1)  A  series  2a^  is  convergent,  if  the  series  of  its  absolute 
values  2|a^|  is  convergent 

For  here  a^=\aj  and  v^  =  aja^=  ±1. 

Such  series  are  called  absolutely  convergent. 

(2)  A  series  is  convergent  if  its  tenns  are  numerically  not 
greater  than  the  corresponding  terms  of  a  convergent  series  of 
positive  terms. 

The  reader  should  observe  that  we  cannot  apply  this  method  if  an 
infinity  of  terms  are  negative  in  the  series  which  is  known  to  converge. 
An  example  is  afforded  by  Ex.  2  below. 


1.  If  we  take  a„ =»"'',  we  know  from  Art.  11  that  ia„  converges 
if  p>l.  The  present  theorem  enables  us  to  deduce  the  convergence  of 
the  two  series 


2^     a**     4*     5*     6'' 
'^2''     3P     4''     S**     6*"^*" 


p>\. 


It  will  appear  from  Arts.  21,  22  below  that  the  first  of  these  series  converges, 
but  the  second  diverges  if  0<joi£l. 


2.  The  series  1 -1+^-^  + J- J  +  i-i4-...  obviously  converges  to 
the  sum  0.  Now  take  the  factors  {v„)  to  be  1,  ^,  1,  J,  1,  J,  1,  J,...,  so 
that  Iv-I^l.    The  new  series  is 


i__L+l_J_+l_-L+l__L 

1.2^2     2.3     3    3.4    4     4.5 


I      •  •  a    • 
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The  8UD1  of  the  first  2n  terms  is 

^2-13-14-15-1  ,(n  +  l)-l 

-"■'1.2  "^2.3"^  3.4"*'  4.5'^-"^  n(«  +  l) 

11     1     1.        ,1 
2     3     4     5  72 

Thus,  by  Art.  11,  lini<2ii=«* 

But  fsH-i  >ftn)  And  80  also  lini<2„_i  =  x. 

Thus  the  new  series  is  divergeiit. 

The  reason  for  the  failure  of  the  theorem  is  that  the  original   series 
contains  an  infinity  of  negative  terms;  and  that  the  series  ceases  to  con-* 
verge  when  these  terras  are  made  positive  (Art.  11). 

It  is  easy  to  see  that  the  foregoing  theorem  can  also  be 
stated  in  the  form: 

An  absolutely  convergent  series  remains  convergent  if  ench 
tenn  is  inultiplied  6y  a  factor  whose  mnnerical  value  does 
not  exceed  a  constant  l\ 

19.  It  is  often  convenient,  however,  to  infer  the  convergence 
of  a  series  from  one  which  is  not  absolutely  convergent.  For 
this  purpose  the  following  theorem  may  be  used : 

A  convergent  series  2^^,j  {which  need  not  converge  absolutely) 
remains  convergent  if  itf*  terms  are  each  multiplied  by  a  faxitor 
u^^, provided  that  the  sequence  (u,j)  is  monotoniCf  and  that  \u^\ 
is  less  than  a  constant  k,     (Abel's  test.) 

Under  these  conditions  u^^  converges  to  a  limit  u ;  and  write 
i;^^  =  u  — u„  when  (u^)  is  an  increasing  sequence,  but  Vn^Un—u 
when  (i6,j)  is  decreasing.  Then  it  is  clear  that  the  sequence  {v^ 
never  increases  and  converges  to  zero  as  a  limit     Now 

^Vn  =  ^U'W'  — (<nt'n,   Or   anU  +  a^Vm 

so  that  it  will  suffice  to  prove  the  convergence  of  2a„v„  in  order 
to  infer  the  convergence  of  Sa^^^t^.  But  by  Abel's  lemma  (see 
Art.  23  below) 


>/*+p 


TO  +  l 


<pVm-\.\  <P^v 


where  p  is  greater  than  any  of  the  sums 


»n+l  T^ ^m+2  T^ "'»»H-3 1 »    •" 


^7n-f  1  "T  ^^m4-2  »"  ^^//i-|-3  "r  •  •  •  "T  ^^m-\-p 
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Now,    since   Sa„  is  convergent,  m  can   be  chosen   so  that 

is  less  than  e, 

and  consequently  Sa^v^  is  convergent. 


p^e/v^f  no  matter  how  small  e  is;  thus  •  ^  anVn 

I    Wi-hl 


The  reader  will  observe  that  the  series  ^a„  is  not  subject  to  as  stringent 
conditions  as  in  Art.  18  ;  but  to  counterbalance  this,  the  factors  are  subject 
to  more  stringent  conditions. 


1.     If  we  take  the  series  1-1+J-J+J-  J+}  -  J  + ...  (already  used 
in  Ex.  2  of  Art.  18)  and  employ  the  monotontc  sequence  of  factors 

^»    2>    2>    Si   8>    4>    4>    •••  > 

we  obtain  the  series 

2^2*    3*3"     4*4»     ••■' 

■ 

which  must  therefore  be  convergent.    To  verify  that  this  is  the  case,  we 
observe  that 

__1_1_  1^ 

"     2»    3'2    •••    n«' 

Thus  lira«s„_i  exists  (by  Art.  11  (1)),  and  since  <2«=«aw-i-l/(»+l),  we 
have  also  lim«an-i=limf)n.    That  is,  the  series  converges. 


2.  It  is  easy  to  see  why,  from  our  present  point  of  view,  the  series 
in  Ex.  2,  Art.  18,  does  not  converge;  the  sequence  of  factors  employed  is 
not  monotonia 

Another  important  inference  is  that  if  the  factors  u^  depend 
in  any  way  on  a  variable  x  (subject  to  the  condition  of  forming 
a  monotonic  sequence),  the  remainder  after  m  terms  in  the 
series  2a^u^  is  numerically  less  than  p{Vi  +  \u\);  and  con- 
sequently the  choice  of  tti,  which  makes  this  remainder  less 
than  €,  is  independent  of  x,  so  long  as  v^  +  l  ti.  |  is  finite. 

This  property  may  be  expressed  by  saying  that  ike  con- 
vergence of  2a^u^  is  uniform  with  reject  to  x.  (See  Art.  44, 
below.) 

A  special  case  of  thif^,  which  was  the  original  object  of  Abel's  lemma, 
is  given  by  taking  ?«„=:r",  0<;f^1.    Then  w=0,  Vi==x^l, 

20.  If  an  oscillating  series  2//^  has  finite  maximv/m  and 

miniTnum  limiting  values,  it  will   become  convergent  if  its 
i.s.  D 
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terms  are  mvMiplied  by  a  decreasing  sequence  (v„)  which  tends 
to  zero  as  a  limit    (Dirichlet's  test.)  * 
Abel's  lemma  gives  the  inequality 

1W-f  P 

I  2  ^nVn  I  <  pVnH-i , 

m+1 

where  p  is  any  number  not  less  than  the  greatest  of  the  sums 

I  ^m+l  +  ^m+2  +  •  •  •  +^in-H»  I  • 

It  is  sufficient  to  suppose  p  not  less  than  each  of  the  differences 


Now,  if  the  extreme  limits  of  8^  are  both  finite,  we  can 
find  some  constant  t  I,  such  that  |«n|  is  not  greater  than  /,  for 
any  value  of  n.    Thus  |«n  — «ml  =  2i,  and  we  may  take  p=2i. 

We  can  now  choose  m  so  that  v^^i  •<  e/l,  and  then 

proving  that  the  series  ^UnVn  converges. 

The  series  Si^nCos  7i$j  Dt;„  sin  n$  converge  if  ^  is  not  0  or  a  multiple 


of  2ir. 

For  2  cosw^=sin(ijo^).co8[7?i+^(p+l)]d.cosec J^ 

m+l 
m+p 

and  2  8innd=8in(i^^).8in[»i+i(/>4-l)]^.coaec J^, 

80  that  we  could  here  take  /)=|cosec^^|. 

When  ^=0,  the  first  series  may  be  convergent  or  divergent  according  to 
the  form  of  v„  ;  but  the  second  series,  being  0+0+0+...,  converges  to  the 
sum  0. 

21.  A  special  case  of  the  last  article  is  the  result: 
If  the  terms  of  a  series  2(  — l)'*"^v„  are  alternately  positive 
and  negative,  and  never  increase  in  nuTuerical  value,  the  series 
will  converge,  provided  that  the  terms  tend  to  zero  as  a  limit 


*  It  is  practically  certain  that  Abel  knew  of  this  test :  the  history  is  sketched 
briefly  by  Pringsheim  {Math.  AnncUm,  Bd.  25,  p.  423,  footnote).  But  to  dis- 
tinguish it  clearly  from  the  test  of  Art.  19,  it  seems  better  to  use  Dirichlet's 
name,  following  Jordan  (Gottrs  d'Analywi,  t.  1,  §  299). 

t  This  constant  I  will  be  either  the  greatest  value  of  |  «„  | ,  or  (if  there  is  no 
greatest  value)  the  greater  of  |lim«„|  and  |lini.<4„|. 


i 
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For  if  we  take  1  —  1  +  1  — 1  +  1  — 1  +  ...  as  the  oscillatory  series 
of  the  last  article,  we  need  only  suppose  that  p  is  1 ;  and 
consequently  the  series 

is  convergent. 

On  account  of  the  frequent  use  of  this  theorem,  we  shall 
now  give  another  proof  of  it.     It  is  plain  that 

and  each  of  these  brackets  is  positive  (or  at  least  not  negative), 
so  that,  as  n  increases,  the  sequence  of  terms  (s^)  never  decreases. 

and  so  the  sequence  («2n+i)  i^^ver  increases. 

Further  «2n  =  «2n+l-^2n+l<^l 

and  «2n+l  =  hn  +  ^2n+l  >  0. 

Hence,  by  Art.  2,  the  sequence  (s^^)  has  a  limit  not  greater 
than  v^  and  (92n-i-i)  ^^  ^  limit  not  less  than  0.  But  these  two 
limits  must  be  equal  since  limt;2^+j  =  0,  so  that 

Um«2^  =  lim82„+i. 

Hence  the  series  converges  to  a  sum  lying  between  0  and  v^, 

Ex.  1.    The  series  already  mentioned  in  Art.  18,  Ex.  1, 

1^1+1^1  +  1.1  + 
2"    S'*    A"    b**    6" 

is  now  seen  to  converge,  provided  that  0<p^l. 
In  the  special  case  j0=l  we  get  the  series 

l-J  +  .i-i  +  J-i  +  .-M 
^which  is  easily  seen  to  be  equal  to  log  2.     For 

log2=  f-=  C^  =  fYl-a^+a;2-...-a;»-i  +  /^W 
*        Jl    JC      Jol+x     Jo\  l+x/ 

=  1  —  S+5  — 7+...— o    +  /     1    .       ^*^' 

2     3     4  2/1     jo  1+^ 

and  BO  l<'«2=Hn.(l-l+|-l+...-l) 


2     3     4^"" 
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The  diagram  indicates  the  first  eight  terms  in  the  sequence  (<«)  obtained 
from  this  series  by  addition ;  the  dotted  lines  indicate  the  monotonic 
convergence  of  the  two  sequences  (s^),  (fan-t-i)- 


.n 


8 


Fio.  9. 


It  is  obvious  that  if  the  sequence  (vn)  never  increases,  hwt 
approaches  a  limit  i,  n/)t  equal  to  zero,  the  series  2(  — l)**"^Vn 
will  oscillate  between  two  values  whose  difference  is  equal  to  I; 
in  fact  we  have  by  the  previous  argument  lim«2„+i=lim«2„+Z. 

A  special  case  of  interest  is  given  by  the  following  test 
which  is  similar  to  that  of  Art.  12: 

If  vjv^j^^  can  he  expressed  in  the  form 

v^+1  n    n^       l|o)n|<^ 

the  series  ^  —  ly^'^Vnis  convergent  if  jul'^O,  oscillatory  i/  /x  =  0. 
For  if  ^t  >  0^  after  a  certain  stage  we  shall  have 

n       n^ 

BO  that  v^>Vn+i>  *^^  further  (by  Art.  39,  Ex.  3)  limt;^  =  0. 
But,  on  the  other  hand,  if  /ii  =  0,  it  is  clear  (from  Art.  39)  that 
limi;n  is  not  zero,  and  so  the  series  must  oscillate.  And,  if 
/ut<0,  after  a  certain  stage  we  shall  have  v^<iv^^y^,  so  that 
limt^n  cannot  be  zero,  leading  to**oscillation  again. 

Ex.  2.    Take  the  series 

g.ff     a(a+l)/?(i8-H)     a(a-H)(a  +  2)ff(/?  +  l)(ff+2) 
l.y       1.2.7(y+l)  1.2.3.7(7+l)(y  +  2)       '^"" 


Here 


V, 


M(y  +  y?-l) 


M=y-a-/3+l. 


Vn^i    (a  +  n -!)(/:?  +  « -1)' 

So  the  series  converges  if  y  + 1  >  a  +  )3. 

The  same  condition  applies  to  the  series  (Art.  20) 

l.y  1.2.y(y  +  l)  1  .2.3.7(y  +  l)(y  +  2) 

and  to  the  corresponding  series  of  sines. 
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It  shoald  be  observed  that  if  the  positive  and  negative 
terms  in  the  series  form  two  separately  decreasing  sequences 
there  is  no  reason  to  suppose  that  the  theorem  is  still  necessarily 
true ;  and  in  fact  it  is  easy  to  construct  examples  of  the  failure, 
such  as  1111111 

^~2'^3«  "4*^5^  "6*^72  "8"^  "•• 

This  is  easily  recognised  as  divergent ;  for  the  sum  of  the  first  n  positive 
terms  is  less  than  1111  1 

and  is  therefore  less  than  2  (Art.  11).     But  the  sum  of  the  first  n  negative 
terms  is  l  /      l     l  i  \ 

and  consequently  the  sum  of  the  first  2n  terms  of  the  given  series  tends 
to   -00  as  its  limit. 

22.  A  curious  theorem,  to  some  extent  a  kind  of  converse 
of  the  last,  is  due  to  CesJiro: 

If  a  aeries  (Z±v^)  is  convergent^  but  not  absolutely  convergent, 
and  if  its  terms  are  arranged  in  descending  order  of  Tnagni- 
tude,  the  value  of  pjq^  cannot  approach  any  other  limit  than 
unity ;  where  p^  is  the  nuTnber  of  positive  terms  and  q^  the 
number  of  negative  terms  in  the  first  n  terms  of  the  series. 

For,  the  sum  of  the  p^  positive  terms  is 

n-l 
Pl^l+    S     (Pr+l-Pr)Vr+i 

=^Pi(v^'-\)+Pi(v^-v^)+...+p^.^(v^,^-vJ+p^v^. 
Hence  the  sum  of  the  first  n  terms  is 

Suppose  now,  if  possible,  that  (Pn~-9n)h^  tends  to  a  positive 
limit  I ;  then,  if  i^  <  i,  we  can  find  an  index  m  such  that 

^Pn -  ?n)M  >  ^i»     if  -^  >  m. 

n-l 
Hence  2  (Pr  -  QrKVr  -  ^r+i)  +  (Pn  -  ?») ^i, 

>lA  ^  r(Vr-'Vr+i)+nv^\>li{v^  +  v^^i+  ..,+V^). 

But,  since  the  given  series  is  nob  alsolutely  convergent,  the 
series  2i;^  is  divergent;   and  consequently  (v«+t;^+i  +  ...+v„) 


64  SERIES  IN  GENERAL.  [CH.  III. 

can  be  made  greater  that  N^Jl^  by  taking  n  greater  than  (say) 
n^.  Hence,  no  matter  how  large  N^  is,  a  value  n^  can  be 
found  so  that 


0  5 


hence  «n  must  tend  to  oo  with  n,  contrary  to  hypothesis. 

It  follows  similarly  that  (Pn^Qn)/"^  cannot  approach  a  negative 
limit ;  so  that  if  lim  (Pn^qn)/"^  exists  its  value  must  be  0.  Now 
"^^Pn+Qny  and  so  if  lim(^n/?n)  exists,  its  value  must  be  1. 

This  proof  is  substantially  the  same  as  one  given  by  Bagnera.* 


The  series  l  +  J- J+J+J- J+^  +  J-J+...  cannot  converge. 
As  a,  verification,  we  note  that  the  sum  of  3n  terms  is  certainly  greater 

than  l4.1_lj.lj-l-ia.l-Ll_l-L      j--Lj.-L--i 

3"^3    3''"6'*"6    6"^9"*"9    9  "*"•••  "^  37i  ■*■  3n    3n 

80  that  the  series  is  divergent. 

23.  AbeFs  Lemma. 

If  the  sequence  (vn)  of  positive  terms  never  increases^  the  sum 

Zj  ^»'^»  ^^^  between  Hv^  and  hv^,  where  H,  h  are  the  upper  and 
1 

lower  limits  of  the  sums 

For,  with  the  usual  notation, 
Thus 

2anVn  =  «iVi  +  («2-«i)V2+...+(«j»-V-l)^l> 
1 

=  «l(^l-'y2)  +  «2(^2-'^8)+---+«P-l(Vp-l-"'^p)  +  «pV 

Now  the  factors  {v^  —  v^),  (Vg  — Vj), ... ,  (vp-i— Vj,),  Vp  are  never 
negative,  and  consequently 

Sp^i(Vp.i-Vp)<iH(Vp.i-Vp\  SpVp<HVp. 


*  Bagnera,   Bull.  Sci.  McUh.  (2),  t.    12,   p.   227:    CeeAro,   Bom,  Ace,  Lineei, 
Bend.  (4),  t.  4,  p.  133. 
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Hence  2^  a^Vn  <  H[(Vj^  -  ^2 ) + (^2  -  ^s)  +  •  •  • + (^p-i  -  ^i») + '^p] 

or  2^anrn<^Vi. 

1 

In  like  manner  the  sum  is  greater  than  hv^. 


It  follows  that 


^<lnVn\<H\, 


where  H'  is  the  greater  oi  \H\  and  \h\;  that  is,  jBT'  is  the  upper 
limit  of  |Si  ,  l^gl,  ... ,  |Sp|. 

It  is  sometimes  desirable  to  obtain  closer  limits  for  J/inVn] 
suppose  that  5^,  h^  denote  the  upper  and  lower  limits  of  «,„, 
^tfi-fi» ... ,  «p  while  ff,  h  are  those  of  a^,  S2»  ••• »  *m-i-  Then  exactly 
the  same  argument  gives 


On  the  other  hand,  when   {M^  is  an   increasing   sequence, 
we  find 

-{H--h)Mp+HM^<^ar,M^<{H^h)Mj,+hM^ 

1 

1 

24.  Transformation  of  slowly  convergent  series.     '*  .^  ^^^ 

Let  us  write  an + an+i  =  -Sa^ 

and  an+2an+i+an+2  =  J?an+^an+i  =  ^^a„,  etc. 

Then  we  have  t     s^^    -        ^v,"*^  ^        ^ 

and  consequently  ^a^ix^  =  a{y+y[{Ea^)x+{Ea2)x^+...]y 

1 
where  y^xj{\+x). 

Repeating  this  operation,  we  find 

+  y^[(E9a^)x+{EPa^x^-\',,.^. 


^M 
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It  can  be  proved*  that  in  all  cases  when  the  original  series 
converges,  the  remainder  term 

tends  to  zero  as  p  increases  to  infinity,  at   least   when  x   is 
positive.     Consequently, 

2a„ic''  =  a,j/+{AVj)^'+(ff%,)j/'  +  ...  to  ». 

The  cases  of  chief  interest  arise  when  x=l,  and  the  terms  a„ 
^re  alternately  positive  and  negative.     Write  then 

raj=+t',,    aj=— Uj,    <'s= +V3,    «,=  — Vj,     --., 
and  we  have 

2«n=i;(-i)"-x=J*'.+j(i>^'.)+^(^i'i)+^(o^i)+-- 

+  ^p(I>''-\)  +  ^[iI>''v,)-{D''v,)+(D''v,)-...]. 

where  we  write 

i>r,=Vi-Vg,     D^v^  =  Di\-  Dv^  =  v^-~2Vj+V3,    etc. 
We  can  write  down  a  simple  expression  for  the  remainder, 
if  v„=f(n),  where /(a;)  is  a  function  such  that/'(a;)  has  a  fixed 
sign   for   all   positive   values   of  x,   and   steadily   decreases  in 
numerical  value  as  x  increases. 

For  we  have  Dv, 


SO  D^v„-- 

and  generally 

■D*'t'n  =  (-1)'' J  <^i\  dx^...\  fp{Xi+x^+...+Xp+n)dXf. 

iries  i)PUj  —  D^v^  +  D^Vg  —  ...  consists  of  a  succession 
r  terms,  of  alternate  signs.  Its  sum  is  therefore 
n,  in  numerical  value ;   and  consequently 

"■,-5»i  +  J(J'<',)+g(i'"».>+...+p(J)'-'»,)+«r, 

x=  1,  see  L.  D.  Ames,  Annate  of  MathamtlKi,  series  2,  vol  3, 
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This  result  applies  to  any  series  of  the  type 

"^~2^''"3^""4^+5^""-"'    where  r>0. 

Here  it  is  easy  to  see  that  D^v^^  is  always  positive  and 
decreases  as  n  increases ;  it  is  a  useful  test  of  the  accuracy  of 
the  work,  in  arithmetical  calculations,  to  apply  the  transforma- 
tion twice,  starting  first  say  at  —  and  secondly  at  .     .  i\r '   ^^ 

the  results  are  substantially  the  same  we  may  be  satisfied  [that 
the  work  is  correct. 


1,     Take  r=^  ;  if  we  work  to  live  decimals  we  get 

«=l--7071H-'57735--50000+-44721-ji',    *.P/7^^~  "-^ 

and  we  shall  apply  the  transformation  to  «',  whose  first  seven  terms  appear 
in  the  table  below  : 


V. 

Dv. 

Dh\ 

IPv. 

D*v, 

Dh>, 

6"*  =  -40826 

7"*  =37796 

3029 

.588 

8"*  =  -35365 

2441 

.'419 

169 

62 

9"* =-33333 

2022 

312 

107 

33 

29 

10"*  =  -31623 

1710 

-238 

74' 

26 

8 

11"*  =  -30161 

1472 

189 

49 

12"*  =  -28868 

1283 

If  we  apply  the  transformation  at  the  beginning  of  s'  we  get 

•20413=  i  (-40826) 
757=  i(   3029) 

73=  J  (     588) 

U^M      169) 

?-M       62) 

-21256 

If  we  start  from  the  second  term  of  s'  we  get 

-18898=  i  (-37796) 

610=  i(    2441) 

62=  J  (     419) 

7=A(      107) 

1=A(       33) 

-19568 
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Now  -40826 -•19668  =  •21257,  so  that  «'  certainly  is  contained  between 
0-21256  and  0-21258. 

But  «=0-81746-«',  so  that  «= 0*6049  to  four  decimal  places.  If  we  used 
the  original  series,  it  would  need  over  a  hundred  million  terms  to  get  this 
result. 

Ex.  2.     Similarly  we  may  sura  the  series  1-^  +  }-^+.... 
To  6  decimals,  the  first  8  terms  give  0*634524  and  from  the  next  7 
terms  we  get  the  table : 


V. 

Dv, 

D^v. 

lyh). 

Dhf, 

D^v, 

Uh). 

9->  =  -llllll 

mil 

10->  = -100000 

9091 

2020 

505 

11-1=090909 

7576 

1516 

349 

156 

67 

12-1  =  -083333 

6410 

1166 

250 

99 

33 

24 

13-1  =  -076923 

5494 

916 

184 

66 

14-1  = -07 1429 

4762 

732 

15-»  = -066667 

Thus  the  sum  from  the  9th  term  onwards  is  given  by 

(i)  055556=  i  (-111111)  or  by  (ii)  -050000=  \  (-100000) 

2778=  I  (  11111)  2273=  i(  9091) 

252=  JK   2020)  189=  J  (   1516) 

605)  22=^( 

156)  3=3i5( 

67) 


32  =  tV( 
-058624 


349) 
99) 


•062487 
mill 

•058624 


Thus  the  sum  of  the  series  is  0634624 +  0068624 =0-6931 48,  that  is 
0-69315  to  five  decimals. 

To  reach  this  degree  of  accuracy  we  should  have  to  use  over  a  hundred 
thousand  terms  of  the  original  series.* 

A  number  of  other  numerical  examples  will  be  found  in  the  paper  by 
Ames,  just  quoted. 

Ex.  3.  A  physical  application  may  be  found  in  the  theory  of  Huygena' 
zones  in  Physical  Optics. t 

*0f  course  the  actual  sum  of  the  series  is  log  2=  -69314718.  (Art.  21,  Ex.  1 ; 
and  Art.  63.) 

t Schuster's  Optica,  §46;  Drude*s  Optica,  oh.  III.  §2;  Schuster,  PhU,  Mag, 
^6th  series),  vol.  31,  1891,  p.  85. 
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A  reference  to  either  of  the  authorities  quoted  will  shew  that  we  have 
there  to  sum  a  series  of  terms  Vi-V2-\-v^-,..,  for  which  Dvn  is  very  small 
and  JD^n  has  always  the  same  sign.    We  have  then 

Now  if  jDhn  is  positive  we  have  Dvi> Dv2> Dv^>  ,,,^  and  limZ>i;n=0, 
because  the  series  in  the  bracket  must  converge  if  s  does.    Then  we  get 

Similarly  if  Dh^  is  negative,  we  have  \v^>s>\{v^-\-Dvi). 
Thus  the  series  can  be  represented  by  ^^  to  a  very  high  degree  of 
approximation. 

The  transformation  described  above  was  first  given  by  Euler, 
and  the  first  proof  of  its  accuracy  is  due  to  Poncelet.  Kummer 
and  Markoff  have  found  other  transformations  for  the  same 
purpose;  the  latter's  method  includes  Euler's  as  a  special  case. 
As  an  example  of  MarkofTs,  we  may  quote 

vi-v(  ix«-,[(^-i)!?r    1.5-1 

^'n?~'^^      '       (3w-2)!  L(2w- ly^  1271(371- 1)J' 
13  terms  of  which  give  the  sum  correctly  to  20  decimals.* 
To  apply  Euler's  method  to  this  example  the  reader  may  note  that 

^n3~3\       23^33     43^"V* 

The  first  ten  terms  of  the  series  in  the  bracket  give  '9011165,  and  if 

we  apply  Euler's  method  to  the  next  six,  we  get  '0004262  for  the  value 

1      4 
of  the  remainder:  thus  2-3=2(0'901427)  =  l '202067  to  six  places. 


Similarly  2-8=2(l-|2+g5-^,+  ...). 


The  sum  of  the  first  ten  terms  in  the  bracket  is  '8179622,  and  Euler's 
method  gives  '0045048  for  the  remainder. 

Thus  2-2=2(0'8224e9)  =  l'644934.     See  also  Art.  130,  Exa  4,  5. 


*  Comptes  RenduSy  t.  109,  1889,  p.  934;  Differenzeiirechnuiig  (Leipzig,  1896), 
p.  178.    For  other  references,  consult  Pringsheim  (Encyklopddie,  Bd.  I.  a.  3,  §37). 
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EXAMPLES. 

1.  Prove  that  the  series 

X    x-^l^x  +  2     ar  +  3 
converges  for  any  value  of  x  which  makes  none  of  the  denominators  zero; 
but  that  both  the  series 

11 1_        1  1 1_ 

X    ^+1     a'+2    .r  +  3    x+4    x+b 

and  ; ;r  + ^ 1—    r  +  ... 

X    x-\-l     xi-2    x+3    x-\-4    x  +  b 
ai*e  divergent. 

2.  Prove  that  if  ^na„  is  convergent,  so  also  is  ^„. 

3.  If  the  series  ^„  is  convergent  and  the  sequence  (Jfn)  steadily 
increases  to  oo  with  n^  then  (see  Art.  23) 

lim  (flji/i  +  Og  i/j + . . . + a„  Mn)IMn = 0.  [Kronbcker.] 

4.  Prove  that  the  series 

oscillates,  but  can  be  made  to  converge  to  either  of  its  two  extreme  limits 
hy  inseHing  brackets.    On  the  other  hand  the  series 

(l-a)-(l-a*)+(l-a*)-(l-a*)+... 
is  convergent. 

5.  Shew  that  if  a  series  converges,  it  is  still  convergent  when  anj 
number  of  brackets  are  inserted,  grouping  the  terms.  And  shew  also  that 
the  converse  is  true,  if  all  the  terms  in  the  brackets  are  positive. 

6.  Calculate,  correctly  to  20  decimals,  the  sum  of  the  series 

l  +  2A"+2a?*  +  2^  +  2a;"  +  ... 
for  ^=  ±T^,  ±1%.    How  many  terms  would  have  to  be  taken,  to  calculate 
the  sum  for  x=  ±^  to  3  decimals? 

7.  Shew  that  the  series  ai-a^  +  a^-a^-^-,..  diverges  if  an  =  -i--\-- — 

or  if  a„=l/[Ayn+(-l)'*~*] ;   although  the  terms  are  alternately  positive 
and  negative  and  tend  to  zero  as  a  limit. 

8.  If  |a'|>1,  prove  that 

1  2  4 

xVl'^x^-^l'^x^+l'^'" 

converges  to  the  sum    — -. 

9.  If  On  ->  a  and  hn  ->  6,  verify  that  if  the  series 

®  1^1 + ^2(^2  -  ^j ) + 0^3(^3  -  ^a)  + . . . 
converges  to  the  sum  jS,  then  the  series 

6j(ai  -  Oj)  +  62(^2 "  «s) + ^3(^3  -  «4) + •  •  • 
converges  to  the  sum  8— ah. 


\ 
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10.  Prove  that  if  the  series 

is  convergent,  so  also  is 

and  their  sums  differ  by  ^Oj.     Is  the  converse  always  true?    Prove  that 
the  converse  is  certainly  true  when  a„  is  positive. 

11.  Discuss  the  series 

■J?  ■"  Cj      X '~  Co  Ca  tV  —~  Cf^  Cff 

where  c^,  c^,  C3,  ...  is  an  increasing  sequence  tending  to  oo. 

12.  Verify  that 

1    N*^  ~  Cfi      Cn      Ch  Cn     / 

is  absolutely  convergent  if  !  c„  |  steadily  increases  to  00 ,  and  ^  is  not  equal 
to  any  of  the  values  c,,  Cg,  c,,  .... 

If  c«=»*,  where  k  is  fixed,  verify  that 

is  absolutely  convergent  if  r  is  the  integral  part  of  k, 

13.  Shew  that  ± '  ^J— .  =  -,—„, 

where  m  is  an  integer  and  the  accented  D  means  that  n=m  is  to  be 
omitted  from  the  summation. 

In  fact  the  sum  can  be  written 

-     4m*'J 

14.  With  the  same  notation  as  in  Ex.  13,  shew  that 

if  m  is  even. 

Find  an  expression  for  the  sum  when  m  is  odd. 
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15.  Discuss  the  convergence  of  the  series  whose  general  term  is 

and  also  that  of  the  series  with  cosnd  in  place  of  sin9i^.    [Art.  20.] 

[McUL  Trip.,  1899.] 

16.  Apply  Art.  20  to  the  series  whose  sums  to  n  terms  are  sm(n-\-^y6y 
co8(w+i)*^,  and  deduce  that 

Zt^Hsin  hB  .  cos  n^6,    22;„  sin  nO .  sin  n^O 

are  convergent  if  v„  steadilj  -•0.  [Hardy.] 

17.  Shew  that  if  v„  tends  steadily  to  zero,  in  such  a  way  that  ^v^  is 
not  convergent,  then  the  series 

00 

2  (a,  r*^4.i  +  02 Vtr+2  +  . . .  +  «*V|tr+*) 
r=0 

converges  if  (and  only  if)  ai  +  a2+--+^*=^- 

18.  If  the  sequence  (a„)  is  convergent,  prove  that  lim  n(a„+i  -  a„)  must 
either  oscillate  or  converge  to  zero. 

19.  If  2a„  converges,  and  an  steadily  decreases  to  0,  Sn(a„-an+i)  i* 
ctmvergent.     If,  in  addition,  a„-2an+i  +  an+2>0>  prove  that 

n^{an  -  a„+i)-H).  [Hardy.] 

20.  Apply  Euler's  transformation  to  shew  that 

1+22^4-3^.^2^.42^^.52^4  +  ^,,=  L±^ 

(l-a:)3 

21.  Utilise  the  i-esult  of  Ex.  3,  p.  58,  to  shew  that  the  sum  of  the  series 

1  X  .^'2  y3 

tends  to  the  limit  ^  as  x-*-!. 

It  is  easy  to  see  that  (if  0<.r<l),  Bvn  is  positive  and  decrecutes ;  thus 
Li  d      j      i;-| 

the  sum  lies  between  iv^=i  and  j^(vi-\-Dvi)=    .        y J 

22.  By  taking  Vn  =  log(a  +  ?i),  shew,  as  on  p.  56,  that  D^Vn  is  negative 
and  steadily  decreases ;  deduce  that 

loga-plog(a4-l)-l-^'^^~^^log(a-|-2)...+(-l)''log(a+jt))<0. 


CHAPTER  IV. 

ABSOLUTE  CONVERGENCE. 

25.  It  is  a  familiar  fact  that  a  finite  sum  has  the  same 
value,  no  matter  how  the  terms  of  the  sum  are  arranged.  This 
property,  however,  is  by  no  means  universally  true  for  infinite 
series ;  as  an  illustration,  consider  the  series 

which  we  know  is  convergent  (Art.  21,  Ex.  1),  and  has  a 
positive  value  8  greater  than  -}.  Let  us  arrange  the  terms  of 
this  series  so  that  each  positive  term  is  followed  by  two 
negative  terms :  the  series  then  becomes 

2     4^3     6     8^5     10     12^''" 
Now  we  have 

<»» = (l  -  2)  -  4+ (3  -  6  j  ~  8  "•"  •  •  •  "•"  (.2^7^  ~  47i^::2}  ~  4^ 


2     4  •  6     8 4/1-2     4n 

2\       2^3     4^"*^27i-l     2nJ 


I 

1 


"2^*'»* 


Thus  lim^3„  =  ^S, 


9 


and  it  is  easily  seen  that  lim^3,j+i  =  lim<3^+2  =  l^™^8n»  ^^  ^^^^ 
the  sum  of  the  series  t  is  -^S. 
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Consequently,  this  derangement  of  the  terms  in  the  series 
alters  the  sum  of  the  series. 

In  view  of  the  foregoing  example  we  naturally  ask  under 
what  conditions  may  we  derange  the  terms  of  a  series  without 
altering  its  valued  It  is  to  be  observed  that  in  the  derange- 
ment we  make  a  one-to-one  correspondence  between  the  terms 
of  two  series;  so  that  every  term  in  the  first  series  occupies 
a  perfectly  definite  place  in  the  second  series,  and  conversely. 
Thus,  corresponding  to  any  number  {n)  of  terms  in  the  first 
series,  we  can  find  a  number  (n!)  in  the  second  series,  such  that 
the  n'  terms  contain  all  the  n  terms  (and  some  others);  and 
conversely. 

For  instance,  in  the  derangement  considered  above,  the  first  (2n+2) 
terms  of  «  are  all  contained  in  the  first  (37i4-l)  terms  of  t\  and  the  first 
Zp  terms  of  t  are  all  contained  in  the  first  Ap  terms  of  s, 

26.  A  series  of  positive  terms,  if  convergent,  has  a  sum 
independent  of  the  order  of  its  terms ;  but  if  divergent  it 
remains  divergent,  however  its  terms  are  deranged. 

As  above,  denote  the  original  series  by  s  and  the  deranged 
series  by  t\  and  suppose  first  that  s  converges  to  the  sum  S. 
Then  we  can  choose  n,  so  that  the  sum  s^  exceeds  S— e,  however 
small  €  may  be.  Now,  t  contains  all  the  terms  of  s  (and  if  any 
term  happens  to  be  repeated  in  s,  t  contains  it  equally  often) ; 
we  can  therefore  find  an  index  p  such  that  tp  contains  all  the 
terms  s„.  Thus  we  have  found  j>  so  that  tp  exceeds  S—e, 
because  all  the  terms  in  fp— Sn  are  positive  or  zero.  Now  t 
contains  no  terms  which  are  not  present  in  s,  so  that  however 
great  r  may  be,  tr  cannot  exceed  S\  and,  combining  these  two 
conclusions,  we  get 

S^tr>S-€,       a  r^p. 
Consequently  the  series  t  converges  to  the  sum  8. 

Secondly,  if  s  is  divergent,  t  cannot  converge ;  for  the  foregoing 
argument  shews  that  if  t  converges,  s  must  also  converge. 
Consequently  t  is  divergent. 

If  we  attempt  to  apply  this  argument  to  the  two  series  considered  in 
Art.  26,  ,=i_j  +  j_j+  ..^    t  =  l-},-l  +  },-l-i  +  ..., 

we  find  that  the  terms  in  tp  -  «„  are  partly  negative.    Thus  we  cannot  prove 
that  tr>S^€;    and  as  a  matter  of  fact  we  see  from  Art.   25  that  this 
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inequality   is  inaccurate.     Similarly,  the  argument   used   above   fails  to 
prove  that  S^tr,  although  this  happens  to  be  true  here  if  r>l. 

It  is  now  easy  to  prove  that  if  a  series  2a^  is  absolutely 
convergent,  its  snm  S  is  not  altered  by  derangement. 

For,  write  «  =  2a^,  a  =  2|a„|,  and  then  introduce  the  new 
series  iS=2[a^+|a^|].  The  series  /3  contains  no  negative  terms, 
and  no  term  in  fi  is  greater  than  twice  the  corresponding 
term  in  a ;  so,  since  a  is  convergent,  fi  converges  to  a  sum  jB 
not  greater  than  2 Ay  where  A  is  the  sum  of  a ;  and  so  B=S+A, 

Suppose  now  that  8\  A\  R  are  the  sums  of  the  three  series 
after  any  derangement  (supposed  the  same  for  each  series). 

Then  B'  =  S'+A'\  but  by  what  has  been  proved  A'=^A  and 
R  =  B,  because  they  contain  only  positive  terms. 

Hence  S'  =  R^A'  =  B-A  =  S, 

proving  the  theorem. 

Ex.  1.    As  an  example,  consider  the  series 

2^     3*^     4*     5*     Qi^"" 

This  is  absolutely  convergent  by  Art.  11  ;  and  therefore  the  series 
remains  convergent,  and  has  the  same  sum  after  any  derangement.  It  is 
accordingly  equal  to 

^  ,1  _1  .  l_l_i  .  i_J Lj. 

A       S3      42  +  32      f52      82  +  52       102      12^'^"" 


2.     From  our  present  point  of  view,  we  observe  that  the  inequality 

between  l-J  +  J-i+"'    and    1  -  J-i+i-J-i+... 

is  explained  by  the  fact  that  these  series  are  not  absolutely  convergent 
(Art.  11).  The  series  a,  )3  are  here  divergent,  and  of  courae  we  have  no 
right  to  infer  that  S'^S. 

The  last  result  should  be  contrasted  with  the  state  of 
affairs  explained  at  the  beginning  of  Art.  28 ;  using  the  notation 
of  that  article,  we  find  here 

lim  (Xp  -  2/n)  =  ^',    lim  {x^ + yn)  =  A , 

so  that  limXp  =  i(S+A)y     limyn^^i  —  S+A); 

whereas  there   the   sequences   (aj^),    (y^)   are   divergent,    taken 

separately,  although   their  diflference   (Xp  —  y^)  converges   to   a 

sum,  whose  value  depends  on  the  relation  between  p  and  n. 
i.s.  E 
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27.  Applicatiomi  of  absolute  convergence. 

Consider  first  the  mtdtiplication  of  two  absolutely  convergetd. 
series  A  "sSa^,  5=26„.  Write  the  terms  of  the  product  so  as  to 
form  a  table  of  double  entry 

^A    ^1^2    ^A    ^A  ••• 
/  t  /  t  /  t  / 

/      /  t  /  t 

/      /  t 

•'•/ 

It  is  easy  to  prove  that  -45  is  the  sum  of  the  series 

(1 )  a^fei + (ajh^ + aj)^ + a^\) + {a^^ + a^\ + a^^ + a^^ + a^\) 

where  the  order  of  the  terms  is  the  same  as  is  indicated  by  the 
arrows  in  the  table.  For  the  sum  to  n  terms  of  this  series  (1) 
is  il„£„,  if 

Now  -4'  =  2|a»|  and  B'  =  2|6„|  are  convergent  by  hypothesis. 
Thus  the  series 

(2)  0461 + agftj + aj)^ + a^ftg + %&i  +  •  •  • » 

obtained  by  removing  the  brackets  from  (1),  is  absolutely 
convergent,  because  the  sum  of  the  absolute  values  of  any 
number  of  terms  in  (2)  cannot  exceed  A'E.  Accordingly,  (2) 
has  the  same  sum  AB  as  the  series  (1).  Since  (2)  is  absolutely 
convergent,  we  can  arrange  it  in  any  order  (by  Art.  26) 
without  changing  the  sum.     Thus  we  may  replace  (2)  by 

(3)  a^fei + a^^ + ajtg + a^^ + a^^ + a^^ + aj)^  + . . . , 

following  the  order  of  the  diagonals  indicated  in  the  diagram. 
Hence  we  find,  on  inserting  brackets  in  (3), 

-4£  =  Ci+C2+C3+.,.  to  oc, 

where       c^  =  a^^,   c^  =  aj}^+afi^y   C8=«s&i+a2^2+^A 

and  c^  =  a„&i+<x„_i62+«"+otA- 

For  other  results  on  the  multiplication  of  series  the  reader 
should  refer  to  Arts.  34,  35. 
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A  second  useful  application  of  the  theorem  of  Art.  26  is 
to  justify  the  step  of  arranging  a  series  Sa^y**  in  powers  of  x^ 
where  y  is  a  polynomial  in  a?;  say  y  =  6o+M+---  +^*^- 

It  is  here  sufficient  to  have  Sani;**  convergent  where 

and  from  Art.  10,  we  see  that  this  requires 


17  <X,     if  X-i  =  liman". 

The  last  condition  requires  that  /8o<A,  and  that  ^  shall  be 
less  than  some  fixed  value ;  and  then  the  necessary  derangement 
will  certainly  not  alter  the  sum  of  the  series. 

In  most  of  the  ordinary  cases  X  =  l,  and  y  is  of  the  form 
6aj±a5* ;  the  condition  is  then 

^+)8^<1     or  ^<K(4+/8*)*-i8]. 

In  particular,  if  j8^2,  it  is  enough  to  take  ^<  ^2  —  1,  which 
is  certainly  satisfied  when  ^<|^. 

The  beginuer  maj  be  tempted  to  think  that  the  condition  |y  |<A.  would 
be  sufficient ;  but  this  is  not  the  case.  For  we  have  to  ensure  the  con- 
vergence of  the  series  when  (if^  is  written  out  at  length,  and  every  term 
is  made  positive  in  the  expanded  form. 

As  an  illustration  of  this  point,  consider  the  series  H-2(2;r-a;*)"  which 
has  the  sum  [I  - {^ - ^)J~* = (I - j?)"*,  when  \2x-a^\<\.  This  condition  is 
satisfied  by  any  value  of  x  (except  1)  lying  between  \±»J2\  and  in 
particular  by  .r=},  because  2^?-^-*  is  then  f.  But  if  the  series  is  arranged 
in  powers  of  x^  we  get 


l+2a: 


-^ 

+  4r» 

-4r3 

+^ 

+  ac3 

-120^ 

+  242;« 


-8a?7 


+4j8 


-32j;« 

+ 

=  l  +  ar+3.r2-H4r3-H5^  +  ..., 

which  diverges  if  a;=|. 

Thus  the  condition  \2x-o^\<\  is  not  sufficient  to  allow  the  arrange- 
ment in  powers  of  x.  The  condition  found  in  the  text  above  would  be 
1 07 1  <  >/2  - 1 ;  and  would  be  obtained  from  the  expansion  given  at  length, 
by  making  the  negative  coefficients  positive;  this  leads  to  the  series 

l-|-2|ar|-h5|^|2+12|ar|'+29|:r|^-H... 

(in  which  a„=2a„_i  +  a«-8). 

As  a  matter  of  fact,  the  condition  \x\<,J2-\  is  narrower  than  is 
necessary  for  the  truth  of  the  equation 

l-l-2(2A'-.r2)«=,i4.2(w  +  l).r". 
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This  equation  is  true  if  both  series  converge ;  although  the  proof  does  not 
follow  from  our  present  line  of  argument.  It  may  be  guessed  that,  in 
general,  the  condition  found  for  (  in  the  text  is  unnecessarily  narrow ; 
and  this  is  certainly  the  case  in  a  number  of  special  applications.  How- 
ever, we  are  not  here  concerned  with  finding  the  widest  limits  for  x ;  what 
we  wish  to  shew  is  that  the  transformation  is  certainly  legitimate  when  x 
is  properly  restricted. 

In  view  of  Riemann's  theorem  (Art.  28)  it  may  seem  surprising  that 
the  condition  of  absolute  convergence  gives  an  unnecessarily  small  value 
for  f.  However,  a  little  consideration  will  shew  that  Riemann's  theorem 
does  not  imply  that  ani/  derangement  of  a  non-absolutely  convergent  series 
will  alter  its  sum ;  but  that  such  a  series  can  be  made  to  have  any  value 
by  means  of  a  special  derangement,  which  may  easily  be  of  a  far  more 
sweeping  character  than  the  derangement  implied  in  arranging  Sa^** 
according  to  powers  of  x. 

28.  Riemann'8  Theorem. 

If  a  series  converges,  but  not  absolutely,  its  sum  can  be  made 
to  have  any  arbitrary  value  by  a  suitable  derangement  of  the 
series;   it  can  also  be  made  divergent  or  oscillatory. 

Let  Xp  denote  the  sum  of  the  first  p  positive  terms  and  —  i/n 
the  sura  of  the  first  n  negative  terms ;  then  we  are  given  that 

lira  {Xp  -  2/„)  =  «,   lim  {Xp +!/„)=  oo , 

where  p,  n  tend  to  oo  according  to  some  definite  relation.     Hence 

limajp=oo,    limyn=oo. 


00  n— ►oo 


Suppose  now  that  the  sum  of  the  series  is  to  be  made  equal 
to  0-;  since  Xp-^oo  we  can  choose  p^  so  that  Xp  >  o-,  and  so  that 
Pi  is  the  smcdlest  index  which  satisfies  this  condition.  Similarly 
we  can  find  n^  so  that  2/„  ^Xp  ^tr,  and  again  suppose  that  n^ 
is  the  least  index  consistent  with  the  inequality. 

Then,  in  the  deranged  series,  we  place  first  a  group  of  p^^ 
positive  terms,  second  a  group  of  n^  negative  terms,  keeping 
the  terms  in  each  group  in  their  original  order.  Thus,  if  Sy  is 
the  sum  of  v  terms,  it  is  plain  that 

Sf<o-,       if  i/<jPp       but  /S,>(r,       it  p^^v<ip^  +  n^. 

We  now  continue  the  process,  placing  third  a  group  of  (Pz^Pi) 
positive  terms,  where  p^  is  the  least  index  such  that  iCp  >  ^n +o" ; 
and  fourth,  a  group  of  (^2"^h)  negative  terms,  where  n^  is 
the  least  index  such  that  i/„  >irp  —a. 
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The  method  of  construction  can  evidently  be  carried  on 
indefinitely,  and  it  is  clear  that  if  Pr+nr^v^pr+Ur-iy  S^^a- 
is  positive,  but  cannot  exceed  the  (j>r+nr-i)th  term  of  the  series ; 
while  a  Pr+i+nr^v^Pr+nrt  (T  — /S„  is  positive,  but  does  not 
exceed  the  {pr+7ir)th  term:  for  S^^a-  changes  sign  at  these 
terms. 

Thus,  since  the  terms  of  the  series  must  tend  to  zero  as  v 
increases,  we  have  ]imS  =0-. 

It  is  easy  to  modify  the  foregoing  method  so  as  to  get  a 
divergent  or  oscillatory  series,  by  starting  from  a  sequence  (o-r) 
which  is  either  divergent  or  oscillatory  and  taking  p^,  n^,... 
in  turn  to  be  the  first  indices  which  satisfy  the  inequalities 

and  so  on. 

As  a  matter  of  fact,  however,  Riemanu's  process  is  quite  out  of  the 
question  for  practical  work ;  and  we  have  to  adopt  an  entirely  different 
method  due  to  Pringsheim.* 

Let  f{x)  be  a  positive  function,  steadily  decreasing  to  zero  as  x  increases  ; 
and  consider  the  series  2(-l)"~y(w),  which  converges,  by  Art.  21. 

Here  every  positive  term  is  followed  by  a  negative  term ;  and  suppose 
that,  in  the  deranged  series,  the  first  r  terms  contain  n+v  positive  to  r^ 
negative  terms  (so  that  2n+v—r).    Then  the  sum  of  these  r  terms  is 

L/(l)-/(2)  +  ...-A2n)] 

+[/(2n  +  l)+/(2n+3)  +  ...+/(2n+2v-l)]; 

where  the  second  bracket  contains  v  terms,  and  so  lies  between 

v/(2?i)  and  v/(2»+2v). 

Suppose  first  that  nf(n)  tends  steadily  to  infinity  with  n,  then 
/(2«4-2v)//(2w)  lies  between  1  and  w/(»+v).  Thus  if  we  choose  v  to  be 
such  a  function  of  n  that         limv/(2w)=^ 

the  change  in  the  sum  of  the  series  is  l^  because  then  v/nr-*0. 

We  have  thus  the  first  result : 

If  nf(n)  tends  steadily  to  vajmity  the  value  of  v  requisite  for  an  alteration 
I  in  the  sum  of  the  series  is  subject  to  the  condition  limvf(2n)=l. 

For  instance,  taking  the  series  2(-l)""^»"*,  we  see  that  v  may  be 
the  integer  nearest  t  to  l^(2n);  or  again  with  2(-l)"~^— ^,  v  may  be  the 
integer  nearest  f  to  2^n/logn. 


*  Math,  Annalen,  Bd.  22,  p.  455. 

tit  is  not,  of  course,  essential  to  take  always  the  nearest  integer,  in  order 
to  satisfy  the  condition.     But  this  is  the  simplest  statement. 
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Next,  if  lim  nf{n)  is  finite,  say  equal  to  g^  it  follows  that,  for  any  positive 
value  of  €,  however  small,  a  value  n^  can  be  found  such  that 

Let  V  be  chosen  so  that  it=lini(n+v)/n. 

It  is  easy  to  see,  by  an  argument  similar  to  that  of  Art.  11,  that 

i!f,[j;rn^^+-+2..-hL-i]  =il's/r'S-l**8*- 

Hence  the  alteration  I  is  contained  between  the  two  values 

\{g±€)\ogk 
Thus,  since  e  is  arbitrarily  small,  we  must  have 

Hence,  if  limnf(n)^g,  and  if  k  Uthe  limit  of  the  ratio  of  the  number  of 
poiitive  to  the  number  of  negative  terme,  the  alteration  I  is  given  by  l^\g  log  k. 

In  particular,  since  l-J  +  l-i  +  ...=log2  (Art  21),  we  see  that  when 
this  series  is  arranged  so  that  kn  positive  terms  correspond  to  n  negative 
terms  its  sum  is  log2+^logii;=^log4i&;  and  so,  if  there  are  two  positive 
terms  to  each  negative  term,  we  get 

l+i-J+H^-J+...  =  llog8»}log2. 

While,  if  there  are  two  negative  terms  to  each  positive  tenn,  we  have 

a  result  which  has  been  proved  already  (Art.  25). 

Finally,  if  there  are  four  negative  terms  to  each  positive  term,  we  find 

i-i-l-*-J+J-A-A-A-A+..=o. 

To  save  space,  we  refer  to  §  V.  of  Pringsheim's  paper  for  the  discussion 
of  the  rather  more  difi&cult  case  when  lim9i/(n)»0. 


EXAMPLES. 

1.  Criticise  the  following  paradox: 

-  2(J     +i     +J+-) 
=i+J+H}+—    -(1+J+J+J+— ) 

=0. 

2.  If  a  tranefonnation  similar  to  that  of  Ex.  1  is  applied  to  the  series 

shew  that  (if  J0<1)  we  obtain  the  paradoxical  result  th£(t  the  sum  of  the 
series  is  negative.  But,  if  j?  >  1,  the  result  obtained  is  correct  and  expresses 
the  sum  of  the  given  series  in  terms  of  the  corresponding  series  of  positive 
terms. 
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00 

3.  If  we  write /(4?)=l/a;;2^  and  «=2/(n),  shew  that 

1 

/(l)+/(3)+/(5)+/(7)  +/(9)  +...  =  i«=M 
/n)+/(5)+/(7)+/(ll)+/(13)+...  =  §*=W 
/(l)-/(2)-/(4)+/(5)  +/(7)  -/(8)-/(10)  +  ...  =  t«=^7r«. 
[It  is  proved  in  Art.  71  that  «=j7r^.] 

4.  Pro^e  that 

5.  Apply  a  transformation  similar  to  that  of  Ex.  1  to  the  series 
and  prove  that  the  resulting  series  is 

(i-i)+(i-?)+(J-ft)+-, 

which  converges  to  a  sum  less  than  that  of  the  given  series. 

6.  Any  non-absolutely  convergent  series  may  be  converted  into  an 
absolutely  convergent  series  by  the  insertion  of  brackets.     [See  Art..  5.] 

Any  oscillating  series  may  be  converted  into  a  convergent  series  by  the 
insertion  of  brackets ;  and  the  brackets  may  be  arranged  so  that  the 
series  has  a  sum  equal  to  any  of  the  limits  of  Sn' 

7.  In  order  that  the  value  of  a  non -absolutely  convergent  series  may 
remain  unaltered  after  a  certain  change  in  the  order  of  the  terms,  it  is 
sufficient  that  the  product  of  the  displacement  of  the  nth  term  by  the 
greatest  subsequent  term  may  tend  to  zero  as  n  increases  to  oo. 

[BoREL,  Bulletin  des  Scu  Math.  (2),  t.  14,  1890,  p.  97.] 

*      1 

8.  Prove  that  2 is  not  a  determinate  number,  but  that 

is  perfectly  definite.    Here  x  is  supposed  not  to  be  an  integer,  and  the 
accent  implies  that  n=0  is  to  be  omitted. 

Shew  that  lim  [s  (-37)]  -  ^=  ~  log  k, 

where  jd  and  ^  tend  to  oo  in  such  a  way  that  \\m{qlp)=k, 

9.  Find  the  product  of  the  two  series 

1+07+^,  +  ...  +  —,  +  ...    and    l-j:+— -...+(-l)*-j  +  ... . 

10.   Shew  that  if  <n=ao+«i  +  flf2+"*+^'»»  ^^®° 

(2a«^)/(l-J?)=(^»^)(l+^+^+...)=2««^. 


CHAPTER  V. 

DOUBLE  SERIES. 

29.  Suppose  an  infinite  number  of  terms  arranged  so  as  to 
form  a  network  (or  lattice)  which  is  bounded  on  the  left  and 
above,  but  extends  to  infinity  to  the  right  and  below,  as 
indicated  in  the  diagram : 

I   ^3, 1  "T ^,x "T ^8,3 "i   ^3,4    I    •  •  • 

+  a4,i+a4,2+a4^8+a4,4+... 

+ 

The  first  suffix  refers  to  the  row,  the  second  suffix  to  the 
column  in  which  the  term  stands. 

Suppose  next  that  a  rectangle  is  drawn  across  the  network 
so  as  to  include  the  first  m  rows  and  the  first  n  columns  of 
the  array  of  terms;  and  denote  the  sum  of  the  terms  con- 
tained within  this  rectangle  by  the  symbol  8^^,  If  8^^ 
a/pproaches  a  definite  limit  8  as  m  and  n  tend  to  infinity  ai 
the  sa/me  time  (bvi  independently),  tlien  8  i8  called  the  8uin  of 
the  dovMe  8erie8  represented  by  the  array* 

In  more  precise  form,  this  statement  requires  that  it  shall  be 
possible  to  find  an  index  /z,  corresponding  to  an  arbitrary 
positive  fraction  e,  such  that 

By  the  last  inequality  is  implied  that  m,  n  are  subject  to  no 
other  restriction  than  the  condition  of  being  greater  than  /ul. 


*  This  definition  is  framed  in  acoordance  with  the  one  adopted  by  Pringsheim 
{Afiinchener  SilzungaberichU,  Bd.  27,  1897,  p.  101 ;  see  particularly  pp.  103,  140). 
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This  property  is  also  expressed  by  the  equations 

lim    8„.n  =  «,    or    lim  »,„.„  =  «. 

But  the  symbol  ^^.n"**^  is  not  sufficient,  unless  some  indication 
18  added  as  to  the  mode  of  summation  adopted ;  for  it  is  often 
convenient  to  use  other  methods  (see  Arts.  30,  31)  which  may 
give  values  different  from  the  above. 

bmce  a„j^ n  ==  *i»,n       ^w- 1.  w  ~  ^i«,  n-l  'T ^»»-l,  u-l » 

it  follows  that  when  («,„,«)  converges,  we  can  find  /jl  so  that 

l^«,«K^>  provided   that  both  m  and  n  are  greater  than  jul: 

this  of  course  does  not  necessarily  imply  that  a,„,„  will  tend 

to  zero,  when  m,  n  tend  to  oo  separately. 

The  equations 

lim    «„»,«  =  X    or  lim«^.„  =  x 

imply  that,  given  any  positive  number  (?,  however  large,  we 
can  find  /a,  such  that 

Sm.n>G,      if  m,n>fi\ 
and  the  double  series  is  then  said  to  diverge  to  oo .     We  define 
similarly  divergence  to  —  x . 

It  is  also  possible  that  the  double  series  may  oscillate  \  and 
there  is  little  difficulty  in  modifying  the  method  of  Art.  5  so  as 
to  establish  the  existence  of  extreme  liTnits*  for  any  double 
sequence  (s^^);  these  may  be  denoted  by 

liras^^  and  lim^^. 

(m,  n)  (m,  n) 

The  general  concUtion  for  convergence  is  simply  that  the  sum 
of  the  terms  between  two  rectangles  m,  n  and  p,  q  must  be 
numerically  less  than  e,  if  m,  n  are  greater  than  fi;  or  in  symbols 

l«P.«-«m.»|<e,       if  p>m>/jL  and   q>n>/jL, 

where  of  course  the  value  of  jul  will  depend  on  e.  This  con- 
dition is  obviously  "necessary;  and  to  see  that  it  is  sufficient, 
denote  by  a-n  the  value  of  s^^„  when  m  =  7i  (so  that  the  rectangle 
is  replaced  by  a  sqvxire).     Then  our  condition  yields 

{(Tg-a-nKe,        if  q>n>fi. 

Hence  o-^  approaches  a  limit  s  (Art.  3),  and  so  we  can  find 

/i,,  such  that  \s^(Tn\<^€,      ii  n> jul^. 

*The  proof  is  given  in  fuU  by  Pringsheim,  Math,  Annaletit  Bd.  53,  1900, 
pp.  294-301. 
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Now  the  general  condition  gives  also 

|«p.,"- o-H |< R       it  p,q>n>iuL^\ 
and  so,  if  jul^  is  the  greater  of  jul^  and  /Xj,  and  n^  (jl^,  we  find 

1.  Canvergence:  If  *m,n=l/*w  +  l/w,  «=0  and  fi  =  2/€. 

2.  Divergence :  If  <Msn"^+^)  ^he  condition  of  divergence  is  satisfied. 

3.  Oscillation :  If  «„„=(-  !)"•+",  the  extreme  limits  are  - 1  and  +1. 

30.  Repeated  series. 

In  addition  to  the  mode  of  summation  just  defined  it  is  often 
necessary  to  use  the  method  of  repeated  av/mmation ;  then  we 
first  form  the  sum  of  a  row  of  terms  in  the  diagram,  and 

obtain  6^=2  ^«.»'  after  which  we  sum  2^«' 
This  process  gives  a  value  which  we  denote  by 


00        /     00  \ 

]n=i\i=l  /  (»0  (n) 


this  is  called  the  sum  by  rows  of  the  double  series. 
In  like  manner  we  define  the  repeated  sum 


00         /      00  \ 

14=1  ^m=l  ^ 


or  2  2  a. 

(n)  (»i) 


which  is  called  the  sum  by  coluTnns  of  the  double  series. 

Each    of   these    sums   may   also   be   defined   as   a  repeated 
limit,  thus: 

2  2a,„,„=    lim   (lim  8„^„)  or  lim  8^,,,, 

(m)  (n)  m->-co    n->-to  (in)(n) 

with  a  similar  interpretation  for  the  second  repeated  sum. 
In  dealing  with  a  finite  number  of  terms  ifc  is  obvious  that 

m=l  ^»=1  ^        n=l  S»al  ^ 

I  But  it  is  by  no  means  necessarily  true  that  if  a  double  series 

has  the  sum  a  in  the  sense  of  Art.  29  then  also 

00  /      00  V  00/00  \ 

m=l   V=l  ^        n-l  \n=l  ^ 

indeed  the  single  series  formed  by  the  rows  and  columns  of  the 
double  series  need  not  converge  at  all,  bvi  rrvay  oscUlaie, 
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That  the  rows  and  columns  need  not  converge  is  shewn  by  the  example 
*^,=(-l)"»+»(l/m+l/?i)  for  which  «=0 ;  but  neither  of  the  limits 

lim  Vn,     lim  Vn 

exists  at  all. 

Pringsheim  has  proved,  however,  that  if  the  rows  and 
coluTn/ns  convergCy  and  if  the  double  aeries  is  convergenty  then 
the  eqvAition  (1)  ahove  is  true. 

In  fact  we  have 

I ««.»-«  I<^,  if  m, '7i>/x, 

so  that  I  lim  ««,»—« 1  =  ^i      if  m  >  /a  ; 


n->oo 


since,  by  hypothesis,  this  limit  exists. 
Hence  lim  (lim  8^^  „)  =  s. 


m->»  n->oo 


In  like  manner  we  can  prove  the  other  half  of  equation  (1). 
When  the  double  series  is  not  convergent,  the  equation 

CO     /     00  \  ao     /     «  \ 

(2)  s(s«-..«)=s(s«-.«) 

is  not  necessarily  valid  whenever  the  two  repeated  series  are 
convergent. 

There  is  in  fact  no  reason  whatever  for  assuming  that  the  equation 

lim  (lim  Vn)  =  lini  (lim  «„,„) 

w— ^«  n— ►»  n    >«e    m^-^«o 

is  true  whenever  the  repeated  limits  exist. 
For  instance^  with  Vn=W(''^  +  '*)»  ^®  ^°d 

lim   (limvi)=0,    lim  (lim  Vm)=1. 

From  Pringsheim's  theorem  it  is  clear  that  the  double  series 
cannot  converge  (the  rows  and  columns  being  supposed  con- 
vergent) unless  equation  (2)  is  valid;  but  the  truth  of  (2)  is 
no  reason  for  assuming  the  convergence  of  the  double  series. 

For  instance,  with  Vn=wMi/(w+n/,  we  find 

lim   (lim  Vn)=0=lim   (lim  v«i)- 

m   »ao    ft— ^00  n—*9    m    »eo 

But  yet  the  double  series  cannot  converge,  since  if  mB2/i,  Vn=8  ;  while 

if   »l  =  n,   8m,n='i' 

For  some  purposes  it  is  useful  to  know  that  equation  (2)  is 
true,   without   troubling  to  consider   the   general    question   of 


76  DOUBLE  SEKIES.  [CH.  V. 

convergence  of  the  double  series.  In  such  cases,  conditions 
may  be  used  which  will  be  found  in  the  Proceedings  of  the 
London  MatherndticaZ  Society*  the  discussion  of  them  here 
would  go  somewhat  beyond  our  limits. 

A  further  example,  due  to  Arndt,  of  the  possible  failure  of  equation  (2) 
maj  be  added : 

Thus  lira  (lira  v  „)  =  -  i, 

m — Ko    n — ►« 

but  Urn  (IiiuVn)=+i. 


n— ^30     TO     »« 


Other  examples  of  points  in  the  general  theory  will  be  found  at  the  end 
of  the  chapter.    (See  £xs.  1-6  and  9.) 

31.  Double  series  of  positive  terms. 

In  view  of  what  has  been  proved  in  Art.  26,  we  may 
anticipate  that  if  a  series  of  positive  terms  converges  to  the  sum 
8  in  any  way,  it  will  have  the  same  sum  if  summed  in  any 
other  way  which  includes  all  the  terms.  For,  however  many 
terms  are  taken,  we  cannot  get  a  larger  sum  than  8,  but  we  can 
get  as  near  to  8  as  we  please,  by  taking  a  sufficient  number  of 
terms.  We  shall  now  apply  this  general  principle  to  the  most 
useful  special  cases. 

(!)  It  is  sujfficient  to  consider  squares  only  in  testing/  a 
double  series  of  positive  terms  for  convergence. 

Write  for  brevity  s^^n^^a-n  when  7?i  =  7i;  then  plainly  (r» 
must  converge  to  the  limit  «,  if  s^^^^  does  so.  Further,  if  o-^ 
converges  to  a  limit  «,  so  also  will  «,„,^.  For  then  we  can  find 
IJL  so  that  <r^  lies  between  s  and  s  — e;  but  if  tyi  and  n  are 
greater  than  /z,  we  have 

so    that  «  =  «m.n>^""^- 

Hence  »,„,„  converges  to  the  limit  s. 

The  reader  will  find  no  difficulty  in  extending  the  argument 
to  cases  of  divergence. 


*Bromwich,  Proc,  Load,  Math,  Soc.y  series  2,  voL  1,  1904,  p.  176. 
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(2)  If  TTiore  convenient  for  purposes  of  summation,  we  rfiay 
replace  the  rectangles  by  any  succession  of  cv/rves  *  which  tend 
to  infinity  in  aU  directions ;  the  terms  being  positive. 

For,  plainly,  when  the  rectangles  (and  therefore  the  squares) 
give  a  sum  8  we  can  suppase  any  particular  curve  C^  to  be  con- 
tained between  two  of  the  squares  and  that  the  sides  of  these 
squares  are  p,  q ;  thus  if  S^  is  the  sum  for  the  curve  C,p  we  have, 
as  in  (1)  above,  <T,^S^^<r^^s, 

Further,  since  C„  is  to  tend  to  infinity  in  all  directions,  we  can 
make  p  greater  than  fi  by  taking  n^n^,  say. 

Thus,  since  o"p  >  "^  —  €, 

we  have  also  «  — e^S^^.*?,    if  ii>t?^, 

and  so  lim  Sn  =  s, 

In  like  manner,  by  enclosing  a  square  between  two  of  the 
curves,  we  can  shew  that  if  the  curves  give  a  sum  s,  so  also  do 
the  squares  (and  therefore  the  rectangles,  too,  in  virtue  of  (1) 
above). 

A  particular  class  of  the  curves  used  in  (2)  is  formed  by 
drawing  diagonals,  equally  inclined  to  the  horizontal  and  vertical 
sides  of  the  network  as  indicated  in  the  right-hand  figure. 


Fio.  10. 

The  summation  by  squares  is  indicated  on  the  left.  It  should 
be  noticed  that  the^e  two  modes  of  summation  give  tivo  methods 
of  converting/  a  double  series  into  a  single  series. 

Thus,  by  squares,  we  are  summing  the  series 


*  These  **  carves"  may  consist,  wholly  or  in  part,  of  straight  lines;  and  it  is 
supposed  that  each  curve  encloses  the  whole  of  the  preceding  curve. 
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and  by  the  diagonals  we  get 

%i+(«2i+«i2)+Ki+«22+^i8)+  •••  • 
Of  course  the  equality  between  these  two  series  is  now  seen 
to  be  a  consequence  of   Art.  26;    but  we  could  not,  without 
further  proof,  infer  theorem  (1)  from  that  article  since  Art.  26 
refers  only  to  single  and  not  to  double  series. 

By  combining  Art.  26  with  (1)  above,  it  will  be  seen  that : 

(3)  No  derangement  of  the  {positive)  tei^ms  of  a  double  aeries 
can  alter  the  8um,  nor  change  divergence  into  convergeTice. 

It  is  also  important  to  note  that: 

(4)  When  the  terms  of  the  double  series  are  positive^  its  con- 
vergence  implies  the  convergence  of  all  the  rows  and  columns, 
and  its  sum  is  equal  to  the  sums  of  the  two  repeated  series. 

For,  when  the  double  series  has  the  sum  s,  it  is  clear  that 
«„,„  cannot  exceed  s;  and  consequently  the  sum  of  any  number 
of  terms  in  a  single  row  cannot  be  greater  than  s.  Also,  for 
any  fixed  value  of  m,  lims^, ,»  exists  and  is  not  greater  than  s. 

Now  we  can  find  fi  so  that  «»,,»»>*  — ^>  if  'Wi,  n  are  greater 
than  fi.    Consequently 

s^lima«,„>8-e,    if  m^juL. 
Hence  lim  [lim  s^^  „]  —  », 

(m)       (n) 

""^  2(Sa»..«)  =  «- 

In  a  similar  way,  we  see  that  each  column  converges  and  that 

n=l  \m  =  l  / 

As  a  converse  to  (4),  we  have  : 

(5)  The  terms  being  always  positivey  if  either  repeated  series 

is  convergent,  so  also  is  the  other  and  also  the  dotvble  series; 

and  the  three  sums  are  the  same. 

For,  suppose  that 

lim[lim6f,„,„]  =  .S 

(m)       (n) 

then  (r,n  ^  lim  s„,  «  =  ^• 

(n) 

Hence  by  Art.  2  the  sequence  ((r„,)  converges  to  a  limit  cr; 
and  it  then  follows  from  (4)  above  that  «  =  tr,  and  that  the 
other  repeated  series  has  the  same  sum. 
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The  reader  will  find  little  difficulty  in  modifying  the  proofs 
in  (4)  and  (5)  so  as  to  cover  the  case  of  divergence. 

32.  Tests  for  conyergence  of  a  doable  series  of  positive 
terms. 

If  we  compare  Art.  8  with  (1)  of  the  last  article,  we  see  that : 
(1)  If  the  {positive)  terms  of  a  dovhle  aeries  are  less  than  those 
of  another  dovMe  series  which  is  known  to  converge,  the  series 
converges. 

Similarly  for  divergence,  with  "greater"  in  place  of  "less." 

The  most  important  type  of  convergent  series*  is  given  by 

G^«,»=(C^«C^n)"^  where  2(7„'^  is  a  convergent  single  series;    to 

see  that  this  double  series  is  convergent,  we  note  that  the  sum 

<r„  contained  in  a  square  of  side  n  is  plainly  equal  to 

and  therefore  <t^  has  a  limit.     Consequently  the  double  series 
converges,  by  (1)  of  the  last  article. 

On  the  other  hand,  the  chief  type  for  divergence*  is  given 
by  <^w,n  =  (2'A>)"^  where  p=^in+n  and  2Z)„"^  is  a  divergent 
single  series;  to  recognise  the  divergence,  take  the  sum  by 
diagonals,  as  in  (2)  of  the  last  article.  In  this  way  we  get 
the  series 

which  is  seen  to  be  divergent,  on  comparing  it  with 


1.     2wi-*n-^  converges  if  a>l,  fi>\. 

Bt,  2.  2(m4-n)-*  diverges  if  a^2  and  converges  if  a>2;  for 
divergence  is  assured  if  p°-^'^  =  Dpy  i.e.  if  a^2;  but  if  a>2,  we  have 
(m+n)"*<wi~**n"**  and  so  we  may  take  {7i.  =  vK 

Ht    3.     If  a,  c  are  positive,  and  aob^,  in  case  6<0,  the  series 

"Ziam^ + 2bmn  +  cfi^)  -  \ 
converges  if  A,>1,  diverges  if  A^l  ;  for  we  have 

where  A  is  the  greatest  of  a,  0,  and  |6|. 

Thus  the  conditions  of  convergence  or  divergence  follow  from  Exs.  1 
and  2. 


Pringsheim,  Munchener  Sitzmigsberichtey  Bd.  27,  pp.  146-150. 
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The  reader  will  have  no  difficulty  in  seeing  that  the  following 
generalisation  of  Cauchys  test  (Art.  11)  is  correct: 

(2)  If  the  function  f{x,  y)  is  positive  and  steadily  decreases 
to  zero  as  x  and  y  iTicrease  to  infinity*  then  the  double  series 
2/('Wi,  n)  converges  or  diverges  with  the  dovhle  integral 


n- 


f(Xy  y)dx  dy. 

However,  nearly  all  cases  of  interest  which  come  uuder  the 
test  (2)  can  be  as  easily  tested  by  the  following  method,  which 
depends  only  on  a  single  integral : 

(3)  //  the  positive  fitnction  f{x,  y)  has  a  lower  limit  g(^) 
and  an  upper  limit  G{^)  when  y  =  ^^x  and  x  varies  from 

0  to  f,  and  if  ^G(^\  ioH)  ^'^  steadily  to  zero  as  ^-►oo, 
then   the   double   series    l,^f(m,  n)  converges   if  the   integral 

/•CO 

1  ^(i)i^'^i  cmiverges;    hut  the  series  diverges  if  the  integral 

J  9(i)i(ii  divergesA 

For  then  the  sum  of  the  terms  on  the  diagonal  x-^-y^n 
lies  between  (n^l)g(n)  and  (71  — l)6r(7i);  thus  the  series  con- 

verges  with  2(n— l)(?(7i),  that  is,  with  the  integral  I    0(i)^d^; 
but  the  series  diverges  with   X(n'-'l)g{n),  that  is,   with  the 


/•oo 


integral  J   g{i)$di, 

Ex.  4.  A  particular  case  of  (3)  which  has  some  interest  is  given  by 
the  double  series  /(am*  +  26w»  +  c?i^),  where  f{x)  is  a  function  which 
steadily  decreases  as  its  argument  increases,  and  am*  +  26mn  +  c?i*  is  subject 
to  the  same  conditions  as  in  Ex.  3  above. 

If  i4  is  the  gi'eatest  of  a,  |6|,  c,  it  is  evident  that 

oj^  +  26.r(^  -  x) + c{i  -  xy 

is  less  than  A[jb^+2.v{$ -x)-^(^-xy]=A^K  When  b  is  positive,  we  see  in 
the  same  way  that  if  B  is  the  least  of  a^  6,  c,  the  expression  is  greater  than 
B^^.    But  if  b  is  negative,  we  can  put  the  expression  in  the  form 

[{(a  +  c-26).r+(6-c)f}«+(ac-62)f2]/(a  +  c-26)g^^,    if  AAB^ac-b^ 

Hence  gi$)=^f(A$^)  and   0(i)=f(B^^). 


*  That  is,  we  suppose  /(f ,  77)  ^{x,  y), 

if  ^=x    and    i7  =  y. 

tThe  use  of  a  single  integral  for  testing  multiple  series  seems  to  be  due  to 
Riemann  [Gea,  Wtrke,  1876,  p.  452) ;  an  alternative  investigation  is  given  by 
Hurwitz  {AfcUh.  AnivcJtn,  Bd.  44,  p.  83).     The  above  form  seems  to  be  noveL 
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/«  .*« 

f{B^'^)^d^  converges;  that  is,  if  /  f{x)dx 

'CO 

is  convergent.     Similarly  the  series  is  seen  to  diverge  when    /  f(x)dx  is 

divergent. 

This  result  confirms  Ex.  3  above ;  and  it  shews  also  that  when 

f{x)^e-'   or    l/^(loga:)i+*,      (a>0) 

the  series  converges ;   on  the  other  hand,  the  series  diverges  if 

f{x)=-\lx\ogx. 

33.  Absolutely  convergent  double  series. 

Just  as  in  the  theory  of  single  series,  we  call  the  series  2a„,^H 
absolutely  convergent  if  2|a^,,j|  is  convergent. 

The  method  used  in  Art.  26  can  be  applied  at  once  to  shew 
that  all  the  results  proved  in  Art.  31  for  double  series  of 
positive  terms  are  still  true  for  any  absolutely  convergent 
double  series.  In  this  connexion  the  reader  who  has  advanced 
beyond  the  elements  of  the  subject  should  consult  a  paper 
by  Hardy  (Proc.  Lond.  Math.  Soc.  (2)  vol.  1,  1908,  p.  285). 

That  these  results  are  not  necessarily  true  for  non-absolutely  convergent 
series  may  be  seen  by  taking  two  simple  examples : 

(1)  Consider  first  1  + 1  + 1  + 1  + ... 

+r~i-i-i-... 

+  1-1+0+0+.. . 

+  1-1+0+0+.. . 

+ , 

where  all  the  terms  are  0  except  in  the  first  two  rows  and  columns. 

Here  «m.n=2  if  fn,n>lj  so  that  the  series  has  the  sum  2,  according 
to  Pringsheim's  definition.  But  if  we  convert  the  double  series  into  a 
single  series  by  summing  the  diagonals  (as  in  (2),  Art.  31),  we  get 

1+2  +  1+0+0  +  .. .  =  4. 

Obviously,  too,  the  convergence  of  this  series  does  not  imply  the  con- 
vergence of  the  first  two  rows  and  columns  (compare  (4)  Art.  31). 

(2)  Consider  next  the  double  series  suggested  by  Ceskro: 

1  _  1  +  1^1  4.1-  i-+l_ 

2  4  "^4      8  "^8      16*^16     •" 

J__3      3  _7^     7  _15     26_ 
+  22    4*    42    82"'"82     16*     162     "• 

+  23     43'*'43    88  "^83     163"'"l63     •" 

+  2*     4*  "^4*    8*  "^8*     16*"**  16*     *" 

+ 

I.S.  F 
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Here  the  sums  of  the  rows  in  order  are 

1    i    i     1 

2»    2^    2^    2*'  "' ' 

and  so  the  sum  of  all  the  rows  is  I. 
But  the  sums  of  the  columns  are 

+  1,  -1,  +1,  -1,  +1,  -1,  +1,..., 

proving  that  (5)  of  Art.  31  does  not  apply. 

This  result  is  specially  striking  because  each  row  converges  absolutely 
(the  terms  being  less  than  i+i+i+J^+J^+...)»  ^^^  secondly,  the  series 

formed  by  the  sums  of  the  rows  is  o+o2"^qs"*"""  >  "^^ich  also  converges 
absolutely. 

But  the  justification  for  applying  (5)  of  Art.  31  is  that  the  double 
series  still  converges  when  all  the  terms  are  made  positive,  which  is  not 
the  case  here  ;  since  the  sum  of  the  first  n  columns  then  becomes  equal  to  n. 

The  fact  that  the  sum  of  a  non-absolutely  convergent  double 
series  may  have  different  values  according  to  the  mode  of 
summation  has  led  Jordan^  to  frame  a  definition  which  admits 
only  absolute  convergence.  Such  restriction  seems,  however, 
unnecessary,  provided  that,  when  a  non-absolutely  convergent 
series  is  used,  we  do  not  attempt  to  employ  theorems  (1)  to  (5) 
of  Art.  31  without  special  justification. 

For  example  in  Lord  Kelvin's  discussion  of  the  force  between  two 
electrified  spheres  in  contact,  the  repeated  series 


£  r|(-ir^"mn-l 


(m+w)*    J 

is  used.t  This  series  has  the  sum  Hlog2-^),  and  it  has  the  same  value 
if  we  sum  first  with  respect  to  m.  However,  Pringsheim's  sum  does  not 
exist  but  oscillates  between  limits  I  J  (log  2 -|)  and  ^l^S^  +  i)^  ^bile  the 
diagonal  series  oscillates  between  —  oo  and  +cd, 

34.  A  special  example  of  deranging  a  double  series  is  given 
by  the  rtde  for  mvZtiplying  single  series  given  in  Art.  27 
above. 

Suppose  we  take  the  two  single  series  A  =  'Ea^,  5=26^,  and 
construct  from  them  the  double  series  P  =  2arn6n« 


*  Coura  cC Analyse,  t.  1,  p.  302;  compare  Goureat's  Analysis  (translation  by 
Hedrick),  vol.  1,  p.  357. 

t  Kelvin,  Reprint  of  Electrical  Papers,  §  140. 

jBromwioh  and  Hardy,  Proc.  Loud,  Math.  Soc,  series  2,  vol.  2,  1904,  p.  161 
(see  §9). 


* 
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It  is  clear  that  P  converges  in  Pringsheim's  sense,  provided 
that  A,  B  converge;  for  we  have 

so  that    lim   8^^=AB, 

But  for  practical  work  in  analysis  it  is  generally  necessary 
to  convert  the  double  series  P  into  a  single  series;  the  one 
usually  chosen  being  the  sum  by  diagonals  (see  (2)  Art.  31). 
This  single  series  is  2c^,  where 

It  follows  at  once  from  Art.  33  that:  If  the  two  series 
2a^,  26^  are  absolutely  convergent,  their  prodnict  is  equal  to 
2c^,  which  is  also  absolutely  convergent. 

For  under  these  circumstances  the  double  series  is  clearly 
absolutely  convergent,  because  2  |a,„|.|fcn|  converges  to  the  sum 

(2|a„|).(2|fcn|);  fti^d  2|(?^|  converges  because  the  sum  of  any 
number  of  terms  from  2|Cn|  cannot  exceed  the  product 

(2K|).(2|6,|). 

If,  however,  one  or  both  oi  A,  B  should  not  converge 
absolutely,  we  have  Abel's  theorem:  Provided  that  the  series 
2cn  converges,  its  sum  is  equal  to  the  product  AB*  For  then, 
if  we  write  A^==aj^+a^+...+a^,  B^  —  b^+b^+.^.  +  b^,  we  find 

C^  =  Ci+c^+,,,+c^  =  a^B^+a.2B^,i  +  .,.+a^By 

Hence  (7i+(72+...  +  a^=^A+^A-i+---+^n^i» 

or        l{C,+C,+  „.  +  G,)=^l(A,B,+A^^,,+  ...+AM^ 
Now  (App.,  Art.  154),  when  lim  (7^  =  (7,  we  have  also 

and  again  (App.,  Art.  154,  IV.) 

Hence  C=AB.    (For  an  alternative  proof,  see  Art.  54  below.) 


*  Pringsheim  has  proved,  by  a  similar  method,  that  if  a  double  series  is 
convergent,  its  sum  is  equal  to  the  sum  of  the  diagonal  series,  when  the  latter 
converges,  provided  that  every  row  converges  and  also  every  column. 
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It  should  be  observed  that  the  aeries  2o„  cannot  diverge  (if 
2a^,  26^  are  convergent),  aUhxyagh  it  may  osciUate.  For,  if 
'Zcn  is  divergent,  we  should  have  lim  Cn=oo,  and  therefore  also 

by  Art.  154;  whereas  this  limit  must  be  equal  to  AB.  If 
2cn  oscillates,  it  is  clear  from  the  article  quoted  that  AB  lies 
between  the  extreme  limits  of  2cn ;  that  in  some  cases  ^Cn  does 
oscillate  (and  that  its  extreme  limits  may  be  —  oo  and  +«) 
is  evident  from  Ex.  3  below;  but  in  all  cases  the  oscillation 
is  of  such  a  character^  that 

liml(C^  +  C^+...  +  CJ  =  AB. 

it/ 

Ex.  1.  Undoubtedly  the  cases  of  chief  interest  arise  in  the  multiplication 
of  power-series.    Thus,  if  the  two  series 

are  both  absolutely  convergent  for  |.r|<r  (see  Art  50),  their  product  is 

which  is  also  absolutely  convergent  for  |.r|<r;  where  we  have  written 

the  notation  being  slightly  changed  from  that  used  in  the  text. 
Bx.  2.     If  we  apply  the  rule  to  square  the  series 

we  have  no  reason  (so  far)  to  anticipate  a  convergent  series ;  but  we 
find  the  series  i  _g+^)  +  (l  +  ^,+  l )_..., 

in  which  the  general  term  is  (-!)""*»„,  where 

1^1^       1        .       .     1 


l.n^2(w-l)^3(n-2)^'"^n.r 
so  that  (n+l)..«=(l-|.^)  +  (l-f^)  +  ...  +  (l-f l) 


*  Cesjiro  (to  whom  this  result  is  due)  calls  such  series  eimplf/  indeterminate ; 
the  degree  of  indeterminacy  being  measured  by  the  number  of  means  which 
have  to  be  taken  before  a  definite  value  is  obtained.     (See  Art.  122  below. ) 
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Now  lim/'l+^  +  ...+^-logn)  =  C     (Art.  11), 

so  that  \imwn  =  lim r(C+loffn)=0. 

Further  «,._,-,..=?(i+|+|+...+-l^)--l^(l  +  ^+l+...+l) 

=^4^^^^(l+5+5+•••+-^Vll 

n(w  +  l)L\        2     3  71-1/        J 

2       /I. 1.1.        ,      1    \ 

~w(w  +  l)\2"*"3"*'4'^'""*"«-l/' 

That  is,  ?<'„-.i>w„,  80  that  2(-l)*^*w„  is  convergent  (Art.  21),  and  there- 
fore, by  Abel's  theorem, 

i(-^*i-;--)'-s-i('-i)-j('-i4)-5('-M-D-- 

Of .  course  this  agrees  with  Pringsheim's  general  theorem  (Art.  35 
below).  \Math,  THp.  1900.] 

Ex.  3.     But  if  we  square  the  series 

l-^+3-p-i+...,      (0<?><1), 

we  obtain  2(-l)"~'w„,  where 

tff„=(l .  7i)-''+[2(«- 1)]-'+...  +(w .  1)-'. 
Now  x{n  +  \—x)<n^y      if  0<x<n4-l, 

so  that  \x{n  + 1  -  x)]-^  >  n,-^ 

and  Wn  >  n^~*. 

Consequently  i/p^^,  the  series  2(-  l^'^Wn  is  oscillatory  and  the  rule  for 
tmUtiplica^an  fails. 

On  the  other  hand,  if  p>i,  Pringsheira's  theorem  (Art.  35)  shews  that 
the  rule  is  correct. 

35.    Mertens  has  proved  that  the  series  '2cn  vnll  converge  to  the  sum 
ABj  provided  that  one  of  the  series  2a„,  26^  is  ahsoltUely  convergent. 
Suppose  that  2  |a„|  is  convergent,  and  then  write  for  brevity 

v„  =  |a„|,    r„=ri  +  t;j  +  ...  +  »«,     (r=limr„). 
Also  write  r„=6„+i  +  6„+a+...  to  qo,     p^=|rn|, 

so  that  B=rn+Bn* 

Consequently  (7„ = ai  /?„ + a^Bn-i  + . . . + a^B^ 

=ai(^-r,)  +  a2(^-r„_i)  +  ...+a„(^-ri) 
^A„B--R„, 
where  ^=air„-ha2r„-i  +  ...  +  a«ri, 

so  that  |/2fi|=ViP«+V2P„-i4-...4-v«Pi. 
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Now,  since  the  series  B  is  convergent,  the  sequence  ^,  pi,  ps, ...  tends 
to  zero  as  a  limit ;  it  has  therefore  a  finite  upper  limit  H.  Also  we 
can  find  m  so  that  /9m»  Pm+u  Pm+i>  •••  ^i^  &11  l^s^  ^^i^  ^  *  thus,  if  p^n^m^ 
we  have  |/2.|<(ri+r,+  ...  +  iv)€+(iv+i+t^p+,+  ...+v,)i5r 

Take  the  limit  of  the  last  inequality  as  n  tends  to  oo,  and  we  find  | 


because  j9  tends  to  oo  with  n.     Now  c  is  arbitrarily  small  and  V  is  fixed, 
so  that  we  must  have 

fim  I  ft.|=0,      (see  Note  (6X  p.  5^ 
that  is,  lim  Rn=^0, 

Hence  lim  (A»B  -  On) = 0; 

or  ]imCn=AB, 

It  must  not,  however,  be  supposed  that  the  condition  of  Mertens  is 
necesgaiy  for  the  convergence  of  'Zcn ;  in  fact  Pringsheim  has  established 
a  large  number  of  results  on  the  multiplication  of  two  series  neither  of 
which  converges  absolutely.  The  simplest  of  these  (including  most  cases 
of  interest)  is  as  follows : 

If  (7=  2(  - 1)*"%,,  r=  2(  —  l)*~^Vn  are  convergent  in  virtue  of  the  conditio7i8 

tt«=^+i,  t?«^v„+i,  limi4„=-0,  limw«=0, 
their  product  is  given  hi/  2(-l)*~^r„,  where 

provided  that  the  series  2 («»»«)  is  convergent. 
Since  limi^n^O,  we  can  write 

where  5i=Wi,   52=t£j-M|,   53=t«3— 1«2,  .... 

Now,  by  hypothesis,  82,  83,  84,  ...  are  all  negative,  and  accordingly 

1^1  l  +  1^2l+"  +  |8n|  =  t4i  +  (w,-W2)  +  (W2-W3)+  — +(«»-! -M  =  2Wl-^« 

Hence,  21|8„|  is  convergent,  and  therefore  the  series  81-82+83-84+... 
is  absolutely  convergent ;   we  can  therefore  apply  Mertens'  theorem  and 

^^^^^  2rr^y,-y2+73-r4+..., 

where  y,  =  8iVi  =  tt7i,    y„=8iv„+8ai?„.i  +  ...  +  8„«?i=^„-Wn_i. 

Thus  ^UV=^w^-{w2-w^-\'{w^-w^-{w^-'W^  +  ,„, 

and  therefore  we  have 

c;  r=  M7i  -  W2+ W3  - 1^4+ ... , 

provided  that  limtrn=0. 
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Now  since  2(-l)"~^y„  is  convergent  (in  virtue  of  Mertens'  theorem), 
it  is  clear  that  limy„=0,  so  that  we  need  only  prove  that  ir„->0  for 
even  suffixes;   we  may  therefore  write  n—2p.    Then 

p  p 

«^»  <  2  (tt  Vn^v)+  2  (Wn-irt?i.), 

and  suppose  that  g  is  any  index  less  than  j9 ;  as  v  varies  from  9  + 1  to  p, 
we  have  Vn-v^Vy  and  Wn-v=Wif,  because  w-v^v;   thus 

p  p 

9+1  9+1 

And  as  v  varies  from  1  to  9,  we  have  Vn-v^Vn^q  and  Un-y^ttn-q, 

so  that 

9 

'2('itvVn'y  +  VyUn-v)^q{UjVn-q  +  l\Un^q). 


Thus  we  find 


9  +  1 


If,  as  is  supposed,  DumVm  ^  convergent,  we  can  find  q  so  that  £  UpVy  is  less 

9+1 
than  ^€1  q  having  been  fixed,  take  the  limit  of  the  last  inequality  as  n 

tends  to  infinity,    and  we  find  limir„^€.     Thus,  since  €  is  arbitrarily 

small,  limtr„=0,  and  it  follows  that  limti'n=0,  because  Wn  is  positive. 

Other  results  are  due  to  Yoss  and  Cajori,  in  addition  to  those  found 

by   Pringsheim.    For  references,  see   §34  of  Pringsheim's  article  in  the 

Encyklopddiej  Bd.  I. ;  two  more  recent  papers  will  be  found  in  the  Trans, 

Amer.  Math,  Society^  vol.  2,  1901,  pp.  25  and  404 

36.  Substitution  of  a  power-series  in  another  power-series. 

This  operation  gives  another  example  of  deranging  a  double 
series.  Consider  the  series  z=^f{y)=^aQ+(i^y+a^y^+.,,  and 
y  =  6^  +  61CC + h^^  +  . . . ;  if  convergent  at  all,  they  converge 
absolutely  for  lyKs,  IxKr,  say  (see  Art.  50).  The  question 
then  arises  whether  the  result  of  substituting  the  second 
series  in  the  first  and  arranging  in  powers  of  x  is  ever  con- 
vergent, and  if  so,  for  what  values  of  x.  It  appears  from 
Ex.  1,  Art.  34,  that  the  powers  of  y  can  be  calculated  by 
using  the  rule  for  the  multiplication  of  series,  and  then  z  is 
equal  to  the  sum  by  rows  of  the  double  series 


+ 


+  a^biX 
+  2a^jb^x 
+  Sa^bQ\x 


+  a^b^x^ 

+  a^(b,^+2bjb^)x^ 

+  Sa,(bJb,^+b,%)a? 


+  ... 
+  ... 
+  ... 


•  • .  •••\  ■*-  J 
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If  this  double  series  is  arranged  according  to  powers  of  x, 
we  are  summing  it  by  columns ;  these  two  sums  are  certainly 
equal  if  the  double  series  still  converges,  after  every  term  is 
made  positive  (Art.  31  (5)  and  Art.  33). 

Write  |a„|  =  a„,     |6„|  =  ^„,     |^|  =  ^, 

and  then  the  new  series  is  not  greater  than 

+   «Af 


+  3a,(j8o/8iHi8oW^ 


+  ... 
+  ... 
+  ... 


r* 


...(2) 


'0 

+  «ii8o 

+ 

Now  this  series,  summed  by  rows,  gives 

which  converges,  provided  that  j8o+2j8m^<C5- 

Take  now  any  positive  number  less  than  r,  say  p,  then 
the  series  'EI3mp^  is  convergent,  and  consequently  the  terms 
/8mp"*  have  a  finite  upper  limit  M,  Thus  our  condition  is 
satisfied  if  l3o  +  ^M{i/p)^<8, 

or  if  fi^^Mil{p-i)<8, 

Hence  if  j8o<«,  and  f<(s  — /3o)p/(if+s  — jSo)*  ^^^  series  (2) 
of  positive  terms  will  converge.  Consequently  the  derangement 
of  the  series  (1)  will  not  alter  its  sum.  Thus  the  trans^ 
forviation  is  permissible  if  the  two  conditions 

(i)  |6ol<«,       (ii)  M<{s^\b,\)p/iM+s^\b,\) 

a/re   satisfied   (where   p<^r,   \bn\p^^^M).      In   particular,    if 
^0  =  0,  the  conditions  may  be  replaced  by  the  one 

x\<ips/(M+8). 

If  the  series  z  =  ^a^y^  converges  for  all  values  of  y,  it  is 
evident  that  the  condition  |  a;  |  -<  r  is  sufficient  to  justify  the 
derangement. 

The  case  6o  =  0  is  of  special  interest  in  practice;  and  then 
the  coeflScient  of  x^  in  the  final  series  is  not  itself  an  infinite 
series,  but  terminates;   a  few  of  the  coefficients  are 

and  generally,  if  'yi>2,  Cn  will  contain  the  terms 
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Ex.     Take  ^=i+y+^_  4.-y^4..^*  + ... , 

y—li{x  -  \a^-\-}^a?  -  J.'^+ . . .)» 
then  the  traosformHtion  is  allowable,  provided  that  {a;|<l,  since  z  con- 
verges for  all  values  of  y,  and  r=  1.    The  result  is  obviously  1  +2c^,  where 
<;»  is  a  polynomial  in  /x,  such  that  the  term  of  highest  degree  is  fj."/n\. 

Assuming  that  z^^  and  y=fi\og(l+x)  (see  Ai*ts.  58,  62),  we  see  that 
z={l-hx)r.  Thus  Cn  will  vanish  for  /x=0,  1,  2,  ..,,  n-1,  because  in  these 
cases  the  series  terminates  before  reaching  .rf*. 

Hence,  c„  =  -y/x(/x- 1)(^  -2) ...  (/x-n  + 1), 

and  so  we  obtain  the  binomial  series  (Arts.  61  and  89). 

37.    Non-absolately  convergent  doable  series. 

Almost  the  only  general  type  of  such  series  has  been  given,  compara- 
tively recently,  by  Hardy  ;*  it  corresponds  to  the  type  of  series  discussed 
in  Arts.  19,  20.    The  theorem  is  the  extension  of  Dirichlet's  test,  and  runs  : 

If  in  a  dovMe  series  ^m.n  t^  f^i^  Vn  ^  numerically  less  than  a 
constant  C  for  all  values  of  m^  n,  the  double  series  ^m,nVm,n  converges, 
provided  that  the  expressions 

Vm,n"~Vm+l,  «>     ''V  »  ""^w.  n+lj      ^m,  n  ~  "^^m+l,  n  "~  ^m,  n+1 +  ^m-f  1,  n-f  1 

are  all  positive,  and  that  Vf^  „  tends  to  zero  as  either  m  or  n  tends  to  oo . 

In  fact,  just  as  in  the  proof  of  Abel's  lemma  (Art.  23),  we  can  shew 
that  under  the  given  conditions  for  Vni,ni  ^^  have 

J/     .V 
It.     V 

where  Zf  is  an  upper  limit  to 

I22am.«l,      (^=/ij  M  +  l,  ...,  i/;  ^  =  v,  I'-t-l,  ...,  N). 

It.      V 

It.    V 

SO  that  if  either  /*  or  v  is  1,  H^^C,  and  otherwise  U^-iC. 

MS     it-\v-\    y,-\  K       M  v-\      MN 

Now  2  2-2  2  =  2  2+2  2  +  2  2, 

1111  1         V  fJL  I  II       V 

M  N     it-\y-\ 

80   that     I  (2  2  -  2     2)  «m.  nV^,  n  \  <  ^C{Vi^  ,  +  V^,  1  +  2^^,  y)<  4(7(^1,  y  +  V^^  i), 
1111  ,  ^,  ^,  ,  ff 

which  can  be  made  as  small  as  we  please  by  proper  choice  of  /x,  v,  because 
vi^  y  and  v^^i  both  tend  to  0 ;  and  so  the  double  series  ^a^nVm,n  converges. 
An  application  is  given  by  the  series 

flU.„  =  cos(w^  +  7i<^),    Vm,n'={rna-\-nfi)-*', 
where  a,  P,  p  are  positive. 


♦  Proc.  Land,  Math.  Soc.,  series  2,  vol.  1,  1903,  p.  124 ;  vol.  2,  1904,  p.  190. 
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For  then  *^„\<4\coBecid<xmee^4>\ 

and  „^,.,.^^._£'*'__^_^>0, 

while  limva.  »=0. 


EXAMPLES 

1.  As  examples  of  doMe  sequences  we  take  the  following : 

(1)  «iit.«=— +~;  here  the  double  and  repeated  limits  exist  and  are  all 

m    fi 

equal  to  0. 

(2)  #^„=(-l)«-H«(24.iV   bere  the  double  limit  is  again  0,  but  tihe 

\fn    u/ 

single  and  repeated  limits  do  not  exist,  although  we  have 

lim  / Tim  <^,\  =0=  lim  /  lim  <^  A 

(3)  «M.n=mn/(m'+n') ;  here  the  double  and  repeated  limits  are  again  allO. 

(4)  Sm,n=fn/(m-^n) ;  here  the  double  limit  does  not  exist,  but  we  have 

0<«ii».«<l)  ftnd  lim«M.«=0,  lim««.«=l, 
because,  however  large  fi  may  be,  we  can  find  values  of  m,  n  greater  than 
fi,  such  that  «m.n<e ;  and  other  values  of  m,  n  for  which  «m.n>l  — <•    But 
the  repeated  limits  exist  and  are  such  that 

lim  /  lim  ««.,\  =0,    lim  /  lim  «^«\  =  1. 

m    »eB\i>— MO  /  f>    >cc\ii>    900  / 

Similar  features  present  themselves  in  the  sequences 

Vii=w7i/(m«+n*)  and  *,«,«= 1 /[I +(m-n)"]. 

(5)  If  ««.«=(-!)"' »»^'/0»'+n*X  w«  ^*ve 

lim  /lim  ««^  «\ = 0 = lim  /lim  s^,  n\  ; 

(•»)    V  (»•)  /  («)    \  (m)  / 

but  yet  lim«,^„=-oo,    lim«,^,=  +  Qo; 

as  may  be  seen  by  taking  m—n\  Here  it  should  be  noticed  that  the 
limit  of  the  single  sequence  given  by  putting  m^n  exists  and  is  equal 
to  0;  although  the  double  limit  does  not  exist.  [Prinosheim.] 

2.  The  double  series  given  by 

(ao  +  &o)+     (ai-fro)  +  «2+a3  +  a4+... 
( -ao+6i)+(-ai -fci) -05-03-04 -... 

62  -         62        +0  +  0+0+... 

63  -         b^       +0  +  0+0+.. . 


gives  the  sum  0  in  Pringsheim's  sense,  whatever  may  be  the  values  of 
a„,  b„.  But  the  sum  by  rows  is  only  convergent  if  'Eon  converges;  and 
the  sum  by  columns  converges  only  if  26«  is  convergent.  The  sum  by 
diagonals  is  lim(a„+&„),  if  this  limit  exists;  and  is  otherwise  oscillatory. 
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3.   In  the  double  series 


1  +  2  +  4+8  +  .,. 

-i- 

-1- 

-2- 

-4-... 

-i- 

-i- 

-1- 

-2-... 

-i- 

-i- 

-i- 

-1-... 

every    column    converges    to    0,    but    every    row    diverges.      Of    course 
Pringsheim's  sum  cannot  exist ;  and  the  sum  by  diagonals  is  divergent. 


••• 


4.   The  series  given  by     0+1+0+0+0+ 

-1+0+1+0+0+.. . 
0-1+0+1+0+.. . 
0+0-1+0  +  1  +  .. . 
0+0+0-1+0+.. . 


has  the  sum  1  by  rows ;  —  1  by  columns  ;  0  by  diagonals ;  and  naturally 
the  double  series  cannot  converge  in  Pringsheim's  sense.  In  fact,  «m,«  is 
0  if  in=n,  and  is  -1  if  m>w,  or  +1  if  m<w. 

6.   The  series  given  by   -2+1+0+0+0+.. . 

+  1-2+1+0+0+.. . 
0+1-2  +  1+0+.. . 
0+0+1-2+1  +  ... 
0+0+0+1-2  +  .. . 


has  the  sum  - 1  both  by  rows  and  columns ;  and  the  diagonal  sum 
oscillates  between  -2  and  0.  There  is  no  sum  in  Pringsheim's  sense, 
because  «m,n  is  -1  if  m^n,  and  is  otherwise  0. 

6.  The  double  series       2+0-1+0+0+0  +  .. . 

0+2+0-1+0+0+.. . 
-1+0  +  2  +  0-1  +  0+.. . 
0-1  +  0+2+0-1  +  .. . 
0+0-1+0+2+0+.. . 
0+0+0-1+0+2  +  .. . 
+ 

has  the^sum  by  rows  1  +  1+0+0+...= 2,  and  the  same  sum  by  columns; 
the  sum  by  diagonals  is  2  +  0+0  +  0  +  ...  =  2.  Thus  these  three  sums  are 
the  same,  hut  the  series  does  not  converge  in  Pringsheim^s  sense,  since  an,n^% 

7.  Prove  that  the  multiplication  rule  for  I)an^**,  26«j;"  can  be  established 
by  summing  the  double  series 

ao^o +00^1-^  +  00^2^ + •  •  • 

+ afi^K + a'fiiX^  + . . . 

•\-aj)^'\-%,, 

+  ... 
first  by  rows  and  secondly  by  columns. 
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8.   Discuss  the  following  paradox : 

If  we  sum  the  double  series  of  positive  terras 


i.2"*'2.3"*"3.4"*'4.5"*""' 
^2.3^3.4^4. 5^*" 

+  ... 

first  by  rows  and  secondly  by  columns,  we  obtain  «4-l=«  or  1=0,  where 

*=|-f-j4.j4.....  [J.  Bernoulli.] 

9.  If  the  double  series  ^^^^.n  is  convergent  in  Pringsheim's  sense,  it 
does  not  follow  (in  contrast  to  the  case  of  single  series)  that  a  constant  C 
can  be  found  such  that  |<m.»|<^  for  all  values  of  m,  n ;  this  is  seen  by 
considering  the  series  of  Ex.  2,  and  supposing  Sa^,  26^  to  be  divergent. 

In  like  manner  we  cannot  infer  \sm,n\<C  from  the  convergence  of  the 
sum  by  columns  or  by  rows  (see  for  instance  Ex.  3). 

10.  The  double  series  in  which  ««.!»=( -1)"*'*""M'*  ^^^^  ^^^  converge 
absolutely  ;  but  yet  its  sums  by  rows,  columns  and  diagonals  are  equal  to 
one  another  and  to  Pringsheim's  sum.    The  common  value  is,  in  fact,  (log  2)^. 

Exactly  similar  results  apply  to  the  series  in  which  «„,«=( -l)"*'^"t*mV», 
where  the  sequences  (um),  (v^)  steadily  decrease  to  zero. 

11.  Consider  the  double  series  in  which 

a„.„= l/(w*  -  n*)      {m  ^  n) 

and  am,  „ = 0.  (m  =  n) 

Here  we  find  2  2  =  -|2(l/w«)  ] 

and  VV  =  +,2a/«»V      <^'^-'^'^*P-^y 


2  2  =  -H}2(l/»').j^  "       [H^HBT.] 


12.   Prove  that 


m 


y        y         2.r-fwi+w 
r-.„i'..(^+m)V+w)« 


tends  to  zero  when  v  tends  to  oo,  provided  that  all  terms  for  which  m  =  n 
are  omitted  from  the  summation.  [Math.  Trip.  1895.] 

13.    If  m-n(m-\-n-\)\      ,         ^_. 

a«.»=2^;rT^   ---y7,y-      K  «  >0) 

and  0^.0=2-**,    ao,n=-2-",    ao.o  =  0, 

then  ifia„.„)=-l,    2  f  2  a„.„)= +1. 
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14.   If  a,„,„= (-!)"•+ ''mn/(m+w)*,  we  have 

miBOX  n=sO  /       fisO\m=0  / 

but  the  Bum  hy  diagonals  oscillates  between  -  ao  and  x  ;  and  Pringsheini'fl 
sum  oscillates  between  l-^  and  ?+tV« 

[For  the  details  of  Exs.  2,  3,  9,  13,  14,  see  Bromwich  and  Hardy,  Proc, 
Land,  Math,  Soc.  (2),  vol.  2,  1904,  p.  175.] 

16.   Prove  that  the  product  of  the  two  series 

is  equal  to 

1«.  2: ^(21)2. 4!     (3!)2.6!^"" 

16.  If     /(or,  5r)=l+5r(a7+l/a:)+^*(.r»+l/^)  +  y''(A'3  +  l/a:3)+... 

=  2  ^^  ^»      where  1 5^  |  <  1, 

and  g (x,  q) = q^x-^f{xlq,  y)  =  2  y»^^,    v = n  -  J, 

-00 

then  f{xy,  q).f{xly,  q)^f{A  q').f{2/^  q'HgiA  ^').</(yS  ?*), 

.9^(-^,  q)'9(j^ly,  q)^AA  q^)'9{y\  q^Hf(y\  q^)'ff{A  ?*)• 

17.  Verify  that 

1 

x{x+l)...{x-^n) 

11  1  1.1  1  1  111 

'    i"  •  •  •  3C 


n\x    l!(n-l)!:F+l     2!(n-2)!jr+2    3!(w-3)!  a:+3"^"      w!  a?4-» 
and  use  Arts.  33,  57  to  infer  Prym's  identity, 

x"^ x{x-hl)    x(x-hl){x+2y  '"     ^Lv    l!x+l"*"2!^+2     3\x+3^"'J 

18.  Shew  that  ^=^(^4T)'^/"(^+l)(i  +  2)'^<(«+l)(^+2)(^+3)"^---* 

Hence  convert  ^+^-J^,+^J2)«+--- 
into  a  double  series,  and  transform  it  to 

Take  2  =  10  and  so  calculate  21 /u'  to  7  decimal  places.  [Stirling.] 

19.  Convert  the  series   j|-i+j^+^+...      (|.r|<l) 

into  a  double  series,  and  deduce  that  it  is  equal  to 

X  a^     .     ,v^ 


+  ; jt  +  .... 


l-.r     l-x^^l-x^ 
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20.  Shew  that  (if  |t|<1)  Lambert's  series 

and  deduce  that  this  series  is  equal  to  Clausen's  series, 

Hence  evaluate  Lambert's  series  to  five  decimal  places,  for  x=^^ 
Shew  that  each  of  these  series  is  also  equal  to 

the  coefficient  of  af^  being  the  number  of  divisors  of  n  (1  and  n  included). 

21.  From  Ex.  19,  or  directly,  prove  that,  if  |a:|  <1, 

•   1    ,    .jlv'^    Turn  I*...  — ^        ~5      1        !5  • 


r+p  i+a:*"^i+^ "•••"1+0?   \^^^T^   •••• 

22.  Shew  that,  if  k|<l, 

X  £tX^  •M'  •*  X^  OC^ 

X         ag*         SjH^  _x{\-»f3^    o^iy-^-a^)    a^iy^-:^) 

[For  the  connexion  between  the  series  in  Exs.  19-22  and  elliptic 
functions,  see  Jacobi,  Fundamenta  Nova,  §40.] 

23.  If  |^|<1,  shew  that 

X  7^  x^  y 

(i"^^»"*"(T^«)2"^(r^)2"^'--°"?'''^' 

where  <^  is  the  sum  of  the  divisors  of  n  (including  1  and  n).     Deduce 
that,  if  <^_j=0=<^o> 

i+(TT^«+(T+^^:^+"=|(^^^+^-i-2<^)^- 

[Math,  Trip,  1899.] 

24.  If  I J7 1  <  1,  prove  that 

where  0(n)  denotes  the  sum  2/(rf)  for  all  the  divisors  of  n  (including 
1  and  n). 

In  particular    ^_^.^+_£L__£L+_^_...  =  |^. 

[Laoubrrb.] 

25.  Shew  that  in  the  special  series  of  Art.  37,  the  repeated  series  also 
converge  to  the  same  sum  as  the  double  series ;  but  the  diagonal  series 
may  oscillate,  for  instance  a=)8=l,  ^=<^=:ir,  p=l,  gives  for  the  diagonal 
8«ries  ^«|4.j_|4.....  [Hardy.] 


CHAPTER  VI. 

INFINITE  PRODUCTS. 

38.  Weierstrass's  inequalities. 

In  this  article  the  numbers  a^,  aj,  ctg, ...  are  supposed  to  be 
positive  and  less  than  1 ;  this  being  the  ease,  we  see  that 

Hence 

(l+ai)(l+a2)(l+a3)>[l+(ai+a2)](l  +  a3)>l+(c4+a2+a3), 

and  continuing  this  process  we  see  that 

(1)  (l+a^){l  +  a^)(l+a^)...{l-^aJ>l-\'(a,+a^+a^+...+aJ. 
In  Uke  manner  we  have 

Thus,  since  1— aj  is  positive,  we  have 
(l-ai)(l-a2)(l-a8)>[l-(ai+a2)](l-a8)>l-(ai+a2+a8), 
and  so  we  have,  generally, 

(2)  (l-ai)(l-a2)(l-a3)...(l-aJ>l-(ai+a2+a8+...  +  aJ. 

Next,  i+a^  =  l^'<^_^^^, 

so  that    (l+a,)(l+a2)...(l+a.)<^^^^^^^^__^^^      ^^^^^^, 

and  thus,  if*  a^  +  a2+...+an  is  less  than  1,  we  have,  by  the 
aid  of  (2),  the  result 

(3)  (l+ai)(I+aj)...(I+an)<[l-(ai+tt2+...  +  a„)]-i. 


*If  01+0]+... +aii  were  greater  than  1,  the  inequality  (3)  would  be  untrue, 
sinoe  it  would  then  make  a  positive  number  less  than  a  negative  number. 
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Similarly,  we  find 

(4)  (l-ai)(l-cg...(l-an)<[l-H(ai  +  a2+...  +  an)]-^ 
By  combining  these  four  inequalities,  we  find  the  results 

(5)  (l-2a)-i>n(l+a)>l  +  2a, 

(6)  (l+2a)-^>n(l-a)>l-2:a, 

wliere  all  the  letters  a  denote  numbers  between  0  and  I,  such 
that  2a  is  less  than  1. 

39.  If  a^,  a^,  a^,  ...  are  numbers  between  0  and  1,  the 
convergence  of  the  series  Zan  is  necessary  and  sufficient  for 
the  convergence  of  the  products  Pn,  Qn  to  positive  limits 
P,  Q  as  71  increases  to  oo,  where 

Pn=(l+ai)(l+a2)...(l  +  an),    Q„  =  (l-ai)(l-a2)  ...(1-an). 

For  clearly  Pn  increases  as  n  increases,  and  Qn  decreases. 
Now,  if  2an  is  convergent,  we  can  find  a  number  m  such 

that  cr=a^+i+a,«+2+a«+3+...  to  oo<l. 

Then  by  the  inequalities  (5),  (6)  of  the  last  article,  we  have 

1  >. ,_  .' >''■ 


1-0-  l-(a^+l  +  ^m+2+...  +  ttJ         PJ 

and  ^  ^  1  -(a«+i+^^m+2+ ... -H^*ni>  1  -o-. 

Hence,  provided  that  n  is  greater  than  m,  we  have 

and  Qn>Qm{l-<r). 

Thus,  by  Art.  2,  P,  and  Q,  approach  definite  finite  Hmite  P,  Q, 

such  that 

P^PJ(1-<t),      Q^Q„(l-cr). 

But,  if  2a«  is  divergent,  we  can  find  m  so  that 

Oi  +  ttg+.-.+an^i^,     if  7i>m, 

no  matter  how  large  N  may  be. 
Hence,  by  the  same  inequalities, 

Pn>l+N,    Qn<ll(l+Nl     if  7i>m, 

and  consequently    lim  P„  =  oo ,    lim  Qn = 0. 

It  should  be  observed  that  if  a  product  tends  to  zero  as  a 
liTnit,  without  any  of  its  factors  being  zero,  the  product  is  said 
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to  diverge.     This   of  course   is   merely   a  convention;    but  it 
preserves  the  parallelism  with  the  theory  of  series. 

Ex.  1.     Since  2l/n^  converges,  the  product 

(-i.)('4)(-i.)- 

will  approach  a  limit  different  from,  zero.    This  is  at  once  obvious  because 

l_(n-l)(n+l) 

and  so  we  find  the  product 

so  that      lim  Qi«==5- 

Similarly  (l+o2)(l  +  «2)(^"^T2)*"  *^  convergent,  although  its  value  is 
not  calculated  so  readily. 


2.     Since  ^1/n  is  divergent,  the  products 

(i+i)(i+J)a+i)-,  (i-i)(i-i)(i-i)- 

wUl  diverge  also. 

T     r  ^     n         3    4    5         w  +  1     «  +  l      ^         12    3         n-1     1 
In  fact    P„_,  =^. -.-...  —-  =  ^-,    §„_,=-.-.....-_=-, 

so  that  limPn=^}  limQ„=0. 


3.     If  cinl (^n-t-i  =  1  +  (K/n),  where  lim  6„ = 6  >  0,  <A«n  lim  a„ = 0. 
For,  under  the  given  circumstances,  we  can  find  an  index  m,  such  that 

b„>^b>0    if  n^m. 
Thus  we  have 


flU+i  2m'    a„+a  2(?n+ 1)*' ** '  a„+i  2n 

and  therefore 


'^-> 


^t^.-^)••■0+.4)>^■^l(^;^+•••+a• 


Hence  lim  (a„/(in)  —  « , 

SO  that  lima„=0. 

It  is  easy  to  see  that  the  argument  of  Art.  26  can  be  modified 
to  prove  that  when  a^ya2ya^.».  are  between  0  and  1,  the  valuea 
of  the  two  infinite  products 

P=(l  +  ai)(l+a2)(l+a3)...,     Q^{\^a^){l^a^){\^a^) .., 

are  both  independent  of  the  order  of  the  factors, 
i.s.  G 
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For  if,  in  any  new  arrangement  (represented  by  accents),  we 
have  to  take  p  factors  to  include  the  first  7i- factors  of  P  and  Q, 
then 

PSP/>P».    Q^Qr'<Qn,   iir^p. 

Now  n  can  be  taken  large  enough  to  bring  P»  and  Q^  as  close 
to  P  and  Qy  respectively,  as  we  please. 

Consequently        lim  P^^P,    lim  Q/  =  Q. 


r— >•<»  r— ►« 


In  like  manner,  if  P  diverges  to  oo ,  so  does  P" ;  and  if  Q 
diverges  to  0,  so  does  Qf. 

By  taking  logarithms  we  can  see  at  once  that  the  present 
theorem  is  deducible  from  the  theorem  of  Art.  26. 

40.  Oonvergence  of  inflnite  products  in  general. 

It  is  quite  possible  that  in  an  infinite  product 

the  numbers  u^,  u^,  ttg,...  may  have  both  signs.     But  without         V 
loss  of  generality  it  may  be  supposed  that  they  are  all  numeri-  | 

cally  less  than.l;    for  there  can  only  be  a  finite   number  of 
them   greater  than   1  (otherwise  the  product  would  certainly 
diverge   or  oscillate),   and   the    corresponding    factors    can    be 
omitted  without  affecting  the  convergence. 
Now  we  have* 

0  <  u  —  log(l  +  ^^X  \n^  if  u  is  positive, 

or  <iuV(l+u)   if  0>u>-l. 

Thus,  if  X  is  the  lower  limit  of  the  numbers 

we  have 

0  <  ('M.m+l  +  'i^m+2+ ... +^n)-log  [(1 +^^„+l)(l +^^+2)  •  ••  (l  +  'W'n)] 

<  ■?«+!  +  <+2+  •  • .  +  O/X- 


•For  log(l+u)  =  j^^^^. 

Henoe,  if  u  is  poaitive     j    p— -  <  m  -  log  (1  +  «)<  I   xdxj 

but,  if  u  18  negative  /    a;  rfx  <  w  -  log  ( 1  +  m)<  /  "£^ . 

.'0  ^'0  1  +  M 
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Consequently,  if  the  series  2u*  is  convergent,  the  difference 

(^m+l +  'M'm+2+ . .  • +'M'n)-l0g  [(1 +U^+l)(l +'W'm+2)  • . .  (1 +^1.)] 

can  be  made  arbitrarily  small  by  properly  choosing  m,  no 
matter  how  large  n  is.     Thus  we  have  the  theorem : 

If  the  series  2u„*  is  convergent,  the  infinite  product 

(l+UiXl  +  UgKl+ttj)... 

converges  if  2u^  converges;  diverges  to  oo  if  2u„  diverges  to 
+  X ;  diverges  to  0  if  2u^  diverges  to  ^oo  ;  oscillates  if  Su^ 
oscillates. 

Again*  we  have 

u  —  log  (1  +  tt)  >  i^*/(l  +  '2^)     if  ^  is  positive, 

or  >iu^  if  0>u>-l, 

so  that 

>  i«+l  +  <+a+  •  •  •  +0/^ 

where  Z  is  the  upper  limit  of  1,  (1+u^),  (1+'M'2),  ••.,  (l+'^nX  — 
Hence,  if  2u«  converges^  (or  oscillates  so  that  its  maximum 
limit  is  nx)t  +oo)  while  Su,/^  diverges,  the  infinite  product 

{l+u^){\+u^){l  +  u^) .., 

diverges  to  the  value  0. 

The  only  cases  not  covered  by  the  foregoing  method  are  those 
in  which  ^u^  diverges  and  2u„  either  diverges  to  +  x ,  or  has 
H-  X  as  its  maximum  limit  (in  case  of  oscillation). 

It  is,  perhaps,  a  little  perplexing  at  first  sight  that  when 
2u«,  2u„^  both  diverge  to  x ,  the  product  may  nevertheless 
converge;  but  it  is  quite  easy  to  construct  a  product  of  this 
type.  For,  let  2c»  be  a  convergent,  2rf„  a  divergent,  series  of 
positive  terms,  and  form  the  product  of  which  the  (27?  — l)th 
and  27ith  terms  are  given  by 

Then,  provided  that  lim  d^  =  0,  the  product  11  ( I  +  'W'n)  =  H ( 1  +(;») 
and  so  obviously   converges   (by   Art.  39).     Further   ^u^   will 

diverge  if  Sf d„~  1  +        J' j ~ ^(toITf)  ^®  divergent;  and  then 


*  See  footnote  on  previous  page. 

tOf  course  not  absolutely  (see  Art.  41). 
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2u„^  must  also  diverge.*  This  condition  can  be  satisfied  in 
many  ways;  one  simple  method  is  to  take  c^  =  (i»*,  and  then 
we  must  suppose  2d„,  2ci^^  both  divergent,  and  ^/  convergent; 
for  instance,  we  may  take  d^^n'^,  where  i=2>>J-  The 
product  is  then  given  by  '1^-1  =  71"*,    u^=  — 7i"^+n"^. 

Ex.  1.    Since  the  sen'es 

2     3     4     6  2*'^3*     42     5*^ 

are  both  convergent,  the  two  infinite  products 

0+i)(l-i)(l  +  })a-i)...  and  (l-J)(l  +  i)(l-i)(l  +  J)... 
converge  also.     In  fact  the  first  is  obviously  equal  to  1  and  the  second 
to  J. 

Ex.  2.     Since  the  series  i  + J  — J+J  +  J- J  +  ...   diverges  in  virtue  of 
Ceskro's  theorem  (Art.  22)  it  follows  that  the  infinite  products 

0+iXi+JXi-JXi+4Xi+*Xi-»)...and(i-jxi-JXi+iXi-JXi-lXi+*)... 

are  both  divergent.  In  fact  the  first  diverges  to  oo  and  the  second  to  0 : 
for  they  ai'e  equivalent  to  the  products 

(l+J)a+i)(l+J)(l+W-.  and  (l-i)(l-i)(l-i)(l-t)(l-T^.).... 

Ex.  3.     Since  the  series 

11      Jl  _J_  . 

is  convergent,  but  J  +  i  +  }+J  +  ...  is  divergent,  it  is  clear  that  the  two 
products 

('-;^)(>-v^)('-73)('-78)- 
(■-^)(■^i)(■-^J(■-;;a>■■ 

both  diverge  to  the  value  0. 
In  fact 

80  that  this  product  is  always  less  than  1,  and  can  be  put  in  the  form 
(l-a«).  Further  lim(wa„)=l,  so  that  our  two  products  diverge  to  0  by 
Art.  39. 


4.     If  t*n=(-l)"i,   it  is  evident  that  2wn   oscillates,    while   2i/«* 
diverges ;  thus  the  product 

a-m+m-m+i)"' 

must  diverge  to  0,  which  may  be  verified  by  inspection. 


*  If  Xu^  were  convergent,  the'  divergence  of  2i<„  would  imply  the  divergence  of 
the  product. 
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41.  Absolute  convergence  of  an  infinite  product. 

If  the  series  ^Un  is  absolutely  convergent,  the  infinite  product 
11(1+ Un)  converges  to  a  sum  which  is  independent  of  the 
order  of  the  fax^tors. 

Write  |u^|  =  a,j,  then  2a»  converges;  and,  as  ex^ained  in  the 
last  article,  we  can  suppose  a^^l,  so  that  aJ<^an'  Hence 
2a,^  is  also  convergent  (Art.  8),  that  is,  2u»^  converges ;  and  2u^ 
is  convergent,  because  2a,j  converges:  and  therefore  11(1 +u„) 
is  convergent  in  virtue  of  a  theorem  proved  in  the  last  article. 

Suppose  next  that  the  series  2u«  is  deranged  so  as  to  become 
Xv^  while  2a^  becomes  26„ ;  and  write  for  brevity 

C7«=(l+Ui)(l+tt2)...(l+uO,     V^=^{l+v^)(l+v^)...{l-{-v^) 

A  =  (l  +  ai)(l  +  a2)...(l  +  aO,     B^^{l  +  b^){l  +  b^)  .,.(1  +  ^). 

Then  suppose  p  chosen  (>  n)  so  that  Up  contains  the  whole 
of  F„  (and  consequently  Ap  contains  the  whole  of  B^);  on 
multiplying  out  it  is  evident  that  Ap/B^^l  contains  every 
terra  in  Up/V^^l,  but  with  the  signs  made  positive. 

Hence  |  CTp/  F„  - 1 1  ^  Ap/B^  - 1, 

and  F,^5„, 

so  that  lUp-V.^l^Ap-B^. 

Now,  as  explained  in  Art.  39,  lim Bf^=^lim  A^  =  A  say.  Con- 
sequently Uq  can  be  found  so  great  that 

A>Ap>B^>A  -ic    iip>n>  no. 

Hence  4p— B»<|€,  if7i>7iQ, 

and  so  l^^p— ^nKif»  ifii>7?Q. 

But  Up  approaches  a  limit  U  b&  p  tends  to  oo  :  and  therefore 
if  p  >  ?i  >  ti^  we  have  ]  Z7—  Up  \  <  ^€. 

Thus,  if  n'  is  the  greater  of  n^  and  n^,  we  have 

that  is  lim  V^  =  U. 

Alteration  in  the  valrie  of  a  non-ah9olrUely  convergent  infinite  prodtict  by 
deranging  the  factors. 

The  argument  used  to  establish  Riemann's  theorem  (Art.  28)  requires 
but  little  change  to  shew  that  a  non-absolutely  convergent  infinite  product 
may  be  made  to  converge  to  any  value,  or  to  diverge,  or  to  oscillate, 
by  altering  the  order  of  the  factors. 
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Perhaps  the  case  of  chief  interest  is  that  atforded  by  the  infinite  product 
n[l+(-l)*~'a„],  where  a„  is  positive  and  lim(«a„)=^.  Suppose  that 
the  value  of  the  product  is  P  when  the  positive  and  negative  terms  occur 
alternately  ;  and  let  its  value  be  X  when  the  limit  of  the  ratio  of. the 
number  of  positive  to  the  number  of  negative  terms  is  k. 

Then  XjP^  lim  (I  +a».+i)(l  +a».^,) ...  (1  +a^_,), 

where  lim  ( v/n) = k. 

Now  it  is  plain  that  Sa„^  is  convergent,  and  therefore,  by  the  last 
article,  it  is  clear  that 

(aj„+i+«2n+8+...+a.2K_i)-log[(l+a2«+i)(l+aa„+8)...  (l+flh»'-i)] 
can  be  made  arbitrarily  small  by  taking  n  large  enough.    Further,  by 
Pringsheim's  method  (Art.  28),  it  is  clear  that 

lim  (a^+,  +  Oa^+s  + . . .  +  Oir-i) = ifl^  log  ir, 

and  therefore  log('^7^)=i^log^> 

or  XIP^k^\ 

42.  The  Oamma-prodact. 

It  is  evident  from  the  foregoing  articles  (39,  40)  that  the  product 

is  divergent  except  for  :r=0.     But  we  have 

so  that  the  expression 

5.=x(l  +  i  +  ^  +  ...  +  i)-logP. 
increases  with  n.    Also,  as  in  Art  40,  we  have 

where  A  is  either  1,  if  jf  is  positive,  or  l+o;,  if  x  is  negative.     Hence,  by 
Art.  2,  Sn  approaches  a  definite  limit  ^  as  n  increases  to  qo  . 

Now  (Art.  11)  n.Ul  +  ...  +  --logw 

2     3  n        ° 

approaches  a  definite  limit  (7,  and  therefore 

lim(^logn-logP„)=lim[/S„-^(l+^  +  ...  +  ^-logn)]=5-Car. 

Now  ^  log  n  -  log  Pn  =  l0g(»'/Pn), 

so  that  n'jPn  has  also  a  definite  limit ;  this  limit  is  denoted  by  11  (.r)  in 

Gauss's  notation. 

» 

Thus  n(.r)=  lim  ^'•^• 


(H-jrX2  +  .r)...(n  +  A'y 
which,  again,  can  be  written  in  Weierstrass's  form, 

l/n(^)=c°'-*=e^'  lim  6-*«  =  e^'  fi  f !  +  -)«"'. 
When  a?  is  a  positive  integer,  Gauss's  form  gives  11  (4?)= a*!,  because 

<l+.r)(2+ar)...(w+^)"(l+w)(2  +  «)..Xr+w)~'*"7r"*'n/\^"^w/''A   "^w/' 
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Although  we  have  found  it  convenient  to  restrict  (l+.r)  to  be  positive, 
yet  this  is  not  necessary  for  convergence ;  and  it  is  easy  to  see  that  the 
products  for  11  (x)  still  converge  if  x  has  any  negative  value  which  is  not 
an  integer.* 

It  is  easy  to  verify  by  integration  by  parts  that  Euler's  integral 

r(l  ^'&)=re-H*dt^x\\-'^-Ht 

has  the  property  of  being  equal  to  x !  when  x  is  an  integer ;  and  we  may 
therefore  anticipate  the  equation 

r(l+^)=n(j:), 
which  will  be  proved  to  be  correct  in  Art.  178  of  the  Appendix. 
If  we  change  ^  to  or+l  in  the  definition  of  11(07),  we  find 

Thus  H(^=(^+l)  lira  -^_=a;+l, 

or  n(x+l)=(or+l)n(a:). 

It  follows  that   (l+o:)(2+ar)...(n+o;)  =  n(n+o:)/n(a:), 
and  consequently  the  definition  leads  to  the  equation 

„.  .      ..     n* .  II(n)n(.r) 

"<")=  il!L    n(n;.)  > 


It  is  often  convenient  to  write  the  last  equation  in  the  form 

n(M+J7)oun*n(w), 
using  the  notation  explained  in  Art.  3. 

By  reversing  the  foregoing  argument  we  see  that  the  function  11  (o)  w 
completely  defined  by  the  properties 

n(x+l)=(x+l)nW,    U(n+x)t>jnm(n) 
together  with  the  condition  11(0)=  1. 


EXAMPLES. 

1.  Discuss  the  convergence  of 

n[i+/(«).-],  ii[(i-i;(i+3].  n(f±5). 

where  /(n)  is  a  polynomial  in  n. 

2.  Prove  that  ^[(^""^J^"]      (^^^'  ^'  ^'  -^ 

converges  absolutely  for  any  value  of  x,  provided  that  c  is  not  a  negative 
integer ;  and  that  r       /  r^r  \""| 

is  absolutely  convergent  if  |  a?  |  <  1. 
*  The  convergence  persiste  also  for  complex  values  of  x  (see  Ex.  7,  p.  255). 
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^    Tf  —  ^  l+q'w+6  w'  +  ... 

then  IIi^M  diverges  toOifm>l;   toaoifin<l. 

If  »i=:l,  IIw^  diverges  to  0  if  a<c,  and  to  ao  if  a>c;  and  converges 
if  a=c.  [Stirling.] 

4.  If  tti=0,  ^2=0,  ttji^i  =-«"*',  tift,=ir"'+n~*^,  where  n>l  and 
i^p>if  then  £««,  Zu.'  are  both  divergent,  but  11(1 +t^)  is  convergent. 
Verify  that  the  same  is  true  if 

«*,_,  =  -  n-^,  v^ = n-" + 11-2^ + n-**,     (n  >  I). 

[JTafA.  Trip.  1906.] 

5.  Verify  the  identity 

(■-f)(>-i)-(-:) 

1     ^.^(-^-0    £(^-l)(£-2)  x(jr-l)...(x-n+l) 

=  l-.r+— 2j  3j  +...+(-1)  ;^j 

Shew  that  as  n  tends  to  infinity,  the  product  diverges  for  all  values 
of  X  except  0,  but  the  series  converges,  provided  that  x>0. 

6.  Prove  that  (l+^)(l+a:*)(l+2r*)(l+:c*)...  =  i;(l-x),  if  \x\<h 

7.  Verify  that  cos  i,  .cos^r^.cos^i  ...  = , 

2         2-         2^  or 

and  that  i  tan|+^tan  |,+^3  tan^+...=J-cotjr.  [Eulbr.] 

8.  Determine  the  value  of 

n(i+-^V-'/- 

\       c-k-nj 
in  terms  of  the  Gkkmma  functions  r(l  +  c)  and  r(l+x+c). 

9.  Shew  that 

lim  Jr(j7-H)(^+2)...(3:+2>t-l)  ^  ^_^ 

„»«e  1 . 3 . 5  ...  (2n  - 1) .  ar(2j:  +  2)  ...  (2a'+2n- 2) 

L  '^  2  r(jr+w)  r(2n)J 

10.  Prove  that,  if  k  is  an  integer, 

^™  1  .3.5...  (2/-n-iy       2.4.6...  2n 

n« 

r(«+o  J'  ""~Lr(w+i+o 

verify  that  «a«-(w+l)a«+i  =  to„+(<- l)a„^., -(«  +  0^n> 

and  that  («-l)*n6n-i-n*(»+l)&«=<^[(2^-l)a«+i+n6n]. 

Shew  that  lim^an=0,  limn^6„=0,  if  <>i,  and  deduce  that 

(2r-l)ia„-<ife„-in6„  =  ^ai, 
1  11 


11  If        a  ^r^MHiDf  ft  ^riwrn+oT 


(2<-l)|;a„+i;7i6,  =2^a,. 

1  1 


Hence  prove  that        ^  2  &f.=2(2^  - 1)  2  ^n  -  3/^. 

1  1 
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12.  Let  anybny  Cn  denote  the  general  terms  of  the  three  hypergeometric 

senes 

A=F(a,P,y,\),   B=F{a-\,fi,y,\\    C7=/'(a, /?,  y  +  1,  1), 

in  which  y>tt+^.    Then  prove  that 

ff«-««+i=(l-/3/y)o„-6ri+i, 
(y  -  a)(a„  -  fe„)  =  fia^-i  +  (n-  l)a,_i  -  ««n, 
lim(na„)=0. 

Deduce  that  y5=(y-j8)(?,    (y-a)(i4-5)  =  /3.4, 

and  that  .4=(rz^KZz|)^. 

y(y-a-p) 

13.  From  Ex.  12  prove  that 

FUQy  1)  r(y-a)r(y-/3)^^    ^  r(y+^-a)r(y+n-ffl 

and  shew  that  the  last  expression  tends  to  the  limit  1  as  n->QO.     Deduce 

the  four  products  are  absolutely  convergent  if  |  ^  |  <  1 . 

Also  q^^  =  II (1  - q^\  q^q^  =  Tl{\+  q% 

and  yi9'25'3=l- 

Thus  l/[(l-?)(l-^)0-?*)...]  =  (l+y)(l+^W +?')•■••  [EULER.] 

15.  If  2w„  is  absolutely  convergent,  the  product  TL{\+xUt^  is  absolutely 

convergent  for  any  value  of  x\  and  it  can  be  expanded  in  an  absolutely 

convergent  series 

1  +  U^x-\-  U^-{- . .. ,      where  U^ = 2w„. 

Shew  also  that 

where  ^^f.=  ^^n+ £^iC^«+i+  U.^Un^2+-'' 

16.  If  f{x)=(\'{-qx){\-ft(fx){\+q^x),., , 

we  have  at  once  {'\.+qx)f{q^x)=^f{x)\  and  by  the  last  example 

/(j?)  =  l  4-  C/i.r+  6/2^4- ... . 
Thus  we  find 

q-\-qW^^U,,  q^-'U^-i+q'^U,,^Un, 
which  give 

and  generally  ^n=?''7^»» 

where  ^«=(1  -y^)(l  -9*)  .••  (1-9''"). 


1^'^;  IXnXITE  PEODUCKL  [CH. 

!?•  If  F-.,=^n'i-r"-\ri  i^^^'j-i, 

v«  Me.  from  Ex.  15.  that  we  can  write 

F(r,=  i;-  r.rj-^1  X—  IV-r'-i  ^)  +  .... 
B-n  qj:P(*fj:)  =  F^xy,  and  «so  we  find 

Tb'W       /V,;=  »;[l-y*>--i  T^^qHj^^\  r)^<f^j^^\  >*)  +  ...]. 

To  dfiUrmine    l\  we  may  u««   the  results  of  Exsl  15,  16,  from  which 

n-r  find  iVy-'=r.^r,r..,-^r,r..=+... 

'n,.«  />j;^i<2^+2^  +  ...,       where  yo=n(l-^X 

\f^:sknm  9  <1  and  F»^rPm>qo-  ^r>9o- 

H*.fK;«  />.  r.  - 1<  ^  ^.-(  1  -  9=-), 

w'/  tliat  liin(/'«l'o)  =  l,  or   lo^l  Jo- 

Hiu*,  unirjg  the.  notation  of  Ex.  16,  Ch.  V.,  we  have 

/(-r,  y)=Von(l  +y— i.r)(1 4-r"-\xX 
fr//wi  which  a  number  of  interesting  results  follow.  [Jacobi.] 

1S«    From  Ex.  17  we  find,  with  the  notation  of  Ex.  14, 

Ah  q)^q^^y  /(-I,  y)=?(^3^  /(V»  9)  =  ^o?i'- 
Or,  wHting  thexe  equatioriK  at  length,  we  have 

wh«jnf  the  indices  in  the  third  series  are  of  the  type  *i(n+lX 

Again,  liy  taking  the  limit  of/(x,  y)/(l  +y/j:)  as  .r  approaches  -  j,  we  have 

the  indicen  Insing  the  same  as  in  the  third  series.    [(Compare  Art.  46.] 
19.    Again,  from  Ex.  17,  we  get 

/( - 1,  y«)=n(i  -J*") .  n(i  -^"-2)*=joj2j,=go/?i, 

MO  that  70/^1  =  1 -29«  +  25'«-2j"  +  ..., 

the  indices  being  of  the  form  271'. 

Also  /(Vy,  Vy)  =  2n(l  -g») . n(l  +  J")2=M,?2= w?3, 

w)  that  yo/93  =  l+y  +  g'  +  9*  +  J*H..., 

the  indicen  being  of  tlie  form  in(7i+l).  [Gauss.] 

Biiniiarly, 

/(  -9*,  9*)  'Hd  -y»«) .  11(1  -g*"-i)(l  -  j»«-=^)  =  n(l  -  j«) 
the  indices  being  alternately  \n(^n±\\  [Euler.] 
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20.  Write  y— 1,  and  put  ^x,  ^Iq  in  place  of  x^  q,  in  the  first  result 
of  Ex.  16,  Ch.  V.    Then  we  have 

[f{±s/x,  ^/q)f^f{x,  q).f{\y  q)±9{x,  q).g(l,  q). 

Now  /(^jr,  ^/9)=^(l  -  ^") .  n(H- ^-^:f*)(1  +?""^a'i), 

80  that       f{^x,  ^q)  ./(  -  V^',  slq)Hqf^q^y.  n(l  -  q^-'x)(\  -q^-\'.v) 

Thus,  on  multiplication,  we  find 

But  /(I,  ?)=9o?s*,  .9(1,  q)=9^Aq,  ?)=2j*Mi'. 

and  80  we  have  the  identity 

In  particular,  if  we  write  ^*=1,  we  find  the  interesting  result 
which  leads  again  to  the  identity 

=  167(1 +9«+^+?"+9*+...)*, 
where  the  series  are  those  given  in  Ex.  18  above.  [Jacobi.] 

2L   Prove  that  if  -^=^^^^^^ff^y  the  product  fiu.  can  only 

converge  \f  k=l  and  ]Sa=S6.     When  these  conditions  are  satisfied,  express 
the  product  in  the  form 

r(i4-6or(i4-6g)...r(i+6,) 
r(i+ai)r(i+a,)...r(i+a*y 

In  particular,  prove  that 

•    w(«  +  oH-6)  _r(l  +  a)r(I  +  6) 
Y(i  +  a)(7i  +  6)        r(l+a+6)     * 

22.  Prove  that 

[Take  the  tei-ms  in  pairs  and  use  the  last  example.] 

23.  If  ylr(x)  denotes  TXx)/r(x),  we  can  write  (see  Art.  46) 

Vr(a:)=lim(  logn r— ^— ... — -  ). 

^^  '    n-^\    ®       X    1  +  27    2+;c  n-^-x) 

Then  we  find      rSV)'^'''=¥(^+^J-n)'""'""-  [Mex-u..] 

24.  It  is  easy  to  deduce  from  the  theory  of  infinite  products  Abel's 
result  (Arts.  11,  16),  that  Don  and  'Sajsn  converge  or  diverge  together. 
In  fact  consider  the  product  11(1 -««/<«) =n(*»_i/«„),  which  diverges  to  0 
if  <«-^G0  ;  so  that  2(a„/««)  must  also  diverge  (Art.  39).        [Here  a„  >  0.] 

Other  examples  on  products  will  be  found  at  the  ends  of  Chapters  IX.,  X. 


CHAPTER  VII 

SERIES  OF  VARIABLE  TERMS. 
43.  Uniform  conyeiKence  of  a  aeqiience. 

It  may  happen  that  the  terms  of  a  sequence  depend  on  some 
variable  x  in  addition  to  the  index  7? :  and  this  is  indicated 
hy  using  the  notation  SJix\  We  assume  that  the  sequence  is 
convergent  for  all  values  of  x  within  a  certain  interval  (a,  6), 
and  then  the  limit  lim  ;5f  (j.) 

defines  a  certain  function  of  x,  say  F{^x\  in  the  interval  (a,  h\ 
The  condition  of  convergence  (Art,  1)  implies  that,  given  an 
arbitrarily  small  positive  number  e,  we  can  determine  an  integer 
m  such  that       I  ,Sf,(j-)-F(x)  <  e,        if  w  >  m. 

Obviously  the  definition  of  in  is  not  yet  precise,  but  we  can 
make  it  precise  by  agreeing  to  always  select  the  Ucusi  integer 
m  which  satisfies  the  prescribed  inequality.  When  this  is  done, 
it  is  natural  to  expect  that  the  value  of  in  will  depend  on  x, 
and  so  we  are  led  to  consider  a  new  function  m(x),  which 
depends  on  e  and  on  the  nature  of  the  sequence. 

We  note  incidentally  that,  regarded  as  a  function  of  e,  m(:c) 
is  monotonic  since  (for  any  assigned  value  of  a:)  it  cannot 
decrease  as  £  diminishes. 

Ex.  1,     If  i5„(4;)  =  l  (.r+n),  where  .r^O,  we  have 

F(x)^  Urn  i5,(x)=0. 

n — K> 

Then  the  condition  of  convergence  gives 

x+n>l,6, 
m  that  m(x)  =  the  integral  part  of  (l/€)-j-,  when  .r<l/€, 

or  »i(x)=0,  when  xgl/c. 
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.  2.     If  *Sn(x)=a:",  where  O^ar^l,  we  have 

F(x)^  lim  ^„(a7)=0,  if  ^<1  ;  and  F(l)  =  l. 


Then  we  are  to  have 

(l/j7)«>l/€,         if  X<\, 

80  that  wi(:r)  =  the  integral  part  of  t^^'-o  when  x<l. 

Also,  since  «S'„(l)=:l  for  all  values  of  n,  we  must  take  m(l)=0. 

Ex.  3.     If  iJ^„(a:)=arctan(w,r),  where  :r^0,  we  have 

F(x)=  lim  *S'„(a7)=i7r,  if  a;>0;  and  F{0)^0, 

n — wo 

It  is  easily  seen  that 

w(;r)  =  the  integral  part  of  (cotc)/^:,  when  x>Oy 
and  w(0)=0. 

Ex.  4.     li  S„{x)=fixl(l+n^ji^,  x  being  unrestricted,  we  have 

F{x)=  lim^^„(j')  =  0. 


»•— ►OD 


Thus  F{x)  is  here  continuoris,  in  contrast  to  Exs.  2,  3. 
The  condition  of  convergence  is 

n|:i;|>[l+(l-4€2)^]/26,       if  €<i. 
Thus         m{x) = the  integral  part  of  [1  +  (1  -  4€2)*]/2 1  ^  |  c,      if  |  ^  |  >  0, 
although       w(0)=0. 

It  will  be  seen  that  in  Ex.  1  the  function  7rh{x)  is  always 
less  than  1/e;  but  in  Ex.  2,  7a{x)-^oo  as  x-^\ ;  and  in  Exs.  3,  4, 
m(a^)->-oo  as  x-^Q  (assuming  that  €-<^).  This  consideration 
suggests  a  further  subdivision  of  convergent  sequences,  which 
will  prove  of  great  importance  in  the  sequel,  and  introduces  a 
more  subtle  distinction. 

We  shall  say  that  the  sequence  S^^{x)  converges  unifoimly  in 
the  interval  (a,  6),  provided  that  nfi{x)  is  less  than  fi{e)  for  all 
points  of  the  interval  y  here  of  course  //(c)  may  vary  with  €, 
but  must  be  independent  of  x.  Thus,  as  x  varies  from  a  to  6, 
7ifi{x)  has  a  fixed  upper  limit  and  so  cannot  tend  to  infinity  at 
any  point  in  the  interval  (a,  6). 

Thus  in  Ex.  1  the  convergence  is  uniform  for  all  positive 
values  of  a:,  since  we  can  take  //(€)=  1/6.  But  in  Ex.  2,  the 
convergence  is  not  uniform  in  an  interval  reaching  up  to  a;  =  1 ; 
although  it  is  uniform  in  the  interval  (0,  c),  if  O^c^l, 
because  we  can  then  take 

//(e)=log(l/e)/log(l/c). 
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Hence  in  Ex.  2,  aj=l  cannot  be  included  in  any  interval  of 
uniform  convergence:  such  a  point  will  be  called  a  point  of 
non-uniform  convergence.  Similarly  in  Exs.  3,  4  the  point 
aj  =  0  must  be  excluded  to  ensure  uniform  convergence. 

1'his  distinction  may  be  made  more  tangible  by  means  of  a 
graphical  method  suggested  by  Osgood.*  The  curves  y  =  Sn{x) 
are  drawn  for  a  succession  of  values  of  n  in  the  same  diagram ; 
this  is  done  in  Figs.  11-14  for  the  sequences  of  Exs.  1-4.  Then, 
if  Sn{x)-*'F{x)  uniformly  in  the  interval  (a,  6),  the  whole  of 


/"W-/ 


,  /-V-^/"P 


6 


x<i 


Fig.  11. 


Fio.  12. 


y  ^F(x)  rs  ^TT,  ifx  >  o 


1 


yxinx/(i^n*x') 


F(o)^o 


Fig.  13.  Fio.  14. 

the  curves  for  which  n  >  //(€)  will  lie  in  the  strip  bounded 
by  2/  =  -F(a;)±€.  A  glance  at  Fig.  11  will  shew  that  this  does 
occur  in  Ex.  1.  But  in  Ex.  2,  as  we  see  from  Fig.  12,  every 
curve  y  =  Sn{x)  finally  rises  above  y^e;  and  the  larger  n  is 
taken,  the  nearer  to  ir  =  l  is  the  point  of  crossing;  thus  x=l 
is  a  point  of  non-uniform  convergence.  In  the  same  way. 
Figs.  13,  14  shew  that  a;  =  0  is  a  point  of  non-uniform  con- 
vergence for  each  of  the  sequences  in  Exs.  3,  4. 

*  Bulletin  of  the  American  Math.  Society  (2),  vol.  3,  1897,  p.  69. 
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In  order  to  give  a  definition  of  uniform  convergence  which 
does  not  involve  the  actual  determination  of  F(x)f  we  intro- 
duce the  following  test,  corresponding  to  that  of  Art.  3  for 
convergence. 

The  'necessary  and  sufficient  condition  for  uniform  con- 
vergence  in  an  intet^al  is  that,  corresponding  to  any  positive 
number  e,  it  may  be  possible  to  find  an  index  m,  which  is 
independent  of  x,  and  is  such  that 

for  all  values  of  n  greater  than  m,  and  for  all  points  of  the 
interval. 

It  will  be  seen  on  comparison  with  Art.  3  that  the  only  fresh 
condition  is  that  m  is  to  be  independent  of  x,  whereas  the  terms 
of  the  sequence  are  functions  of  x. 

That  the  condition  is  necessary  is  evident,  for  if  Sn{x)  tends 
to  F{x\  uniformly,  we  can  write  7?i  — l  =  //(ie),  so  that 

\S^{x)''F{x)\<^e,      if  7?.>7n-l. 

Hence   the  condition   for  uniform  convergence  leads  to  the 

inequality  |  ^.^(^) .  s,n{x)  \<e,      li  n>  m. 

The  condition  is  also  sufficient;  for  if  it  is  satisfied,  Sn{x) 
must  converge  to  some  limit,  F(x)  say,  in  virtue  of  Art.  3; 
and  since  lim  Sn{x)=^F(xl 

we  have  |  F{x)  -  Sf„, (x)  \  ^  f ,  [Art.  1  (7 )]. 

Hence  |  F{x)  -  S„  (x)  \  <  26,      if  n  >  m, 

and  so  the  condition  of  uniform  convergence  to  F(x)  is  satisfied. 

It  should  be  noticed  that  the  inter^nil  of  uniform  cmivergenre 
is  always  closed;  that  is,  if  Sn(x)  converges  uniformly  for 
a  <^x<^ by  it  will  also  converge  uniformly  for  a^x^b, assuming 
tliat  x  =  a,  b  are  not  discontinuities  of  S^{x),  For  m  can  be 
found  so  that 

I  Sn(x)'-Sm(x)  I  <  Je,       if  a  < cc  <  6  and  n  >  m. 

Also,  since  8n(x)  is  a  continuous  function  at  x  =  a,  we  can 
tind  S  so  that 

|5„(x)-^„(a)|<i.l       ii^.a<S, 
and  I  S„,(x)  -  Sf,„(a)  \<l(€J 

where  S  may  depend  on  m,  n,  as  well  as  €. 
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Hence  |  Sn{a)  -  S,^(a)  |  <  €, 

so  that  S^{a)  converges,  and  x  =  a  can  therefore  be  included  in 
the  interval  of  uniform  convergence.     Similarly  for  x  =  b. 

Ex.  5.  The  sequence  S„{x)=x'"{\  -jr\  0^.r^l,  converges  uni/onnli/, 
because  Iim«SH(jr)=0  and  <S'«(;t:)<l/n,  since  the  maximum  of  Sn{A)  in  the 
interval  is  given  by  x=n/{n-\-l).  The  reader  should  contrast  this  result 
with  Ex.  2,  and  should  draw  the  curves  i/=Sn{x)  for  a  few  values 
of  n. 

44.  Uniform  convergence  of  a  series. 

If,  in  Art.  43,  we  suppose  the  sequence  to  be  derived  from 
a  series  of  variable  terms 

by  writing  Sn(x)  =fo(x)  +f^ (x)+...  +/„(a3), 

we  obtain  the  te^it  for  unif(ynn  convergence  of  a  series  in  an 
interval  (a,  h)  in  the  form: 

It  must  he  possible  to  find  a  number  m  independent  of  x, 
so  as  to  satisfy  the  condition 

\fnH-i(^)+fnH-i(^)+  •  •  •  +/m+p(i^) |<e,     where  p  =  l,  2,  3, . . . , 
at  all  points  of  the  interval  (a,  6). 

Each  of  the  examples  given  in  Art.  43  can  be  used  to  construct  a 
series  by  writing 

but  a  more  natural  type  of  non-uniform  convergence  is  the  following : 

^  ^l+.ra^(H-a,-2)2^-* 

Here  we  find  5„(j:)  =  (I+a-2)-(1+^)-"+\ 

so  that  /X-^)  =  l+.r2      (.r>0) 

and  F{0)  =  0, 

There  is  a  point  of  non-uniform  convergence  at  .r  =  0,  as  the  reader 
will  see  by  considering  the  condition 

(1  +.1-2)-"+^  < €,    or  (1  +.0"-^  >  l/€. 

But,  just  as  the  general  test  for  convergence  is  usually 
replaced  by  narrower  tests  (compare  Chap.  III.)  which  are 
more  convenient  in  ordinary  practice,  so  here  we  usually 
replace  the  test  above  by  one  of  the  three  following 
tests : 
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(1)  Weierstrass's  M-test  for  uniform  convergence. 

The  majority  of  series  met  with  in  elementary  analysis  can 
be  proved  to  converge  uniformly  by  means  of  a  test  due  to 
Weierstrass  and  described  briefly  as  the  Jf-test: 

Suppose  that  for  all  values  of  x  in  the  interval  (a,  6),  the 
funx^tion  fn{x)  has  the  property 

i/„(x)  mMn, 

where  M^  is  a  positive  constant,  independent  of  x;  and  suppose 
that  the  series  ^Mn  is  convergent  Then  the  series  2/n(aj)  is 
tinifomUy  and  absolutely  convergent  in  the  interval  (a,  b). 

The  absolute  convergence  follows  at  once  from  Art.  18; 
to  realise  the  uniform  convergence,  it  is  only  necessary  to 
remember  that  for  any  integral  value  of  p. 


m+l 


m+1  m+I 


Consequently,  if  we  choase  m  so  as  to  make   the   remainder 

is  also  less  than  i;   and  this 


in  liMn  less  than  e,   ,  yj/n(^) 


m+l 


choice  of  7n  is  obviously  independent  of  x,  so  that  the  condition 
of  uniform  convergence  is  satisfied.  [Compare  Stokes,  Math, 
and  Phys,  Papers,  vol.  1,  p.  281.] 

(2)  AbePs  test  for  uniform  convergence. 

A  more  delicate  test  for  uniform  convergence  is  due,  in 
substance,  to  Abel,  and  has  been  already  mentioned  in  Art.  19 : 

Tlie  series  2ani;„(ic)  is  uniformly  convergent  in  an  interval 
(a,  b)y  provided  that  Zun  is  convergent ;  that  for  any  particular 
value  of  X  in  the  interval  Vn{x)  is  positive  and  never  increases 
with  n;  and  that  v^^x)  rerftains  less  than  a  fixed  number  k 
for  (dl  values  of  x  in  the  interval. 

For,  in  virtue  of  the  convergence  of  San,  we  can  find  m, 
so  that,  whatever  positive  integer  p  may  be, 

are  all  numerically  less  than  e/zc.  Then,  in  virtue  of  Abel's 
lemma  (Art.  23),  we  see  that 

2j  anVn(x)  I  <  €V^{x)Ik  <  €, 
m+l 

since,  by  hypothesis,   Vjn{x)^VQ{x)<^K, 
i.s.  H 
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Further,  since  o^  and  k  are  independent  of  x,  the  choice  of 
^71  is  independent  of  x  also;  and  therefore  2ttnV„(aj)  converges 
uniformly  in  the  interval. 

It  is  obvious  that  the  terms  an  may  be  themselves  functions 
of  X,  provided  that  2a„  is  uviformly  convergent  in  (lie 
interval. 

(3)  Dirichlet'8  test  for  nniform  convergence. 

This  is  also  more  delicate  than  the  if-test.  (Compare  Exs. 
1,  4  below.) 

The  aeries  2anVn(aj)  ^  uniformly  convergent  in  an  interval 
(a,  6),  provided  thai  ^^  oscillates  between  finite  limits;  that 
for  any  particular  value  of  x  in  the  interval  Vn{x)  it  positive 
and  never  increases  with  n ;  andjhat,  as  n  tends  to  oo ,  Vn(x) 
tends  uniformly  to  zero  for  all  values  of  x  in  the  interval. 

For  then  the  expressions 

are  less  than  a  fixed  number  k\  and  we  can  find  an  index  m 

such  that  v,„(aj)<€/ic 

for  all  values  of  x  in  the  interval. 

Thus,  using  AbeFs  lemma  as  before,  we  see  that 

m+1 

for  all  points  in  the  interval. 

Again,  the  terms  an  may  be  changed  to  functions  of  a?, 
provided  that  the  maximum  limit  of  |  ^n  \  remains  less  than  a 
fixed  number  throughout  the  interval. 

Ex.  1.      WeierHra^i  M-test, 

Consider  i?i5^    f^^f,       0'>1); 

these  COD  verge  uniformly  for  all  real  values  of  ^,  because  then 


Binnx 


<1 


cosnx 


1  * 

^  —  and   2(l/n')  is  convergent. 

71  1 


2.     AbePs  test. 

Consider    the    case    t;„(ar)=l/?i*,    (0^.r^l);    then    '2{ajn*)    converges 
uniformly  in  the  interval  (0,  1)  if  ^a„  converges.  [Dirichlst.] 

Ex.  8.    AbePs  te»t. 
If  2a„  is  convergent, 

converge  uniformly  in  the  interval  (0,  1).  [Hardy.] 
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4.     Dirichlefs  test 


sin  iix     ^  cos  nx 


Consider  2^^.    2^^,     (P>0); 

1       W^  1       w*^ 

then  writing  v„(a7)=sl/7i',    a,=8in7w?  (or  cosn^r), 

we  see  that  both  series  converge  uniformly  in  an  interval  (a,  27r-a), 
where  a  is  any  positive  angle. 

45.  Fundamental  properties  of  uniformly  convergent  series. 

Cauchy  and  the  earlier  analysts  (with  the  exception  of  Abel) 
assumed  that  the  continuity  of  i^(x)  =  lim  Sn{x)  could  be  deduced 

from  that  of  S^{x) ;  that  this  assumption  is  not  correct  follows 
immediately  from  Exs.  2,  3  of  Art.  43.  Further,  these  examples 
suggest  that  a  discontinuity  in  F{x)  implies  a  point  of  non- 
uniform convergence ;  although  Ex.  4,  Art.  43,  indicates  that 
non-uniform  convergence  does  not  necessarily  involve  the  dis- 
continuity of  F{x). 

Again,  if  we  wish  to  integrate  F{x\  the  equation 

I    [lim  fiin(a5)]  cJa;  =  lim  I  SJx)dx 

is  not  necessarily  true  either,  as  will  be  seen  from  the  example 
on  p.  118  below. 

In  1847  Stokes*  published  his  discovery  of  the  distinction 
between  uniform  and  non-uniform  convergence,  and  gave 
theorem  (1)  below,  which  establishes  the  continuity  of  most 
series  required  in  elementary  analysis.  Theorem  (2)  on  inte- 
gration is  due  to  Weierstrass,  and  seems  not  to  have  been 
published  (except  in  lectures)  until  1870. 

(I)  If  tlie  aeries  F{x)  =  ^fn{x)  is  unifoTTnly  convergent  in 
the  interval  (a,  6),  and  if  eaxih  of  the  functions  fnip^)  i^ 
continuous  in  the  intterval,  so  also  is  the  sum  F{x), 

For,  in  virtue  of  the  definition  of  uniform  convergence,  the 
number  m  can  be  chosen  independently  of  x  (provided  only 
that  a^x^h),  in  such  a  way  that 

l/m(i»)+/«+i(aj)+...  to  x|<ie, 

*The  discovery  was  made  also  by  Weierstrass  and  Seidel,  but  Stokes's  paper 
was  published  a  year  before  Seidel's;  however,  Weierstrass  must  have  been 
aware  of  the  distinction  some  five  years  at  least  before  Stokes's  paper  was 
published.  This  is  clear  from  papers  in  the  first  volume  of  Weierstrass's  works 
(see  pp.  67-84),  which  remained  unpublished  for  about  50  years. 
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no  matter  how  small  the  constant  e  may  be.     Now  write 

and  it  is  then  clear  that 

\F(x)'K{x)\<H       (a^x^b), 
where  it  must  be  remembered  that  -wi,  e  are  quite  independent 
of  X. 

Thus  if  c  is  any  value  of  x  within  the  interval,  we  have 

|/'(c)-S«(c)|<ie, 
so  that  \F(c)^F(x)\<i€+\SM-S^(x)l 

Now  m  being  flxe4,  fi^«(«)  is  a  continuous  function  of  x, 
and  therefore  we  can  iind  a  value  S,  such  that 

\SM-S^(x)\<ie,      if   \c-x\<S. 
Hence  \F{c)-F{x)\<:e,      if  |c'-a;|<^, 

which  proves  the  continuity  of  F{x)  within  the  interval  (a,  h). 

It  is  not  unusual  for  beginners  to  miss  the  point  of  the  foregoing  proof  : 
and  it  is  therefore  advisable  to  show  how  the  argument  fails  when  applied 
to  such  a  series  as 

(l-;r)+(.r-^)+(^«-^)+...,         (Ex.  2,  Art.  43) 
when  we  take  c  =  l. 

Here  /m(^)+/w+i(^)+...  to  oo  =jir       if  0<.r<  1, 

and  /■m(l)+/m+i(l)+..-  to  00  =0. 

Thus,  if  we  wish  to  make  both  these  remaindei-H  less  than  Jc,  we  must 

choose  wi,  if  we  can,  so  that         x^<cl€     (A) 

but  to  make  ;'^m(l)-'5„(j:)|<  Jc 

we  must  take  l-.r*'*<j€ 

or  jc">l  "  j€,  (B) 

and  the  two  inequalities  (A)  and  {B)  are  mutually  contradictory  (supposing 
that  €<1). 

Consequently  the  two  steps  used  in  the  general  argument  are  incom- 
patible here ;  and  the  reason  for  this  difference  lies  in  the  fact  that  the 
inequality  (A)  does  not  lead  to  a  determination  of  m  independent  of  .r, 
when  X  can  approach  as  near  to  1  as  we  please.  The  assumption  that 
the  series  converges  uniformly  enables  us  to  avoid  the  difficulty  involved 
in  such  a  condition  as  (/I). 

(2)  If  the  aerieti  /'(x)  =  2/,i(.r)  is  unifonnly  convergent  in  the 
intei^val  (a,  6),  and  if  each  of  the  ftinctions  fn(x)  is  continuous 
in  the  intert^alj  we  imty  write 

['F(.r)fix  =  2 f Vn(' )^»^%      if  a  =  o, < c^ ^ 6. 
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For,   in   virtue  of   the   uniform   convergence   of   2/n(«),   we 
can  find  m  so  that 

l/m(a;)+/m+i(aj)+...+/p(aj)|<€,      if  p>m, 
however    small    e    may    be ;    and    the    value   of    m    will    be 
independent  of  x,  as  before. 
Hence  we  have 


in   •'ci 


<e(c2-Ci)^e(6-a), 


and  since  this  is  true,  no  matter  how  large  p  may  be,  we  see 
that  •    Cci 

0    Jci 

converges,  and  that 


At  the  same  time  we  have 


in    J  Ct 


and  consequently 


['F(x)dx  -  \S^(x)dx  ^  e(c2  -  c^)  ^  €(6  -  a). 

Jc,  Jci 

This  last  inequality  can  be  written 


Jct  0     Jct 


^€(i-a), 


^  2e(fe  -  a), 


so  that,  combining  the  two  inequalities,  we  find 

where  e  may  be  as  small  as  we  please,  by  proper  choice  of  m. 
Since  m  is  no  longer  present  on  the  left-hand  side,  the  argu- 
ment given  in  Note  (6),  p.  5,  shews  that 

['F{x)dx  =  ^\yn{x)dx. 

This  operation  is  often  described  as  term-by'ternn  inteyratimi. 

The  reader  will  probably  find  less  difficulty  here  in  realising  the 
importance  of  the  condition  that  m  should  be  independent  of  x.  It  is 
not,  however,  easy  to  give  a  really  simple  example  of  a  non-uniformly 
convergent  series  in  which  term-by -term  integration  leads  to  erroneous 
results.    The  following,  although  artificial,  is  perhaps  as  good  as  any. 
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Let 
no  that 


F(x)=\imS^{x)=0,      if  x>0. 


-11 


«— J^=i(l-^-), 


and  oliviously  5„(0)=0,    so  that  /X0)=0. 

Heoce  j^  F(x)dx==0. 

But  on  the  other  hand 

f  r/,(x)<i*=  r  H^(x)dx= \  [  - 

«r,  that  i,£f.Mdx=  lim  i(l  -«-)=i, 

which  ia  obvioualy  not  equal  to   I    F(x)dx. 

The  figure  shews  the  non -uniform  convergence  at  x=0  and  give8  Home 
indication  sm  to  the  reason  why  the  area  under  y^S^{x)  does  not  tend 
to  zero. 


y^nxe"'* 


Fia.  15. 

Of  course  the  argument  above  assumes  that  the  range  of 
integration  is  finite ;  the  conditions  under  which  an  infinite 
Heries  can  be  integrated  from  0  to  oo ,  say,  belong  more  properly 
to  the  Integral  Calculus;  but  some  special  cases  are  given  in 
Art.  176  of  the  Appendix. 

46.  Differentiation  of  an  infinite  series. 

If  we  consider  Ex.  4  of  Art.  43,  for  which 
we  see  that 

Thus  lim  S„'(0)=oo,  although   J^'(0)  =  0. 
It  follows  that  the  equation 


n->oo 


»»—>»: 


f 

J  c 
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is  not  necessarily  true  when  non-uniform  convergence  presents 
itself.  But  it  should  be  noticed  that  it  is  the  non-uniform 
convergence  of  the  derivate  Snix)  which  is  the  cause  of  the 
failure,  as  will  be  apparent  from  the  general  theorem  below. 
The  reader  may  consider  similarly  the  case 

Sn(x)  =  -  8in(nxX     Fix)  =  0 ; 

here  Sn(x)  converges  uniformly  to  zero,  but  Sn{x)  oscillcUes, 

If  tlie  series  of  differential  coefficients  ^fn(x)  is  uniformly 
convergent  within  the  interval  (a,  6),  its  sutu  is  equal  to  F\x), 
the  differential  coefficient  of  F{x)  =  'Lfn{x)y  assuming  the  latter 
.series  to  converge  in  the  interval* 

Write  G(x)  =  lf^\x), 

then,  by  (2)  Art.  45,  we  have 

''6{x)doc  =  -E[Mc,)-Uc,)] 

=  F{c,)-F(c,). 
Thus,  by  the  fundamental  property  of  an  integral,  we  have 

r{c,)^G{c,) 

or  F\x)  =  G(xl      (a  g  cc  <  6). 

A  direct  proof  of  the  foregoing  theorem  is  not  easy  without 
some  use  of  the  Integral  Calculus;  but  the  following  method 
is  easier  than  those  proofs  which  depend  entirely  on  the 
Differential  Calculus,  and  only  one  result  is  obtained  by 
integration. 

Let  Tti  be  chosen  so  as  to  make 

m-H> 

m 

m±p  fcj 
Tl»"8  ^\fn'{x)dx^<€{C^-C,), 

provided  that  c^,  c^  belong  to  the  interval  (a,  b).     This  gives 

'S{/n(C2)-/«(Ci)}l<e(C^-C,), 

m  * 

and  so  2  {Mc,)-Mc\))  \^€(c,-c,). 

m 

*  We  can  infer  the  convergence  of  S/„(a;)  from  that  of  2/„'(ar),  if  the  comtantn 
of  integration  are  properly  adjusted  (as  in  Art.  45) ;  but  this  would  require 
an   additional  assumption  which  we  do  not  introduce  here. 
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Or,  changing  the  notation,  we  have 

t,Ufn(X  +  h)-Mx)]    ^€, 

provided  that  both  x  and  x+h  belong  to  the  interval  (a,  6). 
Now  we  have 


F(x+h)-F(x)  _  --,1  \-Mx+h)-f„(xr\  _^  ^  \-fJx+h)-f„ix)- 
h 


^ -g  r/n(x  + A) -/„(«!)-[ _^  A yL{x  +  h)-fJx)-\ 

We    have    proved    that    |  F,n  I  =  e,    and    in    virtue    of    our 
original  choice  of  m, 


m 


e. 


But  we  have  identically  J 


and  so  we  find 

F{x+h)-F{x) 
h 

Since  7?i  has  been  fixed  without  reference  to  A,  we  can  allow 
h  to  tend  to  zero,  without  changing  in)  the  right-hand  side  of 
the  laat  inequality  then  approa^ches  the  limit  2e,  because  each 
term  imder  the  summation  sign  tends  to  zero.  Consequently^ 
the  maximum  limiting  value  of  the  left-hand  side  is  not  greater 
than  2e\  and  since  e  is  arbitrarily  small,  this  maximum  limit 
must  be  zero  (see  Note  (6),  p.  5). 

Thus  we  have 

F{x+h)''F{x) 


lim 


-0(x) 


=  0, 


k 

1-     F(x-^h)'-F{x)     ^,  , 
or  hm     ^    ^  / ^-^  =  G  Or), 

which  is  the  required  theorem. 

47.  It  is  important  to  bear  in  mind  that  the  condition  of 
uniform  convergence  is  merely  fiujfficievf  for  the  truth  of  the 
theorems  in  Arts.  45,  46 ;  but  it  is  by  no  means  a  necessary 
condition.  In  other  words,  this  condition  is  too  narrow  ;  but  in 
spite  of  this,  no  other  condition  of  equal  simplicity  has  been 
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discovered  as  *  yet,  and  we  shall  not  go  further  into  the 
subject*  here. 

That  uniform  convergence  is  not  necessary  may  be  seen  by  considering 
the  two  following  examples : 

(1)  £x.  4,  Art.  43,  shews  that  non-uniform  convergence  does  not  always 
imply  discontinuity. 

(2)  Consider  the  series 

1-:f+^«-^+...  =  1/(1+^),      (0<:i'<l). 

Then  r^';^=\og2, 

Jo  l+.r        " 

and  log  2  is  also  equal  to  the  series 

found  by  integrating  term-by-term. 

Nevertheless  ^=1  is  a  point  of  non-uniform  convergence  of  the  series 
in  a: ;  because  the  remainder  is  greater  than  ^x",  and  the  condition  ^^<€ 
leads  to  a  determination  of  ra,  which  cannot  be  independent  of  x  (when 
.i  =  l  is  included  in  the  interval  considered). 

48.  Uniform  convergence  of  an  infinite  product. 

The   definition  of  uniform  convergence  can  be  extended  at 

once  to  an  infinite  product;  but  applications  of  the  principle 
occur  less  frequently  in  elementary  analysis,  and  for  our  present 
purpose  the  following  theorem  will  be  sufficient : 

If  for  all  values  of  x  in  the  interval  (a,  b)  the  fuvction 
fn(x)  lioa  the  jyroperty  |/»(aj)|^ilf„,  where  M^  is  a  positive  con- 
stant {independent  of  x\  then  if  the  series  2J/»  is  convergent, 
the  product 

Pix)  =  [l+Mx)][l+Mx)][l+Mx)]...    to  00 

is  a  continuouH  fuvction  of  x  in  the  intervnl,  praimied  that  all 
the  functions  f»{x)  nfe  continuous  in  the  interval. 

For,  write     [1  +/o(a!)][l  +A{x)] ...  [1  +/„_,(x)]  =  P^{x) . 

[1  +Ux)][l  +/„+.(a;)]  ...         to  00  =  QJx) ; 

then  ft  { 1  - 1/„  I }  <  Q,„ix)  <  n  { 1  +  !/„  I } , 


m  m 

QO  00 


and     1  - iJ,„ < n { 1  - 1/„ I } ;  II { 1  + 1/„ l<  1  /(I - R,n).  (Art.  38.) 


Ml  m 


where  Rm  =  \fm(x)\  +  \fm+iix)\+ ...  toao. 

Thus  \Q^{x)-l\<RJ{l-RJ. 

•Reference  may  be  made  to  a  paper  by  the  author  (P7X>c.  Lond.  Math.  Soc. 
series  2,  vol.  1,  1904,  p.  187)  for  the  general  question.  Many  wider  tests  for 
tcrra-by-term  integration  have  been  given  by  various  writers ;  some  simple 
ones  are  given  in  the  Appendix,  Arts.  175,  176. 
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Now  R^^M^  +  M^^y-\'M^^i+...  to  00, 

where  all  the  3/'s  are  independent  of  x.  Hence  m  can  be 
chosen  (independently  of  x)  to  make  R,^  -<  ^e,  for  all  values  of 
X  within  the  interval  (a,  6). 

Hence,  aasuming  6  to  be  less  than  1 ,  we  have 

|Q«(a;)-l|<e/(4-e)<i€,        ifa^x^ft, 

where  (as  already  explained)  vi  is  chosen  quite  independently 

of  X. 

Thus,  if  c  is  any  value  of  x  within  the  interval,  we  have 

the  inequalities 

l-Je<(2„(c)<l  +  ie 

and  l-h<Q^(x)<l+le. 

Or  1  - 4f  ^  QmS-n  ^  \_±\€ 

1  +  ie      "ym(e)^l-i€" 

Hence  "^-^  ^^  <  ?^^  <  i±i-^  ^^^ 

Now,  since  ni  infixed  and  independent  of  x,  and  since 

are  continuous  functions  of  x,  so  also  is  the  product  Pm{*v); 
thus  we  can  iind  S  so  that 

1-?.^<d"'-?<     ^' 


provided  that  \x  —  c\<^S. 

Thus  ^^^<^1<    '^^' 


1  +  le    ^F(c)^(l-ier 

and  so*  1  ~"  f  <  -U/  \  <C 


P(c)^l-6' 

provided  that  Ix  —  clK^S.     Hence  P{x)  is  a  continuous  function 
of  X  within  the  interval  (a,  6). 

If  the  function  fn{x)  has  a  derivate,  such  that  |/n'(^)l  <^'^A»> 
ttnd  if 

l4-/„(a^)  =  a>0 

•For  (i_e)(l  +  i€)  =  l-|e-ie«. 

BOthat  (l-€)(l+^€)<(l-i€)«. 
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at  all  points  of  the  interval;   then  the  infinite  product  has 
a  derivate  JP'ix)  given  by 

For  under  these  conditions  we  have 

fn{x)      ^Mn 


l+Mx)^    a' 
80  that  Art.  46  can  be  applied;   and  we  find,  accordingly, 

49.  Closely  connected  with  the  theory  of  uniform  convergence 
is  the  following  theorem*  which  is  of  frequent  use  in  subsequent 
investigations : 

Suppose  that  we  are  given  a  sum 

F{n)  =  VQ(n)+v^(n)+v^{n)+,,.+Vp{n) 

*  

and  that  we  want  to  find  the  limit  lim  F{n\  it  being  under- 


n->oo 


stood  that  p  tends  steadily  to  infinity  with  n.     Then,  if  we 

\im  Vr(n)  =  Wr      (r  being  fixed), 


>ao 


the  limit  is  given  by 

limF{n)==iVQ+Wj^+W2+...  to  oo  =  TF, 


•00 


provided  that  \vr{n)\^Mr,  where  Mr  is  independent  of  n,  and 
the  series  ^Mr  is  convergent 

The  reader  will  note  that  the  test  for  the  theorem  is 
substantially  the  samet  as  the  Jlf-test  due  to  Weierstrass 
(Art.  44).     The  proof,  too,  is  almost  the  same. 

First  choose  a   number  q  (which   of  course  is  independent 

of  n)y  such  that 

1/^+1/^+1  +  ...  to  x<e, 

and  let  n  be  taken  large  enough  to  make  i5>-g;  then  we  have 
or  \F(n)'-{vQ  +  v^  +  v^+..,+Vg,{)\<:;^€. 


*  Tannery,  Fonctiona  d'une  variable^  §  183  (in  the  2n(l  edition). 
t  Here  of  course  n  takes  the  place  of  x  in  the  test  of  Art.  44. 
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Abo    |i^^+tc;,+i+tt'^+j+..-  to  x,i-J/^-hJ/,+j+...  to  x<€ 
ITiUH    \F(n)'-(w^'^w^+w^+...  to  x) 

and   it  is  to  be   remembered   that  so  far  n    has    only   been 
restricted  by  the  condition  p^q. 

Now,  since  q  is  fixed  and  independent  of  ti,  we  can  allow 
n  to  tend  to  infinity  in  the  last  inequality,  and  then  we  find 

Ijecause  lim  Vr{n  ) = wv- 

Hence,  since  e  is  arbitrarily  small,  we  find,  as  on  p.  120, 

lim[/'(n)-r]  =  0, 
or  Wm F(n)=W=^WQ+u\  +  w^  +  ,..  to  oo. 


II— ►op 


The  following  example  will  serve  to  shew  the  danger  of  trying  to  use 
the  foregoing  theorem  when  the  if-test  does  not  apply, 
(/onsider  the  sum 

F(«)=log  (l  +^J  +log  (l  +|,)  + ... +log  (l  +^), 

so  that  Vr(n)=log(l  +  -J   and  p=n. 

Then  obviously  w'r=liniVr(w)=0, 

and  so  the  sum  of  the  seiies  Wq-\-\o^-\-W2-¥>*>  is  0. 

But  Vr{n)  lies  between  rjn^  and  r/(n*  +  w),  and  2^=i(n2+«), 

HO  that  \{^^^^>^^''^>\ 

and  hence  lim  F{n)=\. 


Another   theorem   of   importance    in    this   connexion   is   the 
analogous  result  for  products: 
Suppose  that 

P(n)^[l  +  v,(n)][l  +  v,{n)]...[l+v^(n)] 

ivkere  p  tenids  steadily  to  infinity  with  n. 

Then    if  limtvOO  =  'UV>    <^^^^d    if    \Vr{n)\^Mr   where   Mr   is 

independent  of  n  and  JlMr  is  convergent,  we  liave  the  equation 
lim  P(/0  =  (1 +  '^o)(l  +  '**'i)(  1  +  ^*2)  •••  ^  °°« 


M— ►» 
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The  reader  should  have  little  difficulty  in  constructing  a 
proof  of  this  theorem  on  the  lines  of  the  foregoing,  employing 
the  results  of  Arts.  38,  39  to  find  limits  for  the  products 

and  (l+iVg)(l+Wg^j),,.  to  od 

in  terms  of  the  remainder  Mg+Mq^i  +  .,,  to  oo. 

To  shew  the  need  of  some  condition  such  as  the  JV-test,  we  may  consider 


the  example 

P(«)=(H-1)' 

in  which 

Vq=Vi=v^  =  ..,  —  Ihi, 

so  that 

Wq  =  Wi  =  W2=...='0, 

But  the  equation 

lim  fl+iY=l 

is  not  necessarily  true.     In  fact  the   value  of  the  limit  depends  on  the 
value  of  lim  {pi n)y  because 

— -^<  log  ( !  +  -)<-, 

so  that  -^  <log(  1+1)  <2. 

?i+l        °\       u/       ?i 

Thus  lim  log  (l  +-)"  =  lim  ?. 


EXAMPLES. 

1.  Shew  that  if  >S„(^)=ar"/(l+A'^'")i  '^=1  is  a  point  of  non-uniform 
■convergence  of  /S^«(jf)  to  its  limit.     Draw  graphs  of  iS„ (a?)  and  lim6'„(.r). 

•        I 

2.  Shew  that  the  series /(a?)  =2)   3.    4^  is  uniformly  convergent  for 

J  71   "T"  71  tX/ 

all  values  of  a: ;  and  that  f(x)  is  given  by  term-by-term  dififerentiation. 

3.  If  fn{^)  is  never  negative  in  the  interval  (a,  6),  and  if  2/„(^')  is  a 
<;ontinuous  function  of  x  in  the  same  interval,  shew  that  the  series  converges 
uniformly  in  the  interval.  [DiNi.] 

[For  if  a:—c  is  any  point  of  the  interval,  we  tan  find  m  such  that 

O^F(c)-S„,{c)<i€. 
Further,  since  F(x)  and  Sm{x)  are  continuous,  we  can  find  8  such  that 

\F{x)-F{c)\<i€,    \S„,{x)-SJc)\<i€, 
provided  that  \x-o\<8. 

Hence  we  have  O^F{,v)-Sfn{^)<€ 

At  all  points  of  the  interval  (c-B,  c+8). 
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NoWy  mnce  SJ^x)  never  decreases  (as  n  increaaeaX  we  hare 

S^(x)^Sj[x\      if  »>«. 

Tboii  F(x)-SJ^x)<€y      if  »>TO, 

at  all  pointo  of  the  interval  (c-8,  c+8).  Conseqaently  there  can  be  no 
point  of  non-nniform  convergence  in  the  neigbboarfaood  of  e ;  and  therefore 
there  is  no  anch  point  in  the  whole  interval  (a,  b). 

The  reader  should  ol)serve  that  this  argument  fails  in  cases  such  as 
those  illustrated  in  Figs.  14,  15,  because  then  SJ^x)  may  be  further  from 
F{x)  than  Sjl^x)  is.  In  the  cases  considered  here,  no  two  of  the  approximation 
cx4rve$  can  inter$ectJ] 

4«  Shew  that  the  series  T  -  -. -.\  is  continuous  for  all  values  of  x^ 

and  deduce  from  Ex.  3  that  it  converges  uniformly. 

[It  is  easy  to  prove  that  j:=0  is  the  only  po^ible  point  of  discontinuity, 
by  means  of  the  if-test.    Now  if  we  take  v  as  equal  to  the  greatest  integer 

contained  in  l/x*,  we  have  Z<-^(l+logvX  2<I^^»^»  if  0<J?<1.    Hence 

the  limit  of  which  as  x-*0  is  zero,  so  that  the  series  is  continuous  at  jr=0.] 

5.  Shew  that /(a:)  =  2YX~2  3^4,:3  converges  uniformly  for  all   values 

0    1  T  W    "t"  71  X^ 

of  X ;  examine  whether  f{0)  can  be  found  by  term-by-temi  differentiation. 

6.  Shew  that       1  \  --«!_,  2)  l^-D-  — ^^ 

converge  uniformly   for  ail   values  of  x\    and  that  if  a<l   and  j?<1, 
they  are  resf)ectively  equal  to  the  series 

and  fl-«  -  a^e-^* + :F*e*«'  - . . . , 

obtained  by  expanding  each  fraction  in  powers  of  .r.  [Prinosheim.] 

7.  If  /nW=J^"(l-a^O; 

then  We  have  2/"„(^)=j;/(l-a;»),       if  |a:|<I, 

but  2/„(l)=0,  although  lim[:i:/„(^)]=oo. 


8.  Shew  that  the  series  2  l/(n+ar)*  converges  uniformly  if  x*^0;  but 
that  it  cannot  be  integrated  from  0  to  oo.  [Osgood.] 

9.  If  !/«(*)  I  <i^n/*«^,  where  Mn  is  a  positive  constant  such  that  2J/„ 
converges  and/)>l,  then,  if  a>0, 


f  [2/n  W]  dx  =  ^  fy,(x)  dx. 


Apply  this  to  the  series  21 /(«+•<?)*;  and  shew  that  it  does  not  apply 
to  Ex.  8,  *  [Osgood.] 
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10.  If  ^M  oscillates  finitely  or  converges,  then   the  series  '2(aj7i'')  is 
a  continuous  function  of  x,  if  ^^c>0.  [Dirichlet.] 

11.  Shew  that  21imi^^i^=i^. 

[For  l-ar*"^2?u'"(I -0?)  and  the  M-teat  can  be  used.] 

12.  If  ^tLn  is  an  absolutely  convergent  series  of  constants,  shew  that 
n(I  +t£MJ?)  converges  absolutely  and  uniformly  in  any  finite  interval. 

If  2t<„  converges  (not  absolutely )  and  2t«„*  converges,  11(1  +m^)  converges 
uniformly  (but  not  absolutely)  in  any  finite  interval. 

13.  Shew  that  the  products 

n[l+(-l)"^M],   n[l+(-l)"8in(jr/w)],   ncos(.r/») 

cotiverge  uniformly  in  any  finite  interval,  and  that  the  third  converges 
absolutely. 


m 

14.   If 


1—0 


is  less  than  a  fixed  number  G  at  all  points  of  (a,  b) 
and  for  all  values  of  m,  then  if  Z/n(*^)  converges  at  all  points  of  the 

0 

interval  (a,  6),  it  converges  uniformly.  [Bendixson.] 

[For,  divide  the  interval  into  v  sub-intervals  each  of  length  l=S/G, 
where  3<^,  e  being  any  assigned  small  positive  number.  Next  find 
m  so  that  at  the  ends  of  each  sub-interval 

<^(^r)='"f7-(^r),     (p  =  l,2,3,...) 

m+l 

is  numerically  less  than  S.  This  is  possible  because  the  series  converges 
at  each  of  these  points,  and  they  are  finite  in  number  (v-Hl)-  Now  if  x  is 
any  point  of  the  interval  the  nearest  end  of  a  sub-interval  (say  x^  is  not 
further  distant  than  \l ;  hence 

|<^(a:)-<^(a',)|<(i0(2^)  =  «, 
because  |<^'('^)l<26?- 

Thus  |<^(^)|<|<^(jCr)|+S<2S<€, 

and  so  the  test  of  uniform  convergence  is  satisfied.] 

15.  Apply  Bendixson's  test  to  the  series 

2(1 /w)  cos  7ur,   2(1  /w)  sin  nx. 

16.  If  2an  converges  and  (fin)  is  a  sequence  which  tends  steadily  to  ao 
with  TO,  the  series  2an/A»~*  converges  uniformly  if  ar^O.  Deduce  that 
there  is,  in  general,  some  number  ^  such  that  2c„/x„~'  converges  if  x>^^ 
and  does  not  converge  if  x<^.  Of  course  it  is  possible  that  the  latter 
series  may  converge  for  aU  values  of  x  or  for  no  values  of  x ;  examples 
ai^  given  by  Cn  =  1/to  !  or  n !  and  /x,, = n.  [Cahen.] 

17.  Shew  that  lim  i(  -  l)'-»7i-' =log  2. 

1 


CHAPTER  VIIL 

POWER  SERIES. 

60.  The  power-series  Sctn^***  is  one  of  the  most  important 
types   of   uniformly   convergent   series. 

We  recall  the  result  proved  in  Art.  10,  that  if 

\ 

lim  |a„|  "  =  i 

n— ►» 

the  power-series  converges  absolutely  when  ,  a:  |  -<  1/^ ;   but  the 

series  cannot  converge  if  |  a:  |  >  1/Z,  for  then  lim  I  anX^  1  !>  ^  •  ^^^ 
so  there  will  be  an  infinity  of  terms  in  the  series  whose  absolute 
values  are  greater  than  1. 

Thus  any  power-series  has  an  interval  (  — 1/i,  +1/0  within 
which  it  converges  absolutely,  and  outside  which  convergence 
is  impossible.  By  writing  x  in  place  of  Ix,  we  can  reduce  this 
interval  to  the  special  one  (  —  l,  +1):  and  we  shall  suppose 
this  done  in  what  follows  (we  exclude  for  the  moment  the 
cases  i  =  0  or  X  ). 

Thus  suppose  that  we  have  a  power-series  which  is  absolutely 
convergent  for  values  of  x  between  —  1  and  -|- 1 :  so  that  if 
k  is  any  number  between  0  and  1  the  series  Sla^l/c**  is  con- 
vergent. Then,  by  Weierstrasss  if-test,  it  is  clear  that  the 
series  ^c^x^  converges  uniformly  in  the  interval  (  —  A;,  +/c), 
because  in  that  interval  |a„a;'*|g|an|A:^  Hence  we  have  the 
result  that  a  poiuer  series  converges  uniformly  in  an  interval 
which  falls  entirely  within  its  interval  of  ahsohute  convergence. 

It  sometimes  happens  that  further  tests  (such  as  those  given 
in  Art.  11)  shew  that  the  series  is  absolutely  convergent  for 
I  aj  I  =  1 ;  and  then  the  interval  of  uniform  convergence  extends 
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from  —1  to  +1,  because  we  can  compare  the  series  ^La^x^  with 
2 1  a„  I  and  apply  Weierstrass*s  rule  again. 

But  it  may  also  happen  that  2a„  is  convergent  although  not 
absolutely  convergent:  in  this  case  we  can  apply  Abel's  test 
(Art.  44),  because  the  sequence  of  variable  factors  x^  never 
increases  with  n,  and  is  never  greater  than  1  (if  0  ^  a;  ^  1).  Con- 
sequently, since  2a^  is  supposed  to  converge,  the  series  2a„x*^ 
converges  uniformly  in  an  interval  which  includes  x  =  l  (but 
need  not  extend  as  far  as  aj=  —1).  Similarly  if  2(  — !)"««  is 
convergent  the  interval  of  uniform  convergence  includes  «;=  —  1. 


1.  The  series  l  +  2a:+ar*  +  4r3+... 

converges  uniformJy  in  the  interval  (-ir,  +/t),  where  k  is  any  number 
between  0  and  1  ;  but  the  points  - 1,  +1  do  not  belong  to  the  region  of 
uniform  convergence. 

2.  The  series       /^  i  +  £,+^+^  +  ... 


22^32^42 
converges  uniformly  in  tBe  interval  (-1,  +lV 

3.    The  series  i_f +|'_£?+... 

2S      «5       4 

converges  uniformly  in  the  interval  (-it,  +1),  where  k  is  any  number 
between  0  and  1 ;  but  the  point  —  1  does  not  belong  to  the  region  of  uniform 
convergence. 

We  now   return   to  the   cases   1  =  0  or   00,  which   we   have 
hitherto  left  on  one  side.     If  it  happens  that 


?  =  lim|a^h  =  0 


n 


the  series  ^a^x^  will  converge  absolutely  for  any  value  of  x\ 
and  the  interval  of  uniform  convergence  may  be  taken  as 
(  —  -4,   +A),  where  A  can  be  arbitrarily  large. 

Thus  the  series 

^+^+2!  +  3!  +  4!-^- 

converges  absolutely  for  any  value  of  x  and  is  uniformly  convergent  in  the 
interval  (-^,  +-4). 


On  the  otjher  hand,  if  i  =  lim  |  a,i  |**  =  00 ,  the  series  Sa^aj**  cannot 
converge  for  any  value  of  x  other  than  zero. 

An  example  of  this  is  afforded  by  the  series 

l+.r+(2!)^+(31)^+(4!)a7*  +  .... 
I.S.  I 


1 
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There  is  one  important  distinction  between  the  intervals  of 
absolute  and  of  uniform  convergence;  the  interval  of  uniform 
convergence  must  include  its  end-points,  but  the  interval  of 
absolute  convergence  need  not  Or,  to  use  a  convenient 
terminology,  the  former  interval  is  closed;  the  latter  may 
be  unclosed. 

That  the  interval  of  absolute  convergence  of  a  power-series 
need  not  be  closed  is  evident  from  Ex.  1  above,  in  which  the 
series  is  absolutely  convergent  for  any  value  of  x  numerically 
less  than  1,  but  the  series  diverges  for  x^l  and  oscillates  for 
a;=— 1.  On  the  other  hand,  Ex.  2  gives  an  illustration  of  a 
closed  interval  of  absolute  convergence. 

But  we  proved  (at  the  end  of  Art.  43)  that  the  interval  of 
uniform  convergence  Tnvst  be  closed,  whenever  the  function 
Sn{x)  is  a  continuous  function  of  x.  Now  for  a  power-series 
^LdnX^,  we  have 

which  is  obviously  continuous  for  all  values  of  x.  Consequently 
the  interval  of  uniform  convergence  of  a  power-series  is  certainly 
closed.  This  fact  is  not  deducible  from  Abel's  theorem  (see 
p.  129,  top,  or  Art.  51),  for  it  does  not  appear  impossible 
a  priori  that  a  power-series  might  diverge  at  a;=l  and  yet 
be  uniformly  convergent  for  |  a;  K  1. 

61.  Abers  theorem  is  expressed  by  the  equation 

lim  (lanX^^)  =  lM^y 

provided  that  2a^  is  convergent;  this  of  course  follows  from 
the  fact  (pointed  out  in  Art.  50)  that  a;  =  l  belongs  to  the 
region  of  uniform  convergence  and  from  the  theorem  (1)  in 
Art.  45. 

Abel  also  shewed  that  when  2a„  diverges,  say  to  +  oo ,  then  So^a;*  also 
tends  to  +00  as  :r  approaches  1,  This  theorem  cannot  be  proved  by  any 
appeal  to  uniform  convergence ;  but  the  following  method  applies  to  both 
theorems. 

Write         ilo=«oi  -4i=ao+«i»  •••»  -^n=«o+^i +«2 -*-•••+««• 
Then  since  1,  x,  a;*,...  is  a  decreasing  sequence,  we  have  by  the  second 
form  of  AbePs  Lemma  (Art.  23) 

A(l -^)+A«A^<  ia^<^(l -a:«)+iy^r«, 

0 


i 
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where  H^  h  are  the  upper  and  lower  limits  of  A^^  ^i}...*  ^m-ii  fti^d 
S'mi  Ki  are  those  of  A^^^  ^4m+i, ...  to  qo. 

Since  these  limits  are  independent  of  p,  we  have 

(1)  h{\^ar)+K^^^ar^^H{\^ar)^Hn^. 

0 

Suppose  first  that  ^a^  is  convergent  and  has  the  stmt  s,  then  we  can 
choose  m  so  that 

however  small  c  may  be. 

Now  lim[h(l-^x^)-^hn^]—h^^s-€f 

•—►1 

and  lim  [^(1  -  oT) + Ifn^] = E„,^  « + €, 


because  the  index  m  depends  only  on  the  series  2)a„  and  is  therefore 
independent  of  x. 
Thus  we  see  from  (1),  that 

«  -  €  ^  lim  2a„;c"  ^  lim  2o,^'"  ^  « + €. 


But  e  is  arbitrarily  small,  and  so  (see  Note  (6),  p.  5)  both  the  maximum 
and  minimum  limiting  values  of  'Ea^Af*  must  be  equal  to  s. 

Hence  lim  (2«ff^)  ■=  «.= 2a» . 

»->l     0 

Secondly,  if  Zon  diverges,  say  to   qo,  we  can  find  m  so  that  h^^J^^ 
however  large  N  may  be.    Thus 

lim  [h(l  -  O + h^a-^] = h^^  N, 
SO  that  from  (1)  limScv^^iT. 

Thus,  ;by  an  argument  similar  to  that  used  above,  we  prove  that 

lim2)a,,r"sx. 

Thirdly,  if  Som  oscillates,  we  can  see  by  the  same  argument  that 

lim  An^  lim  ]Sa^^  lim  ^„. 


Closely  connected  with  the  foregoing  results  is  the  theorem  of  com- 
pariBon  for  two  divergent  series. 

Suppose  that  Da.,  26n  are  two  divei^gent  series,  then  we  have  an 
inequality  similar  to  (1), 

where   k,  K  and   Jt^,  K^,  are   derived  from   ^n=^o+^i  +  *"+^»   ^^  ^^^ 
same  way  as  h,  H,  and  K^,  Hn^  from  A^- 

Thus,  provided  that  h,  h^^  are  positive,*  we  find 


*In  applications  of  the  theorem  it  is  generally  the  case  that  a^  is  always 
positive. 
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Obviously  Hm  <f>(x) = k^ffm ,  and  lim  4> (jt) = K^h^ ; 

and  now  suppoee  that  BJA^  approaches  a  limit  ^  as  n  increases ;   it  is 
then  possible  to  choose  m,  so  that 

however  small  c  may  be.    Then  we  have  at  once 

lim^(j-)^Z-€  and  lim4>(jr)^^+€. 

Hence  from  (2)  we  have,  if  /(x)=26irJ^/2a»r", 

i-€^lim/(x):^ii^/(jr)^;+t 


Repeating  the  former  argument,  we  find  that 

lim/(jr)=/. 

In  a  similar  way  we  can  prove  that  if  BJAn-^fn^  then /(x) -►« ;  and 
that  if  BJAn  oscillates,  /(.r)  may  oscillate  between  limits  which  cannot 
be  wider  than  those  of  B^/An- 

Thus  we  have  the  theorem,  due  to  Cesaro : 

If  BJA » = (60 + ftj  + . . .  +  6«) / (a^ + Oj  + . . .  +  a,)  approaches  a  definite  limit, 
jmite  or  infinite,  then 

lim  [(26^«)/(2a^-)]  =  lim  J?,/J, ; 

a  result  which  can  be  obtained  also  from  Art.  153  of  the  Appendix. 

It  should  be  noticed  that  if  6„/a„  approaches  a  limit,  BJA^  approaches  the 
same  limit  (Appendix,  Art.  152) ;  thus  a  particular  case  of  the  theorem  is  : 

If  hnjan  approaches  a  definite  limit,  finite  or  infinite,  then 

lim  [(26^)/(2a^)]= lim  (ft^o,). 

Ex.  1.  It  is  possible  to  obtain  the  first  form  of  Abel's  theorem  from 
the  last  theorem,  by  comparing  the  two  series 

AQ-{'AyX-\-A^a^-\-..,,    l+:r-|-^+....  [Gbsarc] 

Ex.  2.     Similarly,  by  comparing  the  series 

i4o+(^o+^i)^+(-^o+^i  +  ^2)^  +  --   and   l+247+ai?8+..., 

we  see  that  if  lira -Ulo+-ii  +  -do+...  + J„-i)=^, 

n 


then  lim  (2o„  j:") = L  [Frobenius.  ] 


a— ►! 


3.     Again,  if  the  limit  in  Ex.  2  is  not  definite,  we  may  consider 
a  further  mean.    Suppose  that 

jj^  nA^+{n-\)Ay  +  {n"2)xi^-\-...  +  An-i, 

F(»Tl)  ' 


then  we  can  compare  the  senes 

ilo+(24o+^i)^+(3-4o+2Ji  +  ^2)^  +  ...   and   1+3^+6^^..., 
and  prove  that  lim  (2««x")=;.       [Compare  Art.  123.] 

We  note  that  each  of  the  examples  1,  2,  3  includes  the  preceding  one. 


i 
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Bz.  4.     As  other  applications,  the  reader  may  shew  that 
(i)    lim(l-ar)V+^-«-**+^**+".)=iN/'r, 
(ii)    lim[(ar+af +a:^+a:''+...)/log(l-ar)]=  -1/loga, 
(iii)    lim  (1  -;p)''(l'-ij;  +  2'-ia;»+3'->^+  ...)  =  r(p), 

In  case  (i),  the  series  jr+^+^+...  gives  .4,<^Jn*<^^^(n+5)/^(7l+ IX 
while  the  series  for  (l-x)*  gives  5n=3.6.7...(2w+l)/2.4.6...2n. 

In  case  (ii)  we  find  ^«cx>logn/loga,  while  the  series  for  log(l~x) 
gives  Bn^^  —  logn. 

In  case  (iii)  we  use  the  fact  that  an<\)T(n+p)/T(n  +  l). 

Finally,  in  case  (iv)  we  have  AQ+Ai  +  ..,  +  An'^^ 

Lasker  and  Pringsheim*  have  proved  theorems  of  great  generality  on 
senes  which  diverge  at  ^=1.    As  an  example  we  quote  the  following:* 

^  If  X.{x)  is  a  function  of  Xy  steadily  increasing  to  ao  with  x,  but  more 
slowly  than  a?,  so  that  lim[k(x)/x]=0,  then  2A'(n)^  is  represented 
approximately  by  A.[l/(l-ir)]  for  values  of  x  near  to  1. 

62.  Properties  of  a  power-series. 

The  general  theorems  proved  in  Arts.  45,  46  of  course  apply 
to  a  power-series,  so  that  we  can  make  the  following  state- 
ments: 

(1)  A  power-aeries  Xa^^x^  is  a  continuous  function  of  x  in  any 
interval  contain^  within  its  region  of  convergence. 

(2)  If(Ci,  Cg)  is  an  interval  within  the  region  of  convergence 

(3)  Ifxis  any  point  within  tlie  region  of  convergence 

We  note  that  the  interval  of  absolute  convergence  of  a 
power-series  is  not  altered  by  differentiation  or  integration. 
This  follows  from  the  fact  thatt  lim7i«  =  l, 


J- 


so  that  lim  I  na^  h  =  lim  I  a*  h  =  lim 


n  **—.«    w,^ 


(^n 


n  +  1 


1 

n 


•Pringsheim,  Acta  MathenuUka,  Bd.  28,  1904,  p.  1,  where  full  references 
will  be  found. 

t  For  lim  (n  +  l)/n=  1,  so  that  lim  n"=  1  by  Art.  164  in  the  Appendix. 
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By  applying  Abel's  theorem  (Art.  51)  to  the  integrated  series 
we  see  that  in  (2)  the  paint  c^  may  be  taken  at  the  boundary 
of  the  interval  of  absolute  convergence^  provided  that  the 
integrated  aeries  converges  there,  no  rruMer  whether  the  original 
series  does  so  or  not 

An  example  of  this  has  occurred  already  in  Art.  47. 

00 

(4)  If  a   power-series  /(a;)=y]a,x*   converges   within    an 

interval  (— fc,  +k),  there  is  an  irderval  within  which  f(x)=^0 
has  no  root  except,  perhaps,  fl;=0. 

For  sappoee  that  a^  is  the  first  coefficient  in  f{x)  whieh  does  not  Tanish  ; 
then  the  series 

is  a  continuous  function  of  x,  in  virtue  of  (1)  above,  and  /m(<^)=0  for  x^O, 
Thus  we  can  find  c,  so  that  |/»(j'') I  is  less  than  iiaM|>  if  \x\<e<k ; 
consequently  in  the  interval  (  — c,  c), 

|/(x)|^l««.r-|  -  |x-/.(*)|>iK|.|xr. 

Hence  f(x)=0  has  no  root  other  than  x=0  in  the  interval  (-c,  c) ; 
and  if  Oq  is  different  from  zero  {so  that  m=0),  f{x)—0  has  no  root  in  the 
interval  (-<?,  e). 

(5)  It  is  an  immediate  deduction  from  (4)  that :  If  two  power- 

ap  00 

series  f{x)  =  ^a^x^,  g(x)  =  y]b^x^  are  both  convergent  in  the 

0  0 

%nterval  (  —  A;,  +A),  and  if,  however  small  S  may  be,  we  can 
Jmd  a  non-zero  value  x^  in  the  interval  (  —  S,  S),  which  satisfies 

then  a^  —  b^,  a^  =  6i,  a2  =  62»  •••>  ^n  =  ^«>  •••> 

and  the  two  series  are  identical. 

In  practice,  we  hardly  ever  need  this  theorem  except  when 
f(x)  is  known  to  be  equal  to  g{x)  for  all  values  of  x,  such 
that  I  a;  K  5. 

BS".  We  have  hitherto  discussed  the  continuity  of  the  power- 
series  from  the  point  of  view  of  the  variable  x;  but  it  some- 
times happens  that  we  wish  to  discuss  a  series  2/n(y).aJ'* 
regarded  as  a  function  of  the  variable  y.  The  following 
theorem  (due  to  Pringsheim)  throws  some  light  on  this  question:* 


*  Further  results  have  been  eatablished  by  Hartogs  (Math.  Annalen,  Bd.  62, 
1906,  p.  9),  using  mora  elaborate  analysis. 
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Sv/ppose  that  a  positive  value  X  can  he  fouTid  such  thai 

ivhere  A,  p  are  fixed  and  positive,  and  n  has  any  value.  Then 
^fn(y)'  x^  is  a  continuous  function  of  y  in  the  interval  (a,  6), 
provided  that  fniy)  i^  continuous  for  all  finite  values  of  n,  and 
that\x\<X. 

To   prove    the  theorem,  we   need  only  compare  the  series 

with  Y.An^\j-Y-j  ,  which  is  independent  of  y  and  is  convergent 

when  I  a;  I  <<  X ;  thus  the  series  2/^(1/) .  x^  (by  Weierstrass  s 
test)  converges  uniformly  with  regard  to  y  in  the  interval 
(a,  6),  and  is  therefore  a  continuous  function  of  y  in  that 
interval. 

It  was  erroneously  supposed  by  Abel  that  the  convergence  of 
2/n(y).-X^*  in  the  interval  (a,  6)  was  sufficient  to  ensure  the 
continuity  of  2/n(y)ic'*  for  Q<ix<iX  (assuming  fn{y)  con- 
tinuous). But  Pringsheim  has  constructed  an  example  shewing 
that  this  condition  is  not  sufficient  (see  Example  (5)  below). 

The  following  examples  are  due  to  Abel,  with  the  exception  of  (5) : 

(1)  The  series        iyj?+2«'a;«+...+««'^+...      (|:r|<l) 
represents  a  continuous  function  of  y. 

(2)  The  series         j7siny+iAin2y  +  Jar*8in3y  +  ... 

is  continuous  as  regards  y  when  |ar|<l;  but  although  the  series  still 
<:on verges  if  jr^l,  it  is  discontinuous  at  y^o,  ±2ir^  :t49r, ...  (see  Art.  65). 

(3)  The  series      /(y)=^+^x+g|p:.*+... 

is  a  continuous  function  of  y  if  |a:|<l;  and  thus  lim /(y)=0.     But  if 

^=1,  the  series       -i'    +-X-j+_y    +...  (see  Art.  11) 

1+y*    4+y»    9+y»         "^  ' 

differs  from  /      ^      -=tan~^v 

hy  less  than  the  first  term  y/(l  +y^).    Thus  it  is  evident  that 

lim(Y-^+-j-^+^^+...)=|. 
,-^»\l+y^    4+y*    9+y*        /     2 

(4)  The  convergence  of  the  series 

:S[lim/,(y)]^ 
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does  not  follow  from  that  of  ^fn{y)^  for  all  values  of  y>0.  Thus  the 
^"^  8m.y,8iD2j<^^sin2V^^        ^  Bin2''y^  ^ 

y        y  y         '"       y 

converges  if  J?<1,  when  y>0;  but  the  series  1 +2j:+2V  +  ...  +  2"j;"+... 
diverges  if  x>\* 

(6)  Pringskeini^s  Example : 

Let  Mn  tend  steadily  to  ao  with  n  in  such  a  way  that  limi/'«^i/J/'n=oo^ 
and  let  i/i)=0.    [For  example  i/'o=0,  i/^»=n".]    Then  write 

J-yy)-'l^M^^,y^    \  +  Mny^' 

and  it  b  evident  that  the  series  2/„(y)47*"  converges  for  all  real  values 
of  y  and  for  any  value*  of  x.  Further,  the  functions /o, /j, ...  are  con- 
tinuous for  all  real  values  of  y.  But  if  x^l,  the  series  2/„(y)^  i* 
discontin%Lous  cU  y=0. 

For  '  2fn(0)x^=0. 

But  /^(y)+/^(y)  +  ...+/„^,(y)=_^l_, 

and  so  if  iy|>0,  i/«(y)=l. 

0 

Now  the  terms  /«(y)  are  positive,  so  that 

2fn(y).x^^l  if  orgl      (|y|>0), 

0 

From  these  facts  it  is  clear  that  the  series  is  discontinuous  at  y =0,  if  x^l. 

Of  course  if  |;r|<l,  the  series  is  continuous  at  y=0,  because /.(y)  ia 
positive  but  less  than  1,  and  so 

|/(y)x»-|<x«-; 

and  thus  the  Weierstrass-test  applies. 

64.  Multiplication  and  division  of  power-series. 

As  regards  mvltiplication  of  two  power-series,  the   results 
of  Art.  34  shew  that  if  both  series 


converge  absolutely  in  the  intervalt  (  —  A:,   +ky  their  product 


is  given  by  ^  _i_^^_i_^  .,2 


aiul  "LoiP^IMn  ecu  verges  for  any  value  of  ar,  since  Mm  M^^^JM^^oq.  Of  course 
we  have  taken  y  not  to  be  zero;  if  y=0,  all  the  terms  of  the  series  are  zero,, 
and  2/„(0).x*'=0. 

t  If  the  two  series  have  different  regions  of  convergence,  this  interval  will  be 
the  smaller  of  the  two. 
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which  converges  absolutely  in  the  same  interval,  where 

If  we  apply  Abel's  theorem  (Art.  51)  to  the  equation 

we  can  deduce  at   once   his  theorem   (Art.   34)   that   C=^AB, 
provided  that  all  three  series  converge. 

For  dimsioTiy  we  assume  first  that  the  constant  term  is 
different  from  zero;  and  for  simplicity  we  take  it  as  1.  Thus 
we  consider  first  -  - 

where  y  =  b^x  +  b^^  +  — 

Now  (l+y)-l=l_y  +  l,2_2^+^   .^ 

and  by  Art.  36,  this  series  may  be  arranged  in  powers  of  cc, 

provided  that 

\x\<pI{M+1\ 

p  being  any  number  less  than  the   radius  of  convergence  of 
2&„a;**,  and  M  the  upper  limit  of  |6n|p"  (of  course  here  8  =  1). 
We  obtain 

(l+y)-i  =  l-6ia;+(6i2-5g)a^-(6,8-.26A+68)^H.... 

This  series  may  then  be  multiplied  by  any  other  power-seriea 
in  Xy  and  we  obtain  a  power-series  for  the  quotient 

{aQ+a^x+a^^+ .,.)l{l  +  b^x+b^^+ ..,), 

Of  course  if  some  of  the  initial  terms  in  the  denominator  happen  to.  be 
zero,  the  quotient  may  still  be  found  as  a  power-series  together  with  <t 
rational  fraction. 

Thus  suppose  bQ=Of  bi=0,  but  that  b^  is  not  zero ;   then  we  have 

where  Bi^b^b^^  B^^bjb^^ ,,, , 
Then,  as  above,  we  find 

2a  of* 

Inus  v?r^«=r9+      r        M-a  power  series  m  x\ 

zo^x^    b^ar         b^x  ^ 
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In  practice  it  is  often  better  to  use  the  method  of  nndeter- 
mined  coefficients:   thus  we  should  write 

multiply  ap,  and  obtain,  in  virtue  of  Art.  52  (5), 
from  which  we  get  successively 

0»       1*       2»    •••  * 

A  more  exact  determination  of  the  interval  of  convergence 
is  given  in  Art.  84  below. 

66.  Revendon  of  a  power-series. 

Suppose  that  the  series 

converges  absolutely  in  the  interval  (  —  A;,  +A:),  and  that  it  is 
required  to  express  x,  if  possible,  as  a  power-series  in  y. 

Let  us  try  to  solve  the  equation,  formally,  by  inserting  a 
power-seriee  ^=6^+6^+i^+.... 

If  SfcnJ/"  is  convergent  for  any  value  of  y  other  than  zero 
{by  Art.  36),  the  resulting  series  may  certainly  be  re-arranged 
in  powers  of  y  without  altering  its  value,  at  any  rate  for  some 
values  of  y\  leaving  the  question  of  what  these  values  are 
for  subsequent  examination,  we  have,  in  a  certain  interval, 

y = (oifti)  2/ + (0462  -h  a^^)  2/2  -h  (C463  -h  ^f)^^  -h  08^)3/*+  •  •  • 

and  so  on,  in  virtue  of  Art.  52  (5). 

Thus  we  can  determine,  step-by-step,  the  succession  of 
-coefficients. 

It  is  evident  from  these  results  that  a^  must  be  supposed 
different  from  0,  or  the  assumed  solution  will  certainly  fail.* 


*For  the  case  when  0^=0  and  a,  is  not  sero,   the  reader  may  refer  to 
Exa.  B,  31-33,  at  the  end  of  the  chapter. 


5i,  56]  REVERSION  OF  SERIES.  139 

We  may  then  take  a^^l  without  loss  of  generality,  for  the 
given  equation  can  be  written 

and  so,  with  a  slight  change  of  notation,  we  can  start  from 

y^x+a^^+a^+ 

Then  the  equations  for  6^,  62,  63,  ...  give 

61  =  1,    |62l  =  KI»    I^8l  =  2|a2|.|62l  +  I»sl» 
|6JSN{2|63|  +  622}+3|a3|.|62|  +  |aJ,    .... 

These  equations  shew  that  |i!>n|  =  i8n,  where  the  ^'s  are  given 
^^  '  /3i=l,    ^^^a^.    /33  =  202/32  + 03,      . 

i84  =  a2(2i83+i82^)+3a3^2+«4.     •  — 
provided  that  |an|  =  «»- 

Now  the  equations  for  the  jS*8  are   those  which  would   be 
obtained  by  inserting  the  series 

in  the  equation 

But  if  p  is  any  positive  number  less  than  k,  the  series  2|a„|/)** 
is  convergent,  and  so  we  can  find*  a  number  M  such  that 


for  all  values  of  n. 

Thus  we  can  put  On^M/p^ 

Me 


Now  this  equation  gives 
or  2(M+p)i^p(p+,,)-p[(p+,,f-4^(M+p)t 


*  ¥ov  »  more  precise  deterniination  of  M,  aee  Cauchy's  inequalities  in  Art.  82 
below. 
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the  negative  sign  being  taken  for  the  square-root,  because  ^ 
and  rj  vanish  together. 

But  (p+,)2_4,(Jtf+p)=(X-,)(^_,), 

where  \=>2M+p+2[M{M+p)]^, 

^  =  2M+p-2[M(M+p)]K 
Thus  we  have 

2(M+p)i=p(p+^)-p^(l-^^  (l-^)  , 

and  thus,  since  X>-^t,  the  value  of  ^  can  be  expanded*  in  a 
convergent  series  of  powers  of  >;,  provided  that  0<j;</x.  But 
this  series  is  clearly  the  same  hs  S/Sni;**;  which  therefore  con- 
verges if  0<i7</x.  Now  /8n=|&n|,  so  that  finally  26„y'*  is 
absolutely  convergent  in  the  interval  (  — /x,  +/i).  Consequently 
the  formal  solution  proves  to  be  a  real  one,  in  the  sense  that 
it  is  certainly  convergent  for  sufficiently  small  values  of  y. 

It  is  perhaps  advisable  to  point  out  that  the  interval  (-/x,  +/x)  has 
not  been  proved  to  be  the  extreme  range  of  convergence  of  the  series  26ny"  ; 
we  only  know  that  the  region  of  convergence  is  not  less  than  the  interval 

For  instance,  with  the  series 

y=^+2!  +  3!  +  4!  +  - 
we  could  take  as  the  comparison-series 

or  V=i- 


2-$ 
This  is  found  to  give 

X=6  +  V2,  /x=6-V2=-343..., 

and  so  the  method  above  gives  an  interval  only  slightly  greater  than 

(  —  J,  +J).     But  actually  (see  Arts.  68,  62  below) 

y=g*-lj   80  that  ^=log(l+y), 

and  the  series  for  x  converges  absolutely  in  the  interval  (—1,  +1). 

56.  Lagrange's  Series. 

In  books  on  the  Differential  Calculus,  an  investigationt  is  commonly  given 
for  the  expansion  of  x  in  powers  of  y,  when  an  equation  holds  of  the  form 

*We  anticipate  here  the  binomial  expansion  of  Art.  61,  for  the  case  1^  =  }. 
tSee    for  instance  Williamson,    Differential    Calculus,    chap.    7;    Edwards, 
Differential  Calculus,  chap.  18. 
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This  process  gives  an  analytical  expression  for  the  coefficients  in  the 
expansion ;  but  it  gives  no  information  as  to  the  conditions  under  which 
such  an  expansion  is  possible.  As  a  matter  of  fact,  the  expansion  is 
generally  not  possible  unless  /(.r)  can  be  expanded  in  a  convergent  power- 
series,  the  first  term  not  being  zero.*  It  is  then  possible  to  write  the 
equation  in  the  form  ,^.,  .     ^      _ 

1 
on  carrying  out  the  division.    Thus  Lagrange's  problem  is  now  seen  to  be, 

in   reality,  equivalent  to  the  reversion  of  the  power-series  ^anXf^^  in  the 

00  1 

form  x^'^hr^^,     Lagrange's  investigation  shews  that  w6„  is  equal  to  the 

coefficient  of  x^~^  in  the  expansion  of  [/(^)]'' ;  or,  what  is  the  same  thing, 
in  the  expansion  of  (x/y)**. 

We  can  easily  establish  the  more  general  form  of  Lagrange's  series  in 

CO 

which  g(x)  is  expanded  in  powers  of  i/y  where  g(x)='^CftX^  is  another  given 

0 

power-series.  We  know  in  fact  (from  Arts.  36  and  55)  that  for  sufficiently 
small  values  of  {2:|  and  |.y|,  we  can  write 

where  di=cja^  and  the  other  coefficients  have  still  to  be  found.  The 
interval  of  convergence  cannot  be  found,  by  elementary  methods,  until 
the  coefficients  have  been  determined. 

Now  we  can  differentiate  this  series  term-by-term  (Art.  52),  and  we  find 

Divide  now  by  y*",  where  r  is  any  whole  number,  and  we  get 

Suppose  both  sides  of  this  equation  to  be  expanded  in  ascending  powers 
of  X ;   then,  on  the  right,  there  is  only  one  termt  containing  xr^ ;  and  this 

one  is  the  term  rdr-  -/,  given  by  n=r, 

y  ax 

It  is  now  clear  that  rdr  is  the  coefficient  of  x"^  in  the  expansion  of 


•Compare  Exs.  B,  31-^,  at  the  end  of  the  chapter, 
t  Except  for  n=^r^  we  have 

bat  in  this  expansion,  even  if  n  is  less  than  r,  there  can  be  no  term  in  a:"^, 
because  a?"^  is  not  the  differential  coefficient  of  any  power  of  x. 
On  the  other  hand,  if  n^r^  we  have 
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g'{x)ltf  in. ascending  powers  of  x;  and  this  is  equivalent  to  Lagrange's 
formula,  althoagh  first  put  in  the  above  form  by  Jacobin 
It  is  to  be  observed  that  if  the  equation  in  Xy 

1 

is  solved  by  some  algebraic  (or  other)  process,  there  will  usually  be 
additional  solutions  as  well  as  the  series  found  by  reversion.  This  series 
gives  the  solution  which  tends  to  zero  with  y. 


1.     If  y—x-as^y   and  g{x)—Xy   we   have   to  find  the  coefficient 
of  x~^  in  the  expansion  of 

{x  -  aa^)-'' = x-''{l  -  axy\ 
Thus  we  get  ^     r(r-hl)...(2r-2) 

and  so  ar«y+ay*+2ay+5aV+--- » 

which  converges  if  |  ay  |  <  J. 
Of  course  this  series  gives  only  one  root  of  the  quadratic  in  x,  namely 

{l-V(l-4ay)}/2a. 


2.     In  like  manner,  if  y=x-ax^*^,  we  find  for  one  root 
x^y + ay"»+*  +— 97— «y^*  + . . .  +  ^^ jf^ — ^^ /ay"+*  + . . . . 

8.     The  reader  will  find  similarly  that  if  y«=x(H-x)",  then 
^-v  ■  2^^.  ,  ^K3n4-1)  .     4n(47^  +  l)(4n-h2) 


4.    To  illustrate  the  method  of  expanding  g{x\  we  take  the  follow- 
ing example :  To  expand  c**  in  powers  of  y=x€^. 

Here  ^'(^)/y=oj?~''e<*~'*^',  and  so  the  coefficient  of  x~^  is  easily  seen  to  be 

a(a-r6)'-V(r--l)I. 
Thus  we  have 

which  converges  if  |y|<l/tf|6|. 

In  particular,  with  a=l,  6=-l,  f«e*,  we  obtain  Eisenstein's  solution 
of  the  equation  log(=^y(  (see  Ex.  11,  p.  18),  in  the  form  of  the  series 


f=l+y+3|;  +  4»g  +  53|^  +  .... 


*0e».  Werke,  Bd.  6,  p.  87. 


^ 
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CERTAIN  SPECIAL  POWER  SERIES. 

57.  The  ezponentiftl  limit.* 
We  proceed  to  prove  that 

lim(l+^)'=l+a;+|-j+^+|^+..., 


where  x  =  lim  (i/f ). 


V— ►OD 


CJonsider  first  the  special  case  when  v  tends  to  infinity  through 
integral  values  ti,  and  write  n^=X, 
Then  we  find,t  on  expanding, 

+-^('-S('-D-(-^')f-;- 

Now,  this  expression  satisfies  the  conditions  of  Art.  49;  we 
can  use  as  the  comparison-series, 

where  X^  is  the  greatest  value  J  of  |  X  |  for  any  value  of  n. 
For  we  have 

i-wi-('-^)('-D-('-'-^)'l^'<^-> 

where  Xq  is  of  course  independent  of  n.     Also 

because  limfl j  =  l  and  limZ=cc.     Finally  the  index  p  is 

equal  to  n,  and  so  of  course  tends  steadily  to  infinity. 


Thus        lim(l  +  iy'  =  l+x+^^x^+^x^+...  to  x. 


*The  reader  is  recommended  to  refer  to  Appendix  II.   before  proceeding 
further. 

tFor  the  general  term  in  the  binomial  expansion  of  (1  +()"  is 

«(n-l)(n-2)...(n-r+l) 


r\ 


'"('-=)('-t)-('-'-^)^- 


tXhat  there  is  a  greatest  value  is  evident,  becanse  it  is  anpposed  that  X 
approaches  the  limit  x,  as  tt  increases  to  infinity. 
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If  now  V  tends  to  infinity  in  any  other  way,  v  will,  at  any 
stage,  be  contained  between  the  two  integers  n  and  (n+l) 
say;  and  of  course  n  will  tend  to  infinity  as  v  doea  Thus 
(1+^  will  be  contained  between*  (1  +  ^)**  and  (1+^'*+^  and 
v^  will  be  contained  between  n^  and  (n  +  l)^,  so  that 

lira  (n^)  =  lim  (n  +  l)f  =  x. 
Thus,  from  what  has  already  been  proved,  we  see  that 
lim(l  +  ^)»=l+ic+|'+g+...  =  lim(l  +  f)»+\ 

and  since  (1  +  ^/  is  contained  between  (1  +  f)'*  and  (1+^)""'"*,  it 

follows  that  7*2    /r^ 

lim(l  +  f)''  =  l  +  a;+|j+Jj+.... 

If  we  write  for  brevity 

a+^"=2/r(*-,«), 

it  will  be  seen  that  we  have  used  the  theorem 

lim  2/r(j?,  w)=  2  [lim/r(a:,  n)\ 


That  is,  we  have  replaced  a  single  limit  by  a  double  (repeated)  limit ;  and 
of  course  such  a  step  needs  justification  (see  the  examples  in  Art.  49). 

Special  cases. 

If  (=  \jv,  we  have  the  equation 

The  value  of  e  has  been  calculated  in  Art.  7  and  proved  to  be 

2-7182.... 
If  ^=l/(i/— 1),  we  have 

(l+^r=[»'/(''-l)?=(l-lM-^ 

80  that  lim  (1  —  l/j')"*'  =  e. 


•00 


These  two  results  may  be  combined  into  the  single  equation 

lim(l+X)V^  =  e, 

where  X  approaches  0  from  either  side. 


j 


*  It  is  of  course  understood  that  the  positive  value  of  (1+^)"  is  taken;  and 
then  this  value  is  obviously  contained  between  (1+^)"  and  (!+{)"'*'*  if  »'  is  % 

rational.     On  the  other  hand,  if  v  is  irrational,  the  statement  is  a  consequence  of 
the  definition  of  an  irrational  power. 


57,  58]  EXPONENTIAL  SERIES.  145 

58.  The  ezponentiftl  function. 

We  may  denote  by  the  symbol  E(x)  the  exponential  series 

x^    a?    a^ 
l+aj+2j+3j+^,+  --'- 

Then  (by  Arts.  45,  46)  we  see  that  E{x)  is  a  continuous 
function  of  x,  and  that  its  differential  coefficient  is  given  by 
term-by-term  differentiation,  so  that 

"^  E{x)r.l+x+f,+f,+...^E(xl 


because 


d  x^       of-^ 


dx  r\     (r— 1)!' 
Further,  we  see  from  Art.  57  that 

Eix)  X  E(y)  =  Urn  (l  +1)" .  lim  (l + jY 

-.'r.[('+I)('+l)r  .  ■ 

^E(x+y), 

This  result  can  also  be  proved  directly  from  the  series  for 
E(x)j  by  applying  the  rule  (Art.  34)  for  multiplying  two 
absolutely  convergent  series.  The  result  leads  directly  to  the 
equations  (in  which  n,  n'  are  positive  integers) 

e« = [E{  1 )]»  =  E{n)  =  [E(n/n')Y%  E('^x)  =  [E(x)]  -  \ 

Thus  we  see  that  E{x)  is  the  positive  value  of  ^  for  any 
rational  value  of  x.  But  the  equation  must  also  be  true  for 
irrational  values  of  x;  for  if  a^,  ai,...,  a», ...  represents  a 
sequence  of  rational  numbers  whose  limit  is  x,  we  have 

e*  =  lim  c««  =  lim  E{a^)  =  E(x), 


.00  n— ^00 


the  last  step  being  valid  because  E(x)  is  a  continuous  function 

(Art.  45).      In  future,  we  shall  generally  write  e*  instead  of 

E{x);   but  when  the  exponent  £c  is  a  complicated  expression 

it  is  sometimes  clearer  to  use  exp  x,  as  in  Ex.  A  26,  at  the  end 

of  the  chapter. 

i.s.  K 
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The  reader  will   find   an   independent  proof  (depending  on 
the  Integral  Calculus)  of  the  equation 

in  the  Appendix  (Art.  162). 

Ex*     As  a  numerical  example,  the  reader  may  shew  that 

c*'=  4-800..., 
and  hence  that  e**  =  23*0 

[Reference  may  be  made  to  the  example  of  Art.  59  for  some  of  the 
results  needed  in  the  calculation.] 

69.  The  sine  and  cosine  power-series. 

Write       9mx-La;-3-,+gj-...+(-l)»^-2;j^^J  =  5„(a;) 

[x^     x^  cc^'*  1 

^"^+4!^--+^"^^'*(2^J"^'*^^^- 

Then    it    is    plain    that    Sn{x),    Cn(x)    are   both   continuous 
functions  oi^  x  and 

as  may  be  seen  by  differentiation. 

Now  (7^j(a;)  =  cosa;  — 1  is  negative,  and  consequently  -i~[Sq(x)] 

is  negative ;  but  Sq{x)  vanishes  with  a?,  and  consequently  Sq{x) 
is  negative  when  x  is  positive.* 

Thus  ^[Ci(x)]=  —  Sq{x)  is  positive  when  x  is  positive;  but 

C^(x)  vanishes  with  ic,  and  therefore  C^(x)  is  positive  when  x 
is  positive. 

Hence  -j-[Si{xy]=:C^{x)  is  positive  when  x  is  positive;   and 

S^{x)  vanishes  with  x,  so  that   Si{x)  must  be  positive  when  x 
is  positive. 

That  is,  -f-[C2(x)]=  ^Si{x)  is  negative  when  x  is  positive; 

and  therefore,  since  C^ix)  vanishes  with  x,  C^{x)  is  negative 
when  X  is  positive. 


*We  make  use  throughout  this  article  of  the  obvious  fact  that  if  y  is 
increasing  with  x  and  is  zero  for  a;=0,  then  y  (if  continuous)  must  be  positive 
for  positive  values  of  x. 


i 
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We  can  continue  this  argument,  and  by  doing  so  we  find  that 

Cq{x\  C^{x),  G^{x\  (7g(ic), ...  ^  are  negative  when 
Sq{x),  S^{x)y  S^{x)j  Sq{x\,.,)       0?  is  positive, 

while  the  expressions  with  odd  sutfixes  are  positive. 
This  shews  that  sin  a;  lies  between  the  two  expressions 

J-  —  —        -i_f I  \»  — 

3! 


and 


a?  .  oc^ 


X^n+l 


^     3!'*'5!     "'"^^     ^^^271+1)! 


+  (-l)«+i 


x 


2n+3 


(271  +  3)!" 


Hence,  since 


„™(27i  +  3)! 


=  0    (see  Ex.  4,  p.  8), 


we  have 

In  like  manner  we  find 


x^  .  x^ 


X 


=^+...  to  00. 


.6 


_       X^  ,  0^      X'    ^  , 

cosa;=I  — :^,+XT"-7rj  +  ---  to  oo. 
2!     4!     b! 

These  results  have  been  established  only  for  positive  values 
of  X ;  but  it  is  evident  that  sin  x  and  its  series  both  change  sign 
with  x,  while  cos  a;  and  its  series  do  not  change  sign,  so  that 
the  results  are  valid  for  negative  values  of  x  also. 

The  figure  below  will  serve  to  shew  the  relation  between  sin  x 
and  the  first  two  or  three  terms  in  the  infinite  series. 


Fig.  16. 


Let  us  calculate  co9(^7r)  and  8in(i7r). 
We  have  x=\ir=VblO%  very  nearly. 
This  gives  i:r2  =  1-2337,  Tn^^^  =  *0047, 

\ji^=  -6460, 

^0?*=  -2537, 

xiTT^=  -0797, 

^3fi=^  -0209, 

Hence  ccw(iir)  =  1*2546 -1*2646=0,  the  error  being  less  than  '00003. 
Also  sin  (^tt)  =  1-6507 -0-6507  =  1,  the  error  being  less  than  -00003. 


TTjk?y^='0009, 


148  SPECIAL  POWER  SERISa  [CH.  VIII. 

60.  Other  methods  of  establidiiiiff  the  sine  and  oosine 
power-series. 

(1)  Probably  the  most  rapid  method  of  recalling  the  series  to  memory 
is  to  assume  that  simr  and  coax  may  be  represented  by  power-series. 

Thus  if  8inx=ao+aiJr+<V*+ayC*+... 

we  have  cosjr=-i-(8inx)=a,+2c4T+3a3j:*+..., 

and  so  -fiinx=-r(cosx)=l  .2a^-{'2.Z.ajr+Z.4,a^+  — 

Further,  o^=0j  a|=l,  because  sin  a;  is  0  and  cosj:  is  1,  for  x^O. 
Hence  we  get  1 . 2 .  0^=  - 0^=0, 

2.3.03= -ai=-l,  or  03=-^-,, 


3.4.04=  -aj=0, 
4,o.a^=-c^  or  «6=5^j' 
and  so  on. 


But  of  course  we  have  no  a  priori  reason  for  supposing  that  sin  x  and 
cos  X  can  be  expressed  as  power-series ;  and  therefoi'e  this  method  is  not 
logically  complete. 

(2)  We  may  start  from  the  series,  and  call  them,  say,  S{x\  C{x),    Then 
multiplication  of  the  series  gives 

S(x)  C{y)^S(y)  C{x)=S{x+y), 

C{x)  C{y)  -  S{x)  S{y)^C{x^y). 

Hence  in  particular         [C{x)Y-{-[S{x)'^=C{0)=^\ 

and  S{^)=^S{x)C{x\    C{2x)=^[C{x)f-[S{x)\\ 

From  these  formulae  we  can  shew  that  S(x)  and  C{x)  satisfy  the  ordinary 
results  of  elementary  trigonometry. 

Further,  it  can  be  seen  without  much  trouble  that  C(2)  is  negative,*  so 
that  C{x)=Q  has  at  least  one  root  between  0  and  2.    But 

-^[C(.v)]=-5(x), 

and  S(x)  is  always  positive  t  for  any  value  of  x  between  0  and  2.  Thus 
C{x)  can  have  only  one  root  between  0  and  2,  because  it  steadily  decreases 
in  that  interval. 


*CT2)-l-2  +  g--(l-^j-j^,(l-jp-^j-.... 


1 
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Call  this  root  ^  :  then  we  have 

"©=».  [<i)T-. 

and  so  Si^j^l,  since  Sl-j  must  be  positive. 

Hence  S(^)=2-s(|)(7(|)=0, 

^<')-Wl)J-[<l)T=-'. 

and  so  ^^(^r + tt)  =  -  S(x),     C{x + tt)  =  -  C7(j?). 

Thus  iS(ar+27r)=+>S(a:),  (7(^+27r)= +C7(^). 

On  these  facts  the  whole  of  Analytical  Trigonometry  can  be  based. 

(3)  It  is  not  difficult  to  prove,  by  induction  or  by  the  methods  given 
in  Chap.  IX.  below,  that 

sinn^=cos"^   nt ^ -—^ ^^+...   , 

where  ^=tand,  and  both  series  terminate  after  \n,  or  i(»+l)  or  i(n  +  2) 
terms. 

Thus  we  have,  on  putting  nd—x^ 

— (-3t-('-i)('-9i;-('-i)(-D0-i)(-i)i;-} 

^„(^^)[.-(,-i)|.(-i)(,-?)(,-?)|;-...], 

where  ^=ntan(^/«). 

To  these  expressions  in  brackets  we  can  apply  the  theorem  of  Art.  49, 
using  as  the  comparison-series 

^3!     5'  21     4! 

where  ^0=1^°-^  1  =  1^1' 

The  argument  is,  in  fact,  almost  identical  with  that  employed  for  the 

exponential  limit  in  Art.  57  ;  and  we  get 


sin 


Finally,  if  we  write  H-7;=co8-, 

we  have  |7i7;|  =  2w sin«^  <  ^ 

so  that  lim  ^7=0, 

and  thus  lim  cos"-  =  lim  (1+>;)"  =  ^(0)=1  (see  Art.  58). 

9^ 


} 
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(4)  Another  instructive  method  is  to  apply  the  process  of  integration  bj 
parte  to  the  two  equations 

siBX=  I   cos{x  —  t)dt,    cosjF— 1=—  /   sin(x—t)cU. 

If  we  integrate  twice  by  parts,  we  obtain 

sina7=    tco6(x-t)--^ain(x  —  t)     -  /  —coB{x  —  t)dt 

r*  ft 

and  co8x=l-    t9xti{x-t)-\-—^Qo%{x-t)     +  /   ^.%ui{x - t)dt 

and  so  on. 

Thus  we  find  that,  in  the  notation  of  Art.  59, 

^,_i(j:)  =  (-1)-  rf-^cos(x-t)dt, 

Joizn). 


ro(2/i)! 


Hence  we  find 

.'o     (2n)I  (2n  +  l)! 

and  l^-W!^r'(£^*=llS- 

61.  The  binomial  series. 

Let  us  examine  the  series 

We  know  from  elementary  algebra  that  if  y  is  a  positive 
integer  this  series  terminates  and  represents  (l+x)^  We  now 
proceed  to  examine  the  corresponding  theorem  for  other  values 
of  V, 

By  Art.  12,  the  region  of  absolute  convergence  is  given 
by  I  a?  I  <  1 ;  and  so  ( Ai-t.  50)  the  series  is  uniformly  con- 
vergent in  avy  interval  (  — i,  +k\  where  ()<A:<1. 

Now       f(aj)  =  i,[l+(„-l)a;  +  (j;-l)(j/-2)|^+...  to  x] 

=  vg(x)  say, 
where  g{x)  differs  from  f{x)  by  having  (v—l)  in  place  of  f. 


<0,  61]  BINOMIAL  SERIES.  151 

Also        (l+a;)sf(x)=H-(„-l)a;+(.;-l)(v-2)|j+... 

+x         +2(r-l)|j+... 

=  1  +VX  +»'(|/-1)^+... 

SO  that       (l+«)/(aj)  =  j//(a;). 

Hence  we  see  that        —■    J^^\  1  =  0 

dajL(l-fa;)rJ 

or  f{x)^A{l+x)\ 

where  J.  is  a  constant  independent  of  x.  But  /(O)  =  1 ;  and 
consequently,  if  we  choose  the  positive  value  for  (l+a;)^  we 
shall  have  A  =  \]  that  is, 

f{x)^{l+xY. 

This  result  has,  of  course,  been  proved  only  for  the  interval 
{  —  k,  +k))  let  us  now  see  if  it  can  be  extended  to  include 
the  points  —I,  +1.  The  quotient  of  the  nth,  term  in  the 
series  by  the  {n  +  l)ih.  is 

—  7i/(7i  — 1/  — l)a;,       if  7i>-i/H-l, 

and  so  the  series  converges  for  aj=  —  1  if  i/  is  positive  (Art.  12), 
and  for  x=+l  if  (I'+l)  is  positive  (Art  21).  Thus  by  Abel's 
theorem  (Art.  51)  the  sum  of  the  series  for  ic=— 1  is  0,  if 
y  is  positive;  and  for  a;=  +1  the  sum  is  2"  if  v+1  is  positive. 

Other  methods. 

(1)  The  most  rapid  method  'for  recalling  the  series  to  memory  is  to 
solve  the  differential  equation 

(l+a-)/'(^)  =  v/(.r), 

by  assuming  a  series         f{x)  =  1  +  a^x + a.^"^  + 

On  substitution,  we  find  that 

a,  =  v,    2tf2+ai  =  va„    803  +  202=  vctj?    etc. 

Of  course  this  must  be  supplemented  as  above  in  order  to  complete 
the  proof. 

(2)  We  can  multiply  together  two  series  with  different  values  of  v  (say 

Vi  and  V2)  *J^d  verify  (by  Art.  27)  that  their  product  is  another  series  in 

which  v  =  Vi  +  V2»  compare  Art.  89,  below.     Then  we  can  apply  the  sanie 

argument  as  was  used  for  the  exponential  seiies  (Art.  58)  to  prove  that 

fix)  must  be  the  vth  powey  of  its  value  for  v  =  l. 


,v-r-l  l^r'*'*^ 


<(^-*-^>        (iq^     "'•>*'-^- 


152  SPECIAL  POWER  SERIES.  [CH.  VIIL 

(3)  We  have        (l+xy-l^vni-^x-ty-^dt 

where  we  obtain  the  last  line  by  integrating  by  parts.     Continaing  thua> 
we  get 

(l+^)''-[l  +  v;r+v(v-l)|^+...  +  v(v-l)...(v-r  +  l)^] 

Now,  if  ^  is  positive,  (1+^-0  1*®^  between  1  and  (1+^),  so  that 

provided  that  r>v-l. 

On  the  other  hand,  if  x  is  negative,  we  can  only  say  that 

[\i+x-ty''"%dt 

Jo  r! 

Thus,  in  either  case,  the  difference 

(l+^r-[l  +  vr  +  ...+v(v-l)(v-2)...(v-r+l)^] 
tends  to  zero  as  r  increases  to  infinity. 

If  a;  =  —  1,  it  is  interesting  to  note  that  we  can  sum  the  binomial 
series  to  a  finite  number  of  terms.     Thus  we  have 

and  so  on. 

Hence  the  sum  to  (r+1)  terms  is 

Therefore  it  is  clear  from  Art.  39  that  this  sum  tends  to  0  if  i^ 
is  positive,  to  infinity  if  v  is  negative.* 

62.  The  logarithmic  series. 

We  take  as  our  definition  (see  Appendix  II.)  of  the  natural 
logarithm  the  equation 


^°s<^+^>=£ite- 


Because  the  series  l  +  ^  +  i  +  ...to  oo  is  divergent. 
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Now  when  |a;Kl,  we  can  write 

(l^t)-i  =  l^t  +  ti^t^+,,,  to  X, 

the   series   converging   uniformly   from   ^  =  0   to  t  =  x.     Hence 
(by  Art.  52  (2))  we  have  the  expansion 

log(l+ic)  =  a;— Ja;^+-Jcc^  — ^2!*+...  to  x. 

However,  it  is  not  necessary  to  make  use  of  the  uniform 
convergence  of  the  series  in  order  to  integrate  term-by-term; 
for  we  can  write 

^  1-^  +  ^2-. ..-i-(-l)»-l^»-l-i-(-l)~     ^'* 


1  +  ^ ^  '  '^  '    1+t 

Thus      log(l+aj)=ic-ia;*+ia,-»-...-h(-l)~-i-a;^ 


Cx      fn 

If  X  is  positive,  the  last  integral  is  clearly  less  than 


r 


ir'»+^ 


0  n  +  V 

which   tends   to   zero   as   n  tends   to   infinity,   provided   that 

0  <C  a: ^  1.     Thus  the  logarithmic  aeries  is  valid*  even  for  x  =  l. 

On  the  other  hand,  when  x  is  negative,  we  can  only  say  that 

.^dt\ 

0  1+t      I 

is  less  than  tt-  •  I     t^'dt^ 

\+x    Jo 


I 


(n -hl)(H- a^y 

and  from  this  expression  it  would  be  expected  that  it*  =  —  1  must 
be  excluded  from  the  region  of  convergence  of  the  logarithmic 
series;   and,  as  a  matter  of  fact,  the  series 

has  been  proved  to  diverge  (Art.  7,  Ex.  2). 

Ariother  method. 

From  the  identity  (1 +;?•/=«» '•*«<i+", 

we  see  that  (Arts.  58,  61) 

l+yx+y(y-l)^+y(y-l)(y-2)^  +  ... 

=  l+ylog(l+2r)  +  ^[>log(l+.r)P  +  ij|>log(l+ar)]3+.... 


*That  is,  the  operation  of  term*by-term  integration  can  here  be  extended 
beyond  the  region  of  uniform  convergence  of  the  integrated  series  (compare 
Art.  47  and  Art.  52). 
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It  u  now  necessary  to  consider  whether  the  first  of  these  series  can 
be  re>arranged  in  powers  of  y  without  changing  iU  valae.  By  Art.  26, 
this  derangement  will  be  permiitsible  if  the  series 

l+i;f+i7(i7  +  l)|-*+i7(i;  +  l)(i7+2)|^+... 

is  convergent,  where  f=,j:',  17  = -y  . 

But  the  last  series  is  the  expanded  form  of  (1  -^"^,  which  is  convergent 
if  f  <1  ;  that  is,  if    x,<l.    Thus  the  derangement  will  not  alter  the  sunt. 

Hence  we  get  (from  the  coefiicientA  of  y  and  y')  the  equations 

log(l+jr)=x-i^  +  Jjr'-J-p*+...  to  X, 
i[log(l+x)P=ij:«-ix''(l+i)+i-r«(l+i+J)-lAl  +  i  +  J  +  i)+-..toao. 

Similar  (but  less    simple)  series    may   be   deduced  for   higher   powers 
of  log(H-x).     [Compare  Chrystal's  Algebra,  Ch.  XXVIIL,  §  9.] 

63.  For  purposes  of  numerical  computation  of  logarithms  it 
is  better  to  use  the  series 

which  can  be  found  from  the  previous  series  by  writing  —x 
for  X  and  then  subtracting;  or  directly,  by  integrating  1/(1— x*). 
In  either  way  the  remainder  after  n  terms  is  seen  to  be  less 

than  2a;*'*"^^ 

-        ,      3     ,      l+J    ,      4     ,      1+i     ,      5     ,      l+J 
Ex.     log-=log^,   logg  =  logj— |,   log-=log|3|. 

The  details  of  calculation  for  log  \  may  be  arranged  as  follows : 

i  =-20  00 "00  00  -20  00  00  00 

5 

J__ 

h^" 

\__ 

5*"" 

J__ 

57 

\ 

6»~ 


80  00  00 

-r3 

26  66  67 

3  20  00 

-^5 

64  00 

12  80 

^7 

1  83 

51   -r9  06 


•20  27  32  56 
2 


log  I  =  -40  54  66 
The  error  involved  in  neglecting  terms  beyond  the  fifth  is  less  than 
^«i_=a    _f_j,  which  cannot  affect  the  eighth  decimal.     Hence  the 

result  is  coiTect  to  the  sixth  decimal. 
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Similarly,  we  get 

log  J  =  2['14285714  + •00097182  +  -00001190+ 00000017] 
=  '287682  to  six  decimals, 

the  error  involved  being  again  less  than  a  unit  in  the  eighth  decimal. 

Also       log{  =  2[-lllllllH--00045725  +  -00000339+ 00000003] 
=  '223144  to  six  decimals. 

From  these  results  we  find  the  natural  logarithms  of  all  integers  from 
1  to  10  (with  the  exception  of  7,  which  can  be  found  similarly  from  log  J). 
In  particular,  we  have 

log  2=   -693147,     log  3  =1 '09861 2, 
log  5  =  1  -609438,     log  10  =  2302585. 

Of  course  other  series  than  the  above  have  been  found,  which  converge 
more  rapidly,  and  so  enable  the  logarithms  to  be  easily  calculated  to  a 
great  number  of  places.  To  illustrate,  the  reader  may  find  formulae  for 
log  2,  log  3,  log  5  in  terms  of  the  three  series  obtained  by  writing  ;r=l/31, 
1/49,  1/161  in  2(x+ia^-{-ia;^+.,.). 

64.  The  power-series  for  arc  sin  a?  and  arc  tan  x. 

If  x  =  a\n6,  we  have 

^"^     3r  5!      "' 

and  so,  by  the  principle  of  reversion  of  series  (Art.  55),  we 
can  express  the  numerically  least  value  of  0  as  a  convergent 
power-series  in  x,  the  first  two  terms  of  which  are  obviously 

0  =  cc-hi.x^H- 

However,  it  is  not  easy  to  obtain  the  general  law  of  the 
coeflScients  in  this  manner;  but  w^e  can  overcome  the  diflSculty 
by  using  the  Calculus. 

We  have  in  fact 

dic"cos0'"V(l-^')'"       2^^  "^2.4^"^2.4:6^  ^"" 

where  6  is  supposed  to  lie  between  —  ^x  and  +^7r,  so  that 
COS0  is  positive. 

do 
The  series  for  -r-  is  obtained  from  the   binomial   series  by 

writing  i/=--i  and    ^x^  for   +x:   it  will  therefore  converge 
uniformly  in  any  interval  (  — i,   -fA;)  if  0'<A:<1. 
Hence  we  may  integrate  term-by-term  and  so  obtain 

^        ,  1  ic\  1  .  3  x^     1 . 3 .  5  ;c7 
arcsma;  =  0  =  :..F2ar  +  274  ^  +  27476  7-^-' 
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which  converges  absolutely  and  uniformly  in  the  intenal 
(  — 1,  +1),  as  may  be  seen  from  the  test  of  Art.  12  (5).  Thus, 
writing  x  =  l,  we  have  a  series  for  ix. 

Although   we   have  not  found*  a   series   for  tan  or,  we  can 
easily  find  one  for  arc  tan  j:.     For,  writing  j-  =  tan^,  we  have 

dif>_     1^1 
cir  ~sec*^  ~  1 +-r 

Thus^=l-a:2+^_..+(«l)-ijj.-i+(.l)._^ 

or         ^=x-.ia?+ia:*-...+(-ir-'^|::^ 


+^"^>'loT??*' 


where  <f>  is  supposed  to  lie  between  —  h-r  and  +  Jir. 

The  integral  last  written  is  less,  in  numerical  value,  than 

Jo  271  +  1 

and  this  tends  to  0  as  ti  tends  to  oc ,  provided  that  I  a?  i  =  1. 
Hence  we  havet 

arctanic  =  aj  — ^a:^+^j:^— ...  to  x, 

where  — l=a;=+l,    —  Jx  =  arctanic^ +J7r. 

In  particular  we  have 

ix  =  l-i+i-|+.... 

Of  course  this  series  converges  very  slowly,  but  by  the  aid 
of  the  method  given  in  Art.  24,  the  reader  will  find  no  great 
difficulty  in  calculating  Jx  to  five  decimals,  from  the  first  13 
or  14  terms.     The  result  is  Jx  = '78540.. 

•We  can,  of  course,  form  auch  a  scries  by  dividing  sin  a;  by  cosx  (compare 
Art.  54),  but  there  is  no  simple  general  law  for  the  coefficients.  The  first 
three  terms  are  tana:  =  a:+ i.T»  + Ax»+... , 

and  more  coefficients  are  given  in  Chrystars  Algebra^  vol.  II.,  p.  344. 

The  method  used  in  Art.  54  shews  that  this  series  will  certainly  be  convergent 

3?         37         H* 

in  any  interval  for  which  ^1  +  7-,  +  ^, +  ...  <1 :  and  a  short  calculation  will  shew 

Zl      4!      01 

that  this  is  satisfied  in  the  interval  (-1*3,  +1*3);  but  by  means  of  a  theorem 
given  in  Art.  84,  we  can  shew  that  the  region  of  convergence  is  (-^ir,  +4Tr). 

tOf  course  the  term-by-term  integration  could  also  have  been  justified  by 
making  use  of  the  uniform  convergence  of  the  series  I  -x^  +  x*-  ... . 
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For  the  actual  calculation  of  tt  to  a  large  number  of  places,  it  is  necessary 
to  use  special  devices  to  increase  the  convergence  of  the  series ;  a  well- 
known  method  is  to  write  a = arc  tan  ^. 

Then  we  find  tan2a=/jr,  tan4a=ff$. 

Hence  tan  (4a  -  J  tt)  =  ^  J^ 

or  J  TT = 4(arc  tan  J)  -  (arc  tan  ^  J^). 

For  other  series  to  calculate  v  see  Ex.  A  48,  p.  168. 

65.  Various  trigonometrical  power-series. 

It  is  clear  from  Art.  27  that  the  expansion  of 

(l-2reos0+r2)-i  =  l+(2rco8  0-r2)+(2rcose-r2)2+...  to  oo 
may  be  arranged  in  powers  of  r  without  altering  its  value, 
provided  that*  0<;r^f. 

The  sequence  of  coefficients  is,  however,  more  easily  determined 
for  the  fraction  (1— rcos0)/(l  — 2rco8d+r2). 

1  — 2rcosd+r2        •      i    •      2     •      s      • 

where  A^,  A^,  A^,...  are  of  course  functions  of  0,     Then  we 
have  the  identity 

l-rcose  =  l+^ir       +A^7^  +^3r»+... 

-2rcos0-2J.ir2cos0-2^2r'8cose+... 

and  hence  we  get,  using  Art.  52  (5), 

^i  =  cosd, 

^-2  =  2^1  cos  0  —  1    =cos20, 

-^3  =  2  J.2  cos  0  —  J-i  =  cos  30, 

^^  ==  2^3  cos  0  — -^j = cos  40, 
and  so  on. 

Thus  we  have  the  series 

1  ~~  7*  cos  0 

- — 3— -;^=l+rcos0+r2cos20+r'cos304-...  to  00. 

1  — 2rcos0-fr^ 

If  we  subtract  1  and  divide  by  r,  we  get 
COS0— r 


l-2rcos0+r2 


=  cos0+rco8  20+r^cos30+r^cos40+...  to  x. 


*  For  1 2r  cos  ^|+r'^2|r|+r*;  and  when  r  satisfies  the  cundition  above  we 
have  2 1 r I  ■^r^=\^  <  1.     Thus  |2rcoe^ |  -hi^<l,Bs  required  by  Art.  27. 
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Combining  these,  we  get  also 
, — ^—-~^'  ::^=l  +  2rco60+2r2co8  20+2r»cos3e+...  to  oo. 

An  exactly  similar  argument  will  give  the  result 

7*  Rin  ^ 
, — s~- — /t; — ^  =  ?'8in0+r*sin20  +  r*8in3d+...  to  oo. 

By  inspection  we  see  that  all  these  series  converge  when 
r+r^+r^+...  converges,  or  when  0<;r<;i.  Thus  we  are 
led  to  enquire  whether  the  equations  are  not  also  true  for 
the  interval  (0,  1).     Now  we  find,  identically, 

1  —  7*  COS  fi 

-^ — s s^  =  l+rcose+r2co820+...+r»-^cos(n-l)0+iJ„, 

1  —  2r  cos  6  +  7^ 

where  R  ^^co8^Q-^"^'cos(^-l)^ 

"  l-2rcos04-r2 

Hence,  as  for  the  geometrical  progression  (Art.  6),  we  see 
that  lim  iJ„  =  0,  if  0  <  r  <  1,  and  accordingly  the  first  equation 
holds  for  the  interval  (0,  1).  And  the  other  equations  can  be 
extended  similarly. 

Again  we  have 

^logQ     2rco3glr^-)-         2(cose~r) 
d,.iog^l     ZrcosU+7-)^     l-2rco80+r^ 

=  -2(cose+rcos2e+r2cos30+...) 

by  what  has  been  proved. 
Hence,  integrating,*  we  have 

Iog(l-2rcose+r2)=-2(rcos0  +  ir2cos20+ir»co8  3e  +  ...), 

no  constant  being  needed  because  both  sides  are  zero  for  r=0. 
Also  we  have 

r  __  dt f^  dt  _  J_  /    rsing    \ 

Jol-2^cos0  +  ^^""Jo(^-cos6^)2+sin2e""sin0*^^       Vl-rcosd/ 

Thus  we  find 

,      /    r  sin  0    \     f  »*       sin  0  .  rf^ 

^'■^^''''Vl-rcos0/~Jo  1^2"^^  ^-H^ 

Jo 
=  r8ine  +  ir2sin20+ir3sin3e+.... 


*  Term-by-term  integration  is  permissible  because,  if0^r^fc<l,  the  series 
may  be  compared  with  1  +  ^'+^+**+...,  and  Weierstrass's  if -test  can  be  applied. 
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We  have  only  established  the  equations  above  on  the  hypothesis 
that  0  <  r  <;  1 ;  but  we  know  from  Art.  20  that  the  two  series 

COS0+ J  eos2d+^cos30+... 
sin e+l  sin  20+^ sin 36+ ... 
are  convergent,  except  the  first  for  0  =  0  or  2k7r. 
Thus,  by  Abel's  theorem  (Art.  51),  we  have 

co8e+icos2e+icos3e+...=  lim  -  Jlog(l-2rcos0+r2) 

=  '^Jlog(4sin«J0), 
and  similarly, 

cose-icos20+jcos30-...=  limjlog(l  +  2rco8  0  +  r2) 

=  ilog(4co840), 

although  a  fresh  investigation  is  unnecessary,  because  the  last 
series  can  be  deduced  from  the  preceding  by  changing  from  6 
to  TT+e. 

In  like  manner  we  have 

sin  0-f  ^  sin  20+^  sin  30+ . . .  =lim  arc  tanf  ^ ^). 

y~^  1  >  i.  ~~"  ^  COS  U/ 

Now  from  the  figure  it  is  evident  that  the  angle  in  question 
is  the  angle  ^,  which  (according  to  the  definition  of  the 
arc  tan  function)  must  lie  between  —  ^x  and  +i'7r;  so  that 
lim^  =  J(x— 0). 


Fig.  17. 

Thus       8in0+isin20+isin3e+...  =  i(7r-0),     if  O<0<2'7r. 

But  if  6  =  0,  or  2x,  the  value  of  the  series  is  0  because  each 
term  in  it  vanishes :  thus  the  series  is  discontinuous*  at  0  =  0 
and  2^. 

If  6  lies  between  2k'7r  and  2(A:  +  l)'7r,  where  k  is  an  integer, 
positive  or  negative,  we  have 
8in0+|sin20+isin30+...=J['7r-(0-2A:'7r)]  =  K(2A:+l)'7r-0]. 

'^ Hence  these  are  pointa  of  non-uniform  convergence  for  the  series  (Art.  45). 
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It  is  not  difficult  to  discuss  the  series 

/(^)=8in^+i8in2^  +  Jsin3^+... 
by  a  direct  method.    In  fact,  if  *S'„(^)  is  the  sum  of  the  first  n  terms  in 
f(0)y  we  have,  by  differentiating, 

iS„'(^)=co8^+ca8  2^+cos3^+...+co8»^=ir?^^^^4|^-ll. 

-  L     sm  J6^  J 

Thus  sm=  i^'^^J^dt-^e. 

^     Jo  sint  ^ 

Now,  by  Art.  174,  Ex.  2  (Appendix),  the  limit  of  this  integral  is  ^w^ 
provided  that  ^6  lies  between  0  and  tt  ;   and  consequently 

But  /(0)=0=/(27r). 

Thus  the  curve  y=f{0)  consists  of  a  line  making  an  angle  arc  tan  ^  with 
the  horizontal  and  two  points  on  the  horizontal  axis. 

A  glance  at  Figs.  12  and  13  of  Art.  43  suggests  the  conjecture  that 
the  limiting  form  of  the  curve  y=Sn{6)  consists  of  the  slanting  line  and 
two  vertical  lines,  joining  the  slanting  line  to  the  axis  (see  the  figure 
below).  But  as  a  matter  of  fact  this  is  not  quite  correct,  and  the  vertical 
lines  really  project  above  and  below  the  slanting  line. 

For  clearly  the  point        0=-\/n,   y=^„(A/n), 

belongs  to  the  curve  2/^Sn(0\  whatever  the  positive  number  A  may  be. 
Now,  as  n-»-ao,  this  point  approaches  the  limiting  position 

in  virtue  of  Ex.  3,  Art.  174.     Similarly  the  point 

*^  sin  t 


e=27r,  y=-|^ 


dt, 


belongs  to  the  limiting  form  of  the  curve. 

Now  the  integral  /    (sin  t/t)dt  can  have  any  value  from  0  to  its  maximum 

Jo  I 

l"85194  =  j7rx (1*1790),  which  occurs  for  A  =  x  ;  so  that  in  the  limiting  form 
of  the  curve  y=S„(6),  the  two  vertical  lines  have  lengths  1*85194,  instead 
of  ^^  =  1  "57080,  as  conjectured. 


-1'85- 


Fio.  18. 


Some  of  the  approximation  curves  y=*9„(^)  are  drawn  for  various  values 
of  n  in  Byerly's  Fourier  Series^  etc.,  p.  63  (No.  11. ),  and  in  Caralaw's  Fourier's 
Series^  etc.,  p.  49 ;  and  the  curve  n  =  80  is  given  by  Michelson  and  Stratton, 
FhU.  Mag.  (5),  voL  45,  1898,  PL  XII.,  Fig.  5. 
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EXAMPLES*  A. 

Differentiation  and  Integration. 

1.  Justifj^  the  equation 

Thus  the  series  can  be  found  in  finite  terras  if  b/a  is  rational.     [Gauss.] 
Deduce  that        1- J4-i^+...=|(;^3+log2), 

1111  ^(^      y      o\ 

^-5  +  §-A+"  =  472t'^  +  2log(V2  +  l)]. 

[Math,  Trip,  1896.] 

2.  Shew  that  if  k  and  n  are  positive  integers 

(a+nb)(a+nb+l).,,(a-\-nb+k)    Jo  ^        ^  \^  / 

Deduce  that      T i^^ ^^-^1-/)*^, 

3.  Utilise  Ex.  2  to  prove  that 

1       ■       ^       .      ^      ■       _3       1    ,(l-^y.      (J_\ 
1.2.3'^2.3.4"*'3.4.5"^""""4^     2x«'*"     2^:3      ^^\1-:f/' 

and  find  a  formula  for  the  sum  of  the  series 

1  ^  .r* 

r7i5T5"^3.6.7"^6.7.9"^'"  ' 
Obtain  the  former  result  also  by  integrating  the  logarithmic  series  twice. 

4.  Prove  that    — - — a — ^ u     =loff2-4 

1.2.3^3.4.6^6.6.7^'  ■      ^       ^' 

1.2.3"3.4.6"^5.6.7"'"'"^^^"^*^^^^ 

^  ^      +5-^--  =  K^-3).  [Ex.2.] 


2.3.4     4.6.6'6.7.8 
5.   Shew  that  with  certain  restrictions  on  a,  fi,  y, 

^("'  ^'  >'  ^)=r(a)r?y-a)/.'^''(^  -<)v-«-'(l  -xt)-l>dt, 
and  deduce  the  equation  (Ex.  13,  Ch.  VI.), 

j.(^fly  n^r(y)r(y-a-^) 

^^'^'^'^'^^     r(y-a)r(7-)3) 


'^In  a  number  of  these  examples,  the  word  expansion  is  used  as  equivalent 
to  power-series ;  and  in  some  cases  the  words  for  stifficiently  small  values  oj  x 
are  implied. 

I.S.  L 


-    0<^<1. 
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6.  The  complete  elliptic  integrals  ai*e 

^-/>-*-'-«^-f['-©T-(H)'?-}l 

7.  Prove  that 

8.  From  Ex.  13,  Ch.  YI.,  or  Ex.  6  above,  prove  that 

[Write  a=-i  /J=-i,  7  =  1.] 

9.  Multiply  the  expansions  of  (l-x)'^  and  log(l-:rX  and  deduce  by 
integration  that 

i[log(l-x)P=i^+J(l+i)^  +  i(l+i+J)a:*+.... 
[Compare  Art.  62.] 

10.  If  y=(l+a7)-"log(H-a?),  shew  that 

(l+ar)^+My=(l+:r)-". 
Deduce  the  expansion 
y-x-«(n+l)(l+jA_)^+„(„+l)(«+2)(l+_^  +  _^)|!_.... 

11.  Prove  that 
-log(l+^).log(l-x)=^+(l-i+l)f+(l-i+l-l+i)^+.... 

[By  direct  multiplication,  or  by  expanding  the  differential  coefficient 

(1 -*)-i  logo +^)-(l+ar)-i  log  (1 -j;).] 

12.  Prove  that 

V(l+a^)log[:r+V(l+^)]-^+y-|y+|7|y-.... 

Use  the  equation  (l'k-a^){-t — lj'=^am. 
Shew  similarly  that 

13.  Prove  that,  if  kl<l, 
Is  the  result  true  for  ar^l  ? 
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14.   Shew  that,  if  |  :r  |  <  1, 


<:i' 


i^^rifi   I     //I         \n  ^^     1.3  47*     1.3.547^ 

l0g»{lW(l-*)}]=-2  2-27-4  4-27O6 

15.  Prove  that 

10 


1     *<-*-')>o«rS=^^(^44)^Hi-5-^s-^§)i 

[It  is  easy  to  see  that 

I 

(1 -*«)g=(l -;r')(4:+}j:»+|*«+ ...) 

=2{*-(J-})^-a-i)«»- •••}•] 

16.  If  y=(8eca?+tan*)"*=2awa?**,  prove  that 

I  1  1 

J  '  (w+l)an+i-2|(w-l)an-i+j-i(w-3)an-»-...=wian. 

t 

[^Here  ^^mysecx,    or  (i-^+|^-...)^=my.]      [Math.  Trip.  1896.] 

17.  Verify  that 

JJ*  X^  JS^ 

i(arctan*).log(l+«*)=iSj^-/S,g-+5gy-..., 

:  where  5^=1  +  1+1  +  ...+^; 

and  deduce  that 

|log2=|5,-liS4+i/S«-....         [Math.  Trip,  1897.] 

[Here  (l+a:*)^=^(arctan47)+tIog(l+^) 

For  the  second  part,  use  Abel's  theorem.] 

Derangement  of  Expansions. 

18.  Prove  that  the  coeffipient  of  o^**  in  the  expansion  of  (l+2px+qa^)~^  is 

/-rvaMwt+l)...(w4-w-l)     r      n{m+n) p    n(n'l)(m+n)(m+n+l)  „^ 

^     ^   '  nl  ^  L  2!  "*■  4!  ^- 

— ...  I, 
"where  P=4p^lq.  -• 

Shew  that  it  is  a  multiple  of  the  coefficient  of  i^  in  the  expansion  of 

>J{l+qt)\       i-^qtj 

(1+^0*  (i+?0^  ^'  (i+fi'O' 

[JTo^A.  Trip.  1898.] 
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19.  Expand  ezp(arctanir)  up  to  the  term  which  contains  sf", 

\Malh.  TWp.  18d9.] 

[ThiB  function  Batisfies  (l+<'^);7^=y»  <uid  so  we  find  that  if 

y=l  +  Sa^/n!,  then  aj  =  l,  a„+i=an-w(n-l)a«_i. 
This  gives  a,=  l,  03= -1,  04= -7, .... 

The  pofisibilitj^  of  the  expansion  follows  from  Art  36.] 

20.  Shew  that,  if  \x\<\, 

\Math,  Trip.  1902.] 
[This  is  the  expansion  of  (2+y)*,  where  .r=2y+^ ;  use  Lagrange's  series.] 

21.  If  y^a^'^aYX'\'a^s^-\' ,.,  y  obtain  the  first  and  second  terms  in  the 

power-series  for 

1  1         ^       \        \dx 

and 


y-o^    a^x  y-«o    ^  ^y 

22.   Applj^  the  last  example  to  prove  that  if 

/(x)= (sin  X  -  sin  a)-^  -  [(x  -  a)  cos  a]"*,    f{p) = lim/(xX 


then  /[/(a)]-lim/'(ar)=|8ecSa-Aseca.      [i/o/A.  Trip,  1896.] 


23.  Prove  that  the  coefiicient  of  y"  in  the  expansion  of  (1  -  2j?y +y*)  *  is 

1.3.5...(2n-l)r         n(n-l)       ,    n(n-l)(n-2)(7i-3)    ^        T 
n!  L"^     2(2w-ir      ■*■  2.4(2h-1)(2w-3)'^        "'J' 

the  number  of  terms  being  i(w+l)  or  ^n+l. 

24.  Determine  the  first  three  terms  in  the  expansion  of 

x^/[x-\og{l+x)]. 

25.  If  [{I  -  xy){l  ~  xr/*)(l  ~  x/t/)(l  -  x/^)y^  is  expanded  in  powers  of  a:, 
the  part  of  the  expansion  which  is  independent  of  y  is  equal  to 

(1  +^)/(l  -x^){l  -  x^y.  [Math,  Trip.  1903.] 

[If  we  expand  {{\-xy){\-'xly%  we  obtain 

l+a;(y+l/y)+a:*(y«+l  +  l/y«)+^(y»+y+l/y+l/y»)+... 
=(l-aJ»rMl+x(y+l/y)+:c«(y«+l/y«)+...}. 
It  is  then  easy  to  pick  out  the  specified  terras  in  the  form 

(l-^)-2(l  + 2^:3 +  2^ +  ...)•] 

26.  Expand  (l+x)*=exp(l-ix+J^- J^+...) 
up  to  and  including  the  term  in  31^. 

[The  first  three  terms  are  e{\  —  \x-\'\ia?) ;  the  possibility  of  the  expansion 
follows  from  Art.  36.] 
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27,  Expand  the  series 

1  X      .  1.3      ^        1.3.5      ^      . 

"T"    c%t     71  "a*  ni         /«  ._vt*t"»»» 


1-a:    (1-^)3^  2!   {\-xf        3!     (l-a:^ 
in  powers  of  at,  shewing  that  the  coefficient  of  ^  is 


^•-1  +  M     ^)  (r\f{n-r)\^' 


Prove  that  the  first  series  is  equal  to  1/^^(1+0:^,  and  hence  find  an 
expression  for  Sn* 

where  /X-m,  -n,  1,  A)  is  a  (terminated)  hypergeometric  series.    [Hardy.] 

29.  Prove  that    ii<^(|r"=_L,      if -2<*<1. 

0  0    mini    \Z/  1—x 

and  i||(^^l^^(|r"-=    1  if-3<.<l, 

0  0   0     wiwiji?!    \a/  i—x 

and  extend  to  any  number  of  indices  of  summation.        [Math.  Trip.  1903.] 

30.  Shew  that  the  following  series  are  absolutely  convergent,  and  hj 
summing  with  respect  to  r  first,  shew  that  their  values  are  as  given  : 

OB         «  1  1  »         00  1 

22 


[Sterh.*] 


Special  Series. 

31  If       f(x  V)   ^   V  ^    |y^'^>   ^     y(.y--i)(y-2)    i    , 

shew  that  the  series /(^,  y)  converges  if  y+l   is  positive;   and  if  ^t;  is 
also  positive,  prove  that  the  series  is  equal  to /(t^+l,  ^-1). 

[If  x>0  and  y>0,  we  can  prove  by  Art.  46  that  /(j?,  y)  is  equal  to 

/  f'-^(l^tydt ;  and  this  can  be  extended  to  cover  the  case  0>y>  -1,  by 

Art.  175.    Change  the  variable  from  ^  to  1-^  to  get  the  final  result.] 

32.  K  {l+bx+ax^y^^l+pix+p^+p^-^,,., 

then  1  +^,%+^,2^+^,.^+ ...  ==^-^__^^^^ 

[Math,  Trip,  1900.] 
*See  Dirichlet's  Vorleaungen  uber  heatimnUe  Integrate  (ed.  Meyer),  §117. 
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38.  Shew  that  the  ram  ai  the  aqoarcs  of  the  eodBciciit*  in  tlie  Irinoinial 
power-^eriea  u 

rO±^,      ifr>-}.  [Jfot*.  ^>.  1890.] 

[Pot  as^=  -r,  y=i  in  Ex.  13,  Clu  VL,  or  in  Ex.  5  above.] 

31  P^ore  that 

log(l+x)=x(l  -x)+ix*(l  -x«)+ J^O  -Jf»)+...  . 

Discofls  the  Taliditj  of  this  equation  for  x=L 

36.  ffliew  that  at  r  per  cent.,  compound  interest,  a  capital  wiU  increase  to 
A  times  its  original  Talue  in  n  jears,  apiHx>zimatelj,  where 


X    V+2    12^-7'     '    la 


100 

Id  particular,  the  capital  will  be  doubled  in  the  time  given  bj  the 
approximation  09-3 

r 

prove  that^(x)  is  a  polynomial  of  degree  <  in  x  which  satisfies  the  equation 

/H.i=(x+a)/.+x^'. 

Shew  that/,=x+a,  /,=(x+a)2+x,  /,=(x+a)'+ar(x+a)+x,  and  that  if 
a  is  positive  all  the  roots  of /,(x)=0  are  real  and  negative,  and  that  thej  are 
separated  bj  the  roots  of /,_i(x)=0.  [Hardy  ;  and  JftUh,  IS^p.  1902.] 

37.  If  !Sa^=(l-x)"*,  prove  that 

o^x + J  Cj  x^ + J  Ojo:* + . . .  =s  arc  sin  X, 
and  deduce  that 

[For  the  latter  part,  use  Ex.  B,  2.]  [Math,  Trip,  1890.] 

Trigonometrical  Series. 

38.  By  writing  ras-xsin^  in  the  power-series  for 

arc  tan  {r  sin  0/{l  -  r  cos  $)}, 
shew  that 

arctan(a+x)-arctana=(x8in^)8in^-i(x8in^)2  8in2^+J(xsin^)'8in3^ 

where  a = cot  $,  [Euler,  ] 

39.  Prove  that  the  series 

cos  $ .  sin  ^+ico82^ .  sin  2^+}co83^ .  sin  3^+ ... 

is  convergent  and  is  equal  to  iir-^,  when  6  lies  between  0  and  tt. 
[Put  r»co8^  in  Art.  65;   or  x=cot^  in  Ex.  38.] 
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40.  Shew  that  28iD(}ir)  is  approzimatelj^  equal  to  ^V^,  the  error  being 
about  ^th  per  cent. 

Deduce  that  the  side  of  a  regular  heptagon  inscribed  in  a  circle  is  nearly 
equal  to  the  height  of  an  equilateral  triangle  whose  side  is  equal  to 
the  radius. 

41    If  tan.y_l  +  A 

tan  X    1  -  A 

deduce  from  Art.  65  that 

y-x=Asin2a?+^X^8in4F+JX^sin6ar4-.... 

42.  Obtain  the  following  definite  integrals: 

riog(l-2rco8^+r«)co8n^rf^=  -irr^ln, 

/    arc  tan  (r 3)sinn^a^=7:— , 

Jo  \l-rco8^/  2  n 


I '       COS  n6         jf^_  irr^ 
k  l-2rcos^+r«^^~l-r»' 


i 


^sinri^sin^  , o __ IT      1 
l-2rcos^+*^         2''^' 


by  expansion  in  series  (Art.  65)  and  term-by-term  integration  (Art.  45). 
Here  n  is  an  integer  and  r  lies  between  0  and  1. 

43.   By  integrating  the  equation  (Art  65) 

sin^+isin2^+j8in3^+...=(i-:F)ir, 
where  x=$l2v  and  a*  lies  between  0  and  1,  we  can  infer  the  results 

coe^H-5fCoa2^+^cos3^+...  =  (:F*-x-»-gJ7r*, 
8in^-f^sin2^+isin3^4-...  =  (|a:'-a;«+|^)7r», 


cos 


^+2fCOs2^+^co8  3^-»-...  =  (-g:F*  +  3:c^-3^+^jir*, 


and  so  on.  [D.  Bernoulli.] 

[Note  that  the  constants  of  integration  can  be  determined  thus : — The 
series  2 (cos  w^/n*,  for  example,  is  uniformly  convergent,  and  therefore  con- 
tinuous, for  all  values  of  6,  Thus,  if  1  +  02  +  02  ^•••  =  ^^»  '^^  ^^^  ^^®  ^^^ 
(a;*-ar  +  A)7r*.    Now  write  ^=7r,  and  we  get 

which  gives  A=J.    See  also  Arts.  71,  93  for  2l/»*,  2l/7i*.] 


rcoB 
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44.  Shew  that,  if  |r|<l, 
d+Jr3co6  3(?+iT*co8  5^+...=ilog(l±g^|±5), 

r8ind+Jr»8in3^+lr*8m5^+...=iarctaii(?^^5^\ 

rcoe^-Jr»co8  3d+if*coe5^-...  =  Jarctan^?^^!^V 

45.  Prove  that 

COB  ^+ Jco8  3d+ i  cos  5^+ ...  =  J  logcot*ift 
8ind+j8iii3d+j8iii5^+...=  +iir,      (0<^<a-) 
sin  ^-^sin  3^+isin  5^- ...  =1  log(8ec  0+taD  d^, 
co8^-Jcos3d+ico85d-...  =  +ix.      (-iir<^<Jir) 

The  second  series  changes  sign  at  d=v,  2?, ...,  and  is  discontinuous  for 
these  values  of  6;  while  the  fourth  changes  sign  and  is  discontinuous  at 

V  ^=  JITj     ^ITy   .... 

46.  Prove  that 

oo6^oosa+ico6  2dco8  2a+}co8  3^cos3a+...=  -  ^  log  [4  (cos  ^- cos  a)*], 
cos  ^  cos  a  -  i  cos  2^  cos  2a  +  J  cos  3^  cos  3a  - . . .  =  i  log  [4(co8  ^ + cos  a)*], 
sin  0CO6  a+i  sin  2^  cos  2a+ ^  sin  3^  cos  3a+ ...  =/(d), 
cos  ^  sin  a + ^  cos  2d  sin  2a  +  i  cos  3d  sin  3a  + . . .  =^(^, 

where,  assuming  0<a<7r, 

/C^)=-i^,    9{0)=^i(^-a\      if  0<d<a, 

/(a)=iir-ia=5<a), 

/(d)=i(7r-dX    ^W=-ia,      if  a<d<7r. 

47.  Prove  that,  if  O^d^T, 

C08  4d  .  C08  6d  .  COS8d  .  c%/i      (t^      /)\    '     rk/i  .      •    9/11        /J     •    9/]\ 

-p2-  +  -2-^  +  -3-|-  +  ...  =  co8  2d-(  2-dy8in2d+sin*dlog(4sm«dX 

sin4d  .  sin6d .  sinSd  .  •    «/i    /       «/i\  ••/!      •/!       /ii     /4*<z)\ 

-Y-2--i--g-g-  +  -5-^-  +  ...=8in2d-(ir-2d)8in*d--8indcosdlog(48in*d); 

and  find  the  sums  of 

^cosnd     g,  sin  nd 

48.  Series  for  tt. 

Since   -  tt = arc  tan  ^  +arc  tan  => 
4  2  3 

we  find      E=g__^,+  _^_...)  +  (l__^^+_i_^_...) 
both  of  these  results  are  due  to  Euler. 
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Clausen  gave  the  identity  -7r=2arctan;r+arctan=, 
which  leads  to  Hutton's  senes 

E-«ri4.2 1.2.4/1  Y     1.  i4r.2  L,2.4/xy     1 

4""10L*'^3I0^3T6Vl0y  "*'-J"*'l00L^"^3  1()0"*'3.5Vl00/  ^'"S 
Euler  also  gave  the  result 

7  IT = 5  arc  tan  = + 8  arc  tan  =^, 

which  leads  to  the  highly  convergent  series 
^-'^ri+2/M.2-4/^2  y        -1     7684r      2/I44\     2.4/144y        1 

In  writing  these  series  down,  we  note  that  Ex.  B,  2,  below  can  be  put 
in  the  form 

arctan^=^^,Ll+3  j^+3-5(^y^j  +...J. 


EXAMPLES  B. 
Elder's  Transfonnation. 

1,  Shew  by  the  same  method  as  in  Art.  24,  that 

if  ^=y/V(l+y^i    or  y=:r/V(l-^). 

Similarly,  prove  that 

if  ^^yUO^ -y^)i    or  y=^/V(l+a?«).  [EuLBR.] 

2.  By  taking  o^sl,  a2=^,  a^—\^  ...  in  Ex.  1,  shew  that  if  |y|<l) 

;7(l^log[y+V(H-y»)]=y-|y»+|^y»- ... , 

L  ■  .2   .2.4   .  , 

Deduce  that 

Ai      /1  +  V3\  2  1     2.4  1      2.4.6  1 

JZ  ^^\    J2,   /     ^     3  2^3.5  2^    3.6.7  23^'  *' 


TT  2  1     2.4  1      2.4.6  1 

2       ■^3  2"*'3.5  22"^3.5.7  23'*'*  • 


Can  we  put  y=l  in  the  first. senes?  [Euler.] 

3.   Shew  also  that  if 

then    ao6o + «i V  +  <^^  +  •  •  •  =  ^o/W - (^^o)-^* ^ + ^^^^-^i  d^"  "" 

[Euler.] 
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4.   In  particular,  if  On^n^,  we  find 

00=0,  2>flo=-l,  ^00=6.  /)»ao==-6,  Z)*ao=0. 

Thus  from  Ex.  3,  S^JC-^Cx+ac^+J^fi*. 

Similarly,  2^4-'=(x+7*«+6j:3+a?*)«». 


1  n: 


JSr  is  an  integral  multiple  of  e,  and  in  particular 

Si^e,  52=26,  5s=5c,  iS|=15e,  55=52«, 

iSo=203«,  ^7=8776,  i58=4140e.  [Wolotbnholme.] 

6.  By  integrating  the  formulae  of  Ex.  2  above,  prove  that  if  |y|<I, 

Are  these  equations  valid  for  y=l?  [J/o/A.  Trip,  1897  and  1905.] 

7.  From  Ex.  4  above,  prove  that  if 

*Sn=l'+2»  +  3»+...+w», 

|;5,f^=lj;tf«(x3  +  8x«+14x+4), 
and  that  f  (  - 1)""**^*  ^=0.  [Math,  Trip.  1904.] 


ni 


Shew  similarly  that 


Obtain  these  results  also  by  differentiating  the  exponential  series  and  the 
series  for  (1  -  x)"^. 

8.  Apply  Euler's  method  to  prove  that 

1         a:  X*  x^ 

m    m+1     m  +  2    m  +  3 

9.  Apply  Euler's  method  to  prove  that 

where  F(a,  ^  y,  ^)=1 +^:r+^i^±iM^^+....    [Gauss.] 
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Miscellaneotifl. 

10.   If  y=2jr/(l+A'*)  and  \x\,  |y|  are  both  less  than  1,  shew  that 

*    2^2  4^2. 46^2. 4. 68^"" 
[4r={l  — v/(l— y*)}/y  >  <"  ^y  liagrange's  eeries.] 

IL   If  y=2r/(l-A-*)and  «=x+||+|j+..., 

shew  that  ,=_^y__y-+_^_...j. 

ao  that  (Ex.  2)  |=|(i_|^+|^Jy-...).] 

12.  From  the  expansion  of  (1-^r'  determine  the  vahie  of  tj2  to  12 
decimal  places.    [1*414213562373.] 

Obtain  in  the  same  way  the  cube  root  of  2  from  the  expansion  of 
<l+^fy)^.    [1-25992105.]  [EuLER,] 

Theorems  of  Abel  and  Frobenius. 

13.  With  the  notation  of  Ex.  9,  shew  that 

..    F(a,  13,  y,  x)        T(y)  .-     ^   ^o 

il!S(l~^r)v->-^~lWW      ^^><^+^' 

14.  If  ^non  is   convergent,  so  also  is   I)a„  (Ex.   2,  Ch.   III.),  and  if 

/(x)=^2a^,  then 

2na„  =  lim  {/(l)-/(^)  >/(!  -  a-).  [Stolz.] 


[Note  that  (I  -  ji^)ln{l  -  x)  gives  a  decreasing  sequence  of  factors,  and 
apply  AbeFs  theorem.] 

15.   If  Vn{x)  decreases  as  n  increases  and  limt7A(^)=l}  extend  Art.  51  to 

prove  that  if  ^a^  is  convergent  or  divergent  (to  +ao), 

lim2anVn(^)=2a»  or  oo. 

Also  shew  that  if  BJAn  tends  to  a  definite  limit  l, 

lim  { ^nVn(x) }  I  { 2a„v„(.r) }  =  l^ 

provided  that  An  is  always  positive  and  that  A„  tends  to  oo. 
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16.  If  the  coefficients  a^,  6„  satisfy  the  conditions  of  Ex.  15,  and  /«.(^*) 
decreases  as  n  increases  (but  is  always  positiveX  prove  that  S6»/«(jr)  will 
converge  provided  that  2a„/„(.r)  does,  if  lim  J,/,=0.  Deduce  that  when 
/n(l)=0,  and  lim2a„f„(x)=o->0,  then  lim26,/,(jr)=o^^. 

[Apply  the  lemma  of  Art.  153.] 

17.  If  Ai7»  =  i7,  — »«+i,  A^i',  =  r„  — 2»,^.l^-r„+2,  and  Hm(?ii;„)=0,  shew  that 

Writing  fjjc)^^^^^  in  Ex.  16,  shew  that  if  A'p,  is  positive,  and  if 

lim7i*A*r„=0, 


then  the  series  A^o + ^^H + 3^*1*4  + . . . ,  t^o  -  2»i  +  3»,  -  417, + . . .  converge  and 
are  equal.  If  further  Vn  has  the  limit  1  as  a;  tends  to  1,  then  the  last 
series  has  the  limit  ^  as  :r  tends  to  l.| 

18.   Use  the  method  of  Ex.  17  to  shew  that  if  A^r^  is  positive,  and  if 
lim7iAi;«=0  and  limi7„  =  l,  then  lim(vo'-»i  +  i;2-P3  +  ...)=i» 


[For  another  method  see  Ex.  3,  Art.  24.] 

19.  From  Ex.  15,  prove  that 

20.  Establish  the  asymptotic  formulae  (asjr-»>l), 

1,     /    1    \  ,    ^n(-jF)" 


S.       ^             1.      /    1    \  ,     «n(-JF)-  1      I 

rvj^locrlz )    and    z^-^ — K^<^-> -t 


i7i(14-a:")       2     *\1-^/  T  1-^**  41-a: 

[The  difference  between  the  two  sides  of  the  first  is  less  than  i ;    in 
the  second,  multiply  by  l-o:  and  use  Ex.  18.] 

21.  On    the   lines   of    Exs.    17-20   establish   the   following   asymptotic 
formulae  (as  x-*\) : 

f     X  3^  a^  \         IT       1 

Vr=^     l-:r»"'T^     ••7'^4"l-^' 
where  C  is  Euler's  constant.  [CbsIro.] 

Lagrange's  Series. 

22.  Shew  that,  if  n  is  a  positive  integer, 

(^  +  a)'»=r +?ia(^  +  6)"-*  + ... +?i,^(a -r6)*--X^+r6)"-*"  + ... +  a(a-n6)"-S 
where  iir  is  the  ordinary  binomial  coefficient 

w(n-l)...(n-r+l)/r!  [Abkl.] 
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[Take  the  result  of  Ex.  4,  Art.  56,  multiply  by  €",  and  equate  coefficients 
of  x^jnl. 

Several  authors  have  considered  the  validity  of  the  equation,  also  due  to 
Abel, 

but  their  results  cannot  be  given  here.  We  may  remark,  however,  that  the 
theorem  fails  if  <l>{t)  is  log^  or  a  negative  power  of  t  The  most  recent 
results  are  due  to  Pincherle  {Acta  Math.,  Bd.  28,  1904,  p.  225).] 

23.  Prove  that  the  coefficient  of  x^-^  in  the  expansion  of  [j?/(«*-l)]" 
is  (-l)"-\  [WoLSTENHOLME ;  tiJid  AfatL  Trip.  1904.] 

Prove  that  the  coefficient  of  ^**~^  in  the  expansion  of 

(l+a:)»»-K2+^)-" 
is  i.  [Math.  Trip.  1906.] 

[Use  Lagrange's  series  (1)  for  y=e*- 1  ;  and  (2)  for  log(l  -y),  where 

y = ^(2  +  ^)/(l  +  a:)2  =  1  -  1  /(IH-  x)^.] 

24.  Expand  i^  and  log^  in  powers  of  Xy  where 

t-fi^t-<^=(a-fi)x, 

and  determine  the  interval  of  convergence. 

[Write  ^*-P=l+y  and  apply  Lagrange's  series  ;  or  otherwise.] 

25.  If /(^)  is  a  power-series  in  x,  whose  lowest  terra  is  Xy  shew  that  the 
coefficient  of  l/x  in  the  expansion  of  [l//(^)]",  in  ascending  powers  of  .r,  is 
n  times  the  coefficient  of  of*  in  the  expansion  of  g{x)y  the  function  inverse  to 

Determine  the  coefficient  for  the  following  forms  of  f(x) : 

(1)  sinx;  (2)  tenjr;  (3)  log(l+^);  (4)  l+a;-V(l+^; 

(5)  sinh^;  (6)  tanh.r.  [Wolstenholmb.] 

[The  results  are : 

<1)  0  «»•  o'!'«'"^""n  •'      (2)  0  or  ( -  1)'«-'V^ ;  (3)  l/(« - 1) ! ; 

2.4.0 ...  (w  — J) 

<4)  i«  ;  (5)  0  or  (  -  iy-«*  l^^-  --J"  --^\  ;  (6)  0  or  1. 

a.  4.  b  ...  ^w—  1) 

The  values  0  occur  when  n  is  even.] 

26.  If  x=y{a-{-y\  prove  that 

^"a    a3"^1.2a6     1 .  2.3  a7^-^^       ^      7i!(n- 1)!  a«»-^^'"  ' 
[Use  Lagrange's  series;  or  expand  i{-a+V(a*+4r)}.] 

27.  Use  Lagrange's  series  to  establish  the  equation 
where  t^x{\-x)  and  |  ^  |  <  i. 
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28.  Pix)ve  that 

4<3.6.7<*    8.9.10/7^ 
arctanx-«-^^  +  ^   2g      1.2.3  7^'"' 

where  ^=ar(H- j;^)  ,^^1  U  |'  <  A- 

29.  Shew  that 

2!  (»  — 1)! 

[Math,  Trip,  1903.] 

[This  is  the  coefficient  of  l/x  in  the  expansion  of  {.v{l  -jr)}~*(l  -2x)~^,  and 
is  therefore  equal  to  na^  if 

2a^"  =  —  i  log(l  -  2xX  where  y = a*(  I  -  or). 

Hence  ^o^y** «  -  J  log(l  -  4^)»  or  a„= 4"~Vn.] 

An  alternative  way  of  stating  the  result  is  to  say  that  the  sum  ofthejlrst  n 
terms  in  the  binomial  series  for  (1  -i)""  is  eqiial  to  the  remainder. 

30.  Extend  the  method  of  Art.  55  to  prove  that  if 

y=a^  +  a^'{-a^a^-\-,„^ 
there  are  two  expansions  for  x  of  the  form 

^i=^y*+^2y+^sy*+—i   :c^^  -hy^ ■\-h2y -h^^ -\- ... , 

Shew  also  that  if  g{x)=CQ'{'CiX-\-c^-^.,,^ 

9{^\) +9{^%) = 2co + fl?iy + d^?/^ + d^  + . . . , 
where  nd^  is  the  coefficient  of  l/x  in  the  expansion  of  ff'(x)ly". 

31.  As  a  particular  case  of  the  last  example,  shew  that  if 

y  (1  +  or  +  6x*  +  cjt' +...)= :f^, 
then  ^i+^2=oy+(a6+c)y*+... . 

32.  If  y=^(l+i5r)""',  we  find  Xi+:r2=2a„y'*, 
where  ai=sm,  a2  =  m(2m-l)(2w-2)/3 !, 

a3  =  »i(3m-l)(3m-2)(3w-3)(3m-4)/5!,  etc. 

33.  It  is  easy  to  write  down  the  general  forms  for  the  expansion  of  Xi+Xg 

in  the  following  cases : 

i/=x^-^ax^ ;      y=x^€^. 

Differential  Equations. 

34.  If  P=Pq-\-PiX+p^^-\-„.,     §=yo+9'i'^+9'«^*+«-- 

are  two  power-series  which  converge  for  |  .r  |  <  /?,  prove  that  the  difTerential 


equation  rf2y        ^/y 


(/./•-'        dx 

has  solutions  of  the  type  y=AQ+AiX+A^x^+,.,, which  also  converge  for 
\x\<IL  Here  Aq  and  A^  are  arbitrary,  while  A^,  A^,  A^,,.,  are  linear 
combinations  of  Aq  and  Ai. 
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[Assaming  the  coovergence,  we  obtain  at  once  the  conditions 
«(»-l)J„=(w-l)il„-i/)o+(n-2)/l„_,/)i  +  ...  +  JLPn_, 

Thus,  as  in  Art  55,  we  see  that  Bn^\AnU  ^^  ^i  =  Mil>  ^o^l^ol  ^^^ 

n(n-l)5«=n^n.iif4-(«-l)^n-»7  +  ...  +  25,^,+5o^i, 

where  r<R  and  M  is  such  that  \pn\<M/r^,  \qn\<M/r^*\ 
We  then  find        w(n-l)5„--(7i-l)(n-2)^n-i=w5n-i-a/, 

8o  that  Um{Bn-i/Bn)=r. 

Thus  'ZB^  converges  if  |jr|<r;  and  so  we  find  that  2-4^^'  converges 
U\a;\<E  by  taking  2r=|ari  +  /f.] 

35.  With  the  same  notation  for  P,  Q  as  in  the  last  example,  prove  that 
the  differential  equation 

has  solutions  of  the  type 

where  t{t-l)=tpQ+qQ  and   A^  is  arbitrary,  the  other  coefficients  being 
multiples  of  i^o. 
[If  (f  is  the  other  root  of  the  quadratic,  we  find 

n(n-ht-OAn={(n-l+t)pi+qi}An-i+.,.-¥itpn'^qn)AQ, 

which  may  be  compared  with 

n(n-S)5n=if{(n+T)%=^+(n-l  +  T)^»+...+(l+T)^«}, 

where  S=|^-^|,  t=U|,  \pn\<M/f^,  |^„|<iV/r",  and  7i>8. 

If  we  take  Bq=\Aq\  and  ^,=1^,1  so  long  as  p^6,  we  shall  have 
\An\^Bnf  when  n>S.     Further, 

r{n(7i-5)5„}-(«- 1)(«  -  I  -  5)y?„_i=i/(7i+T)5n-i, 

so  that  lim(Bn-i/Bn)'=r. 

Thus  we  prove  that  "^A^x^  converges  if  |.r|</if,  as  in  the  last  example. 

The  general  method  requires  modification  if  8  is  an  integer,  when  dealing 
with  the  smaller  root  of  the  quadratic,  since  then  {n-\-t-f)  vanishes  when 
n=8;  a  description  of  the  changes  will  be  found  in  Forsyth's  Differential 
Equatiims  (3rd  ed.),  pp.  235-243.] 

36.  Suppose  that  f{x^  y)  is  defined  for  values  of  x^  y  such  that 
and  that  y^  ^y^  +  [  /(x,  y„_i)rfx,      (w  =  1 ,  2,  3, . . . ). 
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Then  y^  approaches  as  its  limit  a  continuous  function  of  x^  say  ?;,  which 
satisfies  ^^  _  //       \ 

for  sufficiently  small  values  of  \x-Xq\,  [Picard.] 

[It  is  assumed  that  for  these  values  of  x^  y 

\f\<M,  |/(x,y')-/(*.y)l<^iy-yl. 

where  M  and  A  are  constants ;  and  so  in  particular  /(^,  y)  is  a  continuous 
function  of  y. 

Then  l^n— yol^^-^l-^^-^oli  *^<^  ^o,  if  c  u  the  smaller  of  a  and  hjM^  the 
values  of  y^  fall  within  the  prescribed  limits,  provided  that  \x-~Xq\<c. 

Suppose  now,  for  brevity  of  statement,  that  x>x^:  then 

ly«+i-yn|=f  \f{x,yn)-f{x,yn^i)\dx<A  (  \yn-yfi-.\\dx 

and  \yi—yQ\<M(x—XQ)<Mc. 

Thus,  by  integration  we  find 

\yi'-yi\<iMA{x-x^y<iMAc^, 


and  generally         | yn - yn-i \<:^MA "-* {x - ^o)"<  — , MA'^^c*, 

Thus,  by  Weierstrass's  rule,  y„  and  (similarly)  -|^  converge  uniformly  to 
■t  ax 

their  limits  77,  -^. 

ax 

Also,  g=lim^=lini/(x,  }/^,)=f(x,  r,), 

because  /(^,  y)  is  continuous  as  regards  y.] 


CHAPTER  IX. 

TEIGONOMETEICAL  INVESTIGATIONS. 

66.  Expressions  for  cos  nO  and  (sin  nd/sin  6)  as  polynomials 
in  cosd. 

We  have  seen  (Art.  65)  that 

Iog(l-2rcos0+r«)=-2(rcosd+jr2cos2e+jr»co8  3d+...). 
But 
log(l-2rcosd+r2)=-[(ry-r2)+J(ry-r2)«+i(ry-r2)»+...] 

where   y  =  2co8  0;   and,  further,  the  latter  series  may  be  re- 
arranged in  powers  of  r,  without  alteration  of  value,  provided 

2 
that  O^r^f.     It  is  therefore  evident  that  -coa  n6  is  the 

n 

coefficient  of  r*  in  the  expression 

^(ry-r2r+^(ry-r»rH...+(ry-r2), 

because  (ry— r^)*+^  (ry— r*)"+',  .••  contain  no  terms  in  r*. 
Thus 

n  n  n—1 

■  /     ^^(n-8)(n-a-l) ...(n-2a+l)  ^_^ 
'^^    ^  (n-8).8\  ^ 

"l    •  • •  > 

the  number  of  terms  being  either  J(7i+1)  or  i(7^+2). 
Hence 

2cos7id  =  y*-ny--«+^?^^^=^y»-*--... 

,/     Tv.'>i(n-«-l)(n— s-2)...(ti-2«+l)    ^.j, 

+(-ir jt y 

i"  •  •  •  • 

I.S.  M 
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Similarly,  we  have  seen  that 
raind 


l-2rco8d+r« 


=r  sin  e+r^sin  2d+r»8in  30+ .... 


Hence  we  deduce  that     . — ^  is  the  coeflScient  of  r**"*  in  the 

sin  6 

series  l+(ry-7^)+(ry-r^f+{ry'-r^f+.... 

Thus 

1      •  •  •  * 

where  the  number  of  terms  is  either  Jn  or  l(n+l).  We  note 
that  this  formula  can  be  deduced  from  the  last  by  differentiation. 
It  is  therefore  evident  that  both  cos  nO  and  sinnd/sind  are 
polynomials  in  cosd,  of  degrees  n  and  (n  — 1)  respectively.  But 
for  some  purposes  it  is  more  useful  to  express  the  functions- 
of  nd  in  terms  of  sin  ft  This  we  shall  do  in  the  following 
article. 

Before  leaving  the  formulae  above,  it  is  worth  while  to  notice  that  if 
we  write  y=<+l/<,  instead  of  2co8^,  then  1 -^y+r•=(l-rfXl-'■/0• 
Hence    log(l-ry  +  r»)  =  log(l-rO  +  log(l~r/0=  -2-r«(^+r"X 

and  so,  from  the  foregoing  argument,  we  get  the  algebraic  identity 

f*+f""=y"-«y""'+...  as  above. 

Simaarly,  lldr.V')     _L  ^         2r-(r-r-), 

l-ry  +  r"     l-rt     l-rjt  ^  '^ 

and  so  we  find       — r_x=y*'"*-(w-2)y""'+...  as  above. 

67.  Farther  forms  for  cosTid  and  sin^id. 

In  the  formulae  of  the  last  article  change  d  to  (}'t— 0) ;  then 
y  =3  2  sin  0,  and  we  find 

(  _  l)m2  cos  2m0 = y*«  —  2my^"*+ . . .  to  (m+ 1)  terms, 

(-nm-i     s^^^^^    -^ym-2,/2^,2)y^"'-*+...  to  m  terms, 
^       ^      2smdco8  0     '  ^  ' 

in  case  n  is  even  and  equal  to  2m. 
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But  if  71  is  odd  and  equal  to  (27n+l\  we  have 
(-l)'»2sin(2m+l)0=y*'"+*-(2m+l)y*'"""H...  to (m+1)  terms, 

(,.l)m^(^^+^)^^ym_(2m--l)y^-'+...to(m+l)teiiDS. 

However,  these  formulae  take  a  more  elegant  shape  when 
arranged  according  to  ascending  powers  of  sin0;  of  course 
it  is  not  specially  difficult  to  rearrange  the  expressions  alge- 
braically, but  it  is  instructive  to  obtain  the  results  in  another 
way. 

If  y  =  sin  710  or  cosn0,  we  have 

Now  write  a;  =  sin0,  and  we  have 

Now,  if  we  consider  the  expression  given  above  for  cos  2m0, 
we  see  that  when  n  is  even,  cosiid  can  be  expressed  as  a 
polynomial  of  degree  n  in  x,  containing  only  even  powers ;  thus 
we  can  write 

cos  710  =  1  +  J-gflJ*  +  J-^aj*  +  . . .  +  J.n(B» 

the  constant  term  being  1,  because  0  =  0  gives  cos7id=l,  a;  =  0. 

If  we  substitute  this  expression  in  the  differential  equation, 
we  find 

(1 -x«)(l .  2 .  u42+3 .  4^44x2+ ... +(w- l)ti^„aj*"*) 
-  «2(2^2 + 4^4^^  + . . .  +  7iu4„aj"-2) 
+ 7i2(l+ ^gjrH  ^4^:*  + . . . + ^«a?»)  =  0. 
Thus        1.2.^2+^2  =  0,  3.4..44+(7i2-22).42  =  0, 

.n^  «n     A  -^     ""'    A  «!^>!ll?!)    A  -     n\n^--2^)(n^^^^) 
and  so    A^=-^,  A^=^ ^1^ ,  A^-^ gj , 

etc. 

n^        nHn^ — 2^) 
Hence  C087id  =  l  — ^T^*"' ^i ^^  — •••  ^  ^(^^+2)  terms 

when  n  is  even. 

Similarly,  when  n  is  odd,  we  find  that  sin  Tid  is  a  polynomial 
of  degree  n,  which  contains  only  odd  powers  of  x ;  thus  we  write 

sin  710  =  7105 + J-jic* + J-gCB^ +...+ -4„a:'*, 
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'JL^  £r5«  coeSdiesii  hrir.g  iecerziiaed  by  eonsidermg  that  for  6=0, 


jr=0,  -^^=1. -^-sin  Jit*»=». 


OQ  scbstitui:  :*!,  we  £i>i 

Thus     3.2.^,+i..--1..5=0.  5.4.^j+«/i'-y>J3=0,..., 
giving 

.  f-i    .-—1*1    ,       ;il  .•*— 1-M  li*— 3-)    t 

smr«^=Mjr ^^^ jr'H — jr— ... 

to  J<n  +  1)  terms, 
rt  being  oZ'i. 

To  verifr  the  a!z«l»ruc  identitv  between  these  results  and  those  of 
Art.  66,  consider  the  case  ii=6L    Then  Art.  66  giT^e« 

2cvt5  6<?=7*-67*-97^-2 

^*r  c»«6<?=32ci«?*c'-4Scv*5*tf-rlSciL«2t^-l. 

C*hange  from  6  to  (ts--^  and  we  get 

cos6^=l-lSsin5^+48sin*^-32sin«(/ 

,     6^       ./i    er-K^-^)  .  .^    6^f6*-2-K6*-4«)  .  ,^ 

in  agreement  with  the  formula  for  cosui?. 

Again,  consider  the  case  ii=T  ;  we  have,  from  Art.  66, 

2cos  7^=7^-7/  + 14y»-77 
or  coe7^=64cos"^-112coe^(?+56cos5e^-7coe^. 

Hence,  changing  ^  to  ^-^,  we  have 

sin 7^=7 sin  <?-568in'<?+1128in*^-64sin»^ 

^-,ing-i(ZL;l!).in»<>+'<-'-':)<^-^^d,»o 

•J .  o . 

7(7^^iy7^^^3')(7t-5«)^^,^ 

By  differentiating  the  formulae  just  obtained  for  sin  n0  and 
cfmnO,  we  find 

-^^^=1 — 2r^ui^^+ V. ^sm*e-... 

.  to  K^  +  1)  terms, 

when  n  is  odd;  and 
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COS0  3!  5! 

to  |n  terms, 
when  n  is  even. 

The  reader  may  shew  that 

cos  7^/co8  ^=  1  -  24  ain^^+SO  sin*^  -  64  8in«^ 
and  that  sin  6^/co8  ^= 6  sin  ^  -  32  sin^^  +  32  sin*^, 

and  compare  these  formulae  with  those  of  Art.  66. 

68.  The  expressions  obtained  in  the  last  article  are  restricted 
by  certain  conditions  on  the  form  of  n.  Let  us  now  see  if  these 
conditions  can  be  removed  in  any  way. 

Take  for  example  the  series 

1/  =  l-2yic2+_^_ Ix^^...,      (aj  =  sine) 

which  was  proved  to  terminate  and  to  represent  costid,  when 
n  is  even. 

If  71  is  an  odd  integer,  or  is  not  an  integer,  the  series  does 
not  terminate.  It  is  natural  to  consider  whether  it  is  con- 
vergent, and  if  so,  to  investigate  its  sum. 

The  test  (5)  of  Art.  12  shews  at  once  that  the  series  converges 
absolutely  when  1 03 1  =  1 ;  and  so,  as  we  have  explained  in 
Art.  60,  the  series  converges  ^ahsolutely  and  uniforTrdy  for 
kl^l. 

It  follows  that  y  is  continuous  for  all  real  values  of  d,  and 

as  on  p.  179,  it  sfiitisfies  the  equation  -7^+"n.^y  =  0, 

From  this  equation  it  follows*  that  y  is  of  the  form 

A  cos  nO+Bsin  nO, 

Now  for  6=0,  we  have  y  =  l,  ^1=0. 
Thusu4  =  l,  5=0,  and  so 

COS710  =  1— stO^H ^^-n ^03*—...  to  00 

2!  4! 

for  any  value  of  n. 


^This  obviously  satisfies  the  equation;  and  since  the  solution  contains  two 
arbitrary  constants,  no  other  solution  can  be  found  (Forsyth,  Deferential 
EqtuUicns,  Art.  8). 
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Similarly,  we  find  that  all  the  other  formulae  of  Art.  67  are 
valid  for  any  value  of  n,  provided  that  |  a  K  1  and  that  the 
series  are  continued  to  infinity. 

It  should  however  be  noticed  that  the  third  and  fourth  series 
are  not  convergent  when  |  a;  |  =  1 ;  but  they  converge  absolutely 
for|aj|<;i,  and  uniformly  for  \x\^k<^l. 

69.  Various  deductions  from  Art.  67. 

We  know  that  we  can  write. 

BinnO 


sind 


=  'M+-4osin20+...+-4n-i8inL""*ft       ("n.  odd) 


or      —, — ji ;;=n+J?„sin*0+...+-Bn-2sin^*"*d>      ("^  even) 

sm0cos0  ^  ^ 

where   the  coefficients  are  the  same  as  those   worked  out  in 
Art.  67,  but  are  not  needed  in  an  explicit  form  at  present. 
Now  the  left-hand  side  vanishes  for 

6=±Tr/n,  ±2x/7i,  ±STr/n,.,., 

so  that  the  right-hand  side  (regarded  a.s  a  polynomial  in  sin  6) 
must  have  roots 

sin  0  =  ±  sin  (tt/ti),  ±  sin  (2x/7i),  ±  sin  (Sir/n), 

When  n  is  odd,  there  must  be  {n  —  l)  of  these  roots  whic. 
are  aU  difierent;  and  these  can  be  taken  as 

.    r.      ,    .    TT      ,    .    27r  ,    .    (ti— l)x 

sin0=±sm— ,   ±sm — , ...,    +sm^^ — ^    ^    . 

n  n  2n 

But  if  n  is  even,  there  are  only  (ti  — 2)  different  roots,  namely 

.    /I      ,    .    X      ,    .    2x  ,    .    (7i  — 2)x 

Thus  we  have  the  formulae 
(n  odd) 

BJnne^    /       sin^ey        sin^g  \       f  sin^g       "1 

sin  6         \       sin^a/ \       sin^2a/  "   L       sin^ J(n  —  l)aJ 

{n  even) 

sin  710  /     ^sin^^Yi      sin^gX       ["  sin«g       1 

sin0cos0'"'^V       sinWV       sinW  "•  L       sin2i(7t-2)aJ 

where,  in  each  case,  a  =  Tr/n, 
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If  we  compare  these  with  the  explicit  forms  given  in  Art.  67,  we  can 
<leduce  other  identities,  such  as 

""6        sin^a'^wE^"'' •••■•■  sin''i(w-l)a'      ^"^  "^^ 

w«-4_     1.1.  1  f  V 

6    ""8in*a"^sin22a'^-'^sin2i(7i-2)a»      V^  ^^> 

In  a  similar  way  we  prove  the  identities 

y     r^^\    cos7i0_/       sin^ey^       sin^dX       V  sin^g       ~| 

^^"^^    "^3^  "  V  ""  SH^A^  "  SS^y  •  •  •  L^  "  8in«(7i  -  2)/3j' 

in  even)    co87i0  =  l  1 — ^-obKI — ^-ooo)  •••    1 — =-8? tts  » 

where  )8  =  x/27i  and  only  the  odd  multiples  of  )8  appear. 

On  comparing  these  with  the  forms  of  Art.  67,  we  see  that 

n^-l  1       .        1        .  1  .        .r. 

"~2^"'i55^'^Sn?3J3"*"-"^sin8(7i-2))^'      ^'''^'*^ 

17  = -r-9-3 +  -7-9^-3+...  H — r-«7 7T75>      in  even), 

2     Biu^p    sin*3j3  8in2(»-l))8'      ^  ' 

Again,  if  we  consider  the  formulae  of  Art.  66,  it  is  evident 
that  (cos  nO  —  cos  n\)  may  be  expressed  as  a  polynomial  of  degree 
a  in  CO8  0,  the  term  of  highest  degree  being  2*"*cos'*ft     But  the 
-xpression  (cos7i0  — costiX)  is  zero  if 

n6=^±n\,  2x±nX,  4t'jr±n\,.., 

Thus  the  factors  of  the  polynomial  in  question   will  be  n 
different  expressions  of  the  form 

COS0— cosX,  COS0— cos(X±2a),  cos0— cos(X±4a), ... , 

-where  a,  as  before,  is  used  for  ir/n. 

It  is  easily  seen  that  the  n  different  factors  can  be  taken  as 

cosd— cosX,  COS0— cos(X  +  2a),  CO8  0  — cos(X  +  4a), ... 

cos  6 — cos  (X  +  2  (71  —  l)a), 

l)ecause  cos(X  — 2ra)  =  cos  (X  + 2(71— r)a). 
Hence  we  have  the  identity 

•  n-l 

COS710— cosnX  =  2*~*  n  [cos0— cos(X  +  2ra)]. 

r=0 

If  we  write  d  =  0  in  this  expression  we  have 

sin2 jTiX  =  2»*-«'n  sin2(iX + ra), 

r«0 
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or,  with  a  change  of  notation, 

amn0=  ±2*''  n  sin {O+ra). 

But  the  sign  must  be  +,  because,  if  0  <  0  <  a,  all  the  factors 
are  positive,  and  it  is  easily  seen  that  both  sides  change  sign 
together  (as  6  passes  through  any  multiple  of  a). 

70.  Expression  of  sin  d  as  an  infinite  product. 

We  have  seen  in  the  last  article  that,  if  n  is  an  odd  integer^ 

sin  710  ^  *<!lz  1 Y  _  sin V  \ 
nsmtp"  r=i  \       sinVa/ 

where  a^irjn.    Thus  if  we  write  7i^  =  0  we  have 


sin  e      ^*^n'Ti  _  sin^Ce/Ti)-! 
7isin(0/n)      r«i  L       sin*(r7r/n)J' 


To  this  equation  we  apply  the  general  theorem  of  Art  49; 

we  have,  in  fact,* 

8in2(0/ti)  I       0« 


sin^(r7r/7i);       4r^* 
because  rTrjn  is  less  than  ^tt.     Now  this  expression  is  inde- 

pendent  of  n,  and  the  series  2^/"^  ^^  convergent;  consequently^ 

the  theorem  applies.     But  we  have 
lim7^sin(0/7l)  =  0, 


n-»-oo 


sin^(r7r/7i.)     „->.„7i^sin2(?^/7i)     t^tt* 


n->oo 


Consequently,  ^^  =  n  (l  -  ^i^;^)- 

The  special  value  6  =  ^^  leads  at  once  to  WaUis'a  Theorems 

^-Tlfl       M     f^(2^-l)(2r+l) 
ir~  1  V      A^)~y         2r.2r 

IT    2    2   4   4    6    6       . 
°''  2=I'33'5'57  ••*°°°- 


*  We  see,  by  differentiation  or  otherwise,  that  sin  xjx  decreases  as  x  increasea 
from  0  to  iir:  thus 

l>(sina?)/x>2/ir,       if  0<ar<4ir. 
Consequently,  sin(nr/n)>2r/n,      if  r<,\n. 

Also  I  sin  9/n  I  <  I  djn  \ ,  for  any  value  of  $ ;  and  so  the  inequality  foUows. 
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By  combining  the  formula  for  sind  with  the  results  of 
Art.  42,  we  see  that 

n(a;-l).n(-ic)  =  ^-^,  =  r(aj).r(l-a;). 

It  is  perhaps  worth  while  to  refer  briefly  to  an  incomplete  "proof" 
given  in  some  of  the  older  booka  Since  sin  6  vanishes  for  ^=0  and  for 
0=±nry  and  since  lim(8in  $10)=^ I,  it  is  urged  Uiat  sin  S/O  must  be  of  the 

form  given  above ;  but  exactly  the  same  argument  would  apply  equally  to 
the  function  a^sin^,  where  a  is  any  real  number,  so  that  this  "proof" 

only  suggests  that   Ilil--^]  may  possibly  be  of  the  form  a^ sin 0/6; 

it  cannot  prove  that  a  is  1.    In  this  connexion,  it  may  be  noted  that  if 

we  separate  I--2—2  ^^^  factors  fl U   fn — j   and  then  take  more 

positive  than  negative  factors  (say  p  positive  to  every  q  negative  factors), 

the   value   of    the   product   is    f £j   /?!:5^j.        See   Art.    41,   and   write 

A  satisfactory  proof  on  these  lines  involves  some  knowledge  of  function- 
theory  ;  a  good  proof  is  given  by  Harkness  and  Morley  {Introduction  to  the 
Theory  of  Functions^  Art.  112). 

We  have  already  pointed  out  the  danger  of  applying  the  theorem  of 
Art.  49  to  cases  when  the  Jf-test  does  not  hold  good.  An  additional 
illustration  of  this  risk  may  be  given  here. 

Since  sin(ir-<^)=8in</»,  it  follows  that  the  values  of  sin(rr/w)  when  r 
ranges  from  ^(t^+I)  to  (^—1)  are  the  same  as  those  when  r  ranges  from 
1  to  J(«-l),  but  in  the  reverse  order. 

Hence  »m'g       Jfi'  fl  -  ii^(Ml 

and  if  we  apply  the  theorem  here,  we  appear  to  get 

which  contradicts  the  result  obtained  before.     Of  course  the  explanation 
is  that  the  inequality  ~=~~2^~/  \<73  is  ^^  longer  true,  since  nrln  may 

be  greater  than  ^ ;  and  it  is,  in  fact,  impossible  to  construct  a  convergent 
comparison-series  ^M^ 

71.  Expressions  for  cosd,  cotd. 

The  reader  should  find  no  difficulty  in  expressing  cos  d  as  an 
infinite  product,  following  the  lines  of  the  preceding  article. 
We  have  in  fact  (Art.  69) 


COS0=     n        1 .      0/       ;q       \      » 

r=i  L       8in*(r7r/27i)J 


where  n  is  even  and  r  is  odd. 
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Here  the  comparison-series  is  SO^'r*,  and  the  result  is 

cos  0= ^^1 t)  [  1  ""32Z2J  \1  ""5r~2J  •••  • 

Alterafttire  methods  are  to  write  coe  B^—^^ .  — o— ,  and  appeal  directly 

to  the  product  of  Art.  TO;  or  to  write  W-B  ioT  $  in  that  product  and 
rearrange  the  factors. 

To  express  cot0,  we  know  that 

sin0=Msm-    n     1--.-^-^^ — ^,      (n  being  oda) 

n   r=i  L       sm-(rx/«)-J 

and  so  if  we  take  logarithms  and  then  differentiate,  we  have 
the  identity 

./I     1      .^     *^^'^2      sin(e  H)cos(e/yO 

COtt7=    -cot >, ^-^, ^-r »    9//\i     \> 

n        n       ^    n  sm-(rx  n)—siD^{d/n) 

assuming  that  6  is  not  a  multiple  oi  x. 

To  this  identity  we  apply  the  theorem  of  Art  49,  and  our 
first  step  is  to  obtain  a  comparison-series  ZJ/n 

Now  (see  footnote,  Art  70,  p.  184) 

8in*(r7r/>i)  >  4/'^  «*,       provided  that  r  <  Jti  ; 
also  sm\en)<^;n^. 

Thus,  sin2(r7r;»)-sinH0  «)>(-*'^-^)/'^* 

for  all  values  of  r  such  that  ?i>2r>0;  and  consequently 

:2      sin(e^»)cos(e  n)     '  ^    2  0;  .-  .n^^^i^ 

Since  d  is  fixed,  there  may  be  a  fixed  number  of  terms  (i.e, 
a  number  independent  of  n)  at  the  beginning  of  the  expression 
for  cot0  for  which  the  last  inequality  is  not  valid.  But  for 
the  rest  of  the  terms  we  can  use  the  comparison-series 

2  2|e]/(4r2-n 

which  is  obviously  convergent  and  independent  of  n. 

To  these  terms  we  can  apply  the  theorem  of  Art.  49;  for 
the  fi^xed  number  of  terms  preceding  them  no  special  test  is 
necessary* 


•No  teat  of  this  character  is  requisite  for  any  ^xed  Dumber  of  temia;  the 
object  of  Art.  49  is  to  enable  ub  to  handle  a  sum  the  number  of  whose  terms 
tends  to  00  with  n. 
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Now,  lim— cot  — =  7;  lim  (-/tan— )  =  7: 

n^^n       n     dn^<K>\nl        nJ     d 

and  lim  ^  ^^OMcosje/n)    _       6 

n  sin*(rx/7i)  — 8in^(0/n)     r^x'^— 0^* 


n— ►» 


Thus,  cote  =  l-±^^^,  =  l  +  ±^^^;^. 

This  result  can  also  be  derived  at  once  from  the  product  for 
ain  6,  by  differentiating  logarithmically ;  we  should  then  use  the 
theorem  at  the  end  of  Art.  48  to  justify  the  operation. 

In  exactly  the  same  way  the  identities  (p.  183), 

^ZIJY I (nodd) 

6n»         f   »«8in«("r/n)      ^"  "^^ 

1        "~^  1 

and  TT  =  E    ^  .  ». r        (^  ocW,  n  even) 

2     T  w«8in2(r7r/2«)        ^  '  ^ 

give,  on  applying  Art.  49,  the  two  series 

1     •    1  1     "         4 

1+1+1+1+    -£! 

and  1+1+4  +  1+     ^^, 

Of  course  there  is  no  difficulty  in  deducing  the  second  of  these  from  the 
first,  because 

"P+3I+5I+7J+ VT«     2«'*"32'*'45'*'"*/     V22+45  +  e*        7 


■"\^''4AT^"*"2*'^32"^4«"*"**7' 


the   transformations   being  justified  by  Art.    26.     [Compare   Exs.    2,  3, 
Ch.  IV.] 

To  elaborate  further  details  of  analytical  trigonometry 
(although  of  great  interest)  would  lead  us  too  far  afield.  We 
shall  therefore  content  ourselves  with  making  a  reference  to 
Chrystal's  Algebra,  vol.  2,  ch.  XXX.,  in  which  will  be  found 
a  large  number  of  useful  and  interesting  identities. 
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EXAMPLES. 
L  From  the  formula  (of  Art  68) 

sin (771^)= fusing ^-^^ — ^8in'^+...  to  qd, 

obtain  a  power-series  for  (arc  sin  x)*:    namely 

g(arcsinx)»=2  3+(^p+3^J274T+lr«+^+6"«;2:4:6y+--  ^  "^^ 

2.  From  the  formula  for  sin  n$  given  at  the  end  of  Art  69,  prove  that, 

if  a=fl-/w, 

cot^+cot(^+a)+...+cot{^+(»-l)a}=iicot7i6', 

cosec*  ^-»-coeec*(^+o)+ ... +coeec*{^+(»- l)a}=»*coeec*  n^. 

[Math,  Trip.  1900.] 

3.  If  n  is  odd  and  equal  to  2m  +  l,  shew  that 

2  tan*(r7r/«)=J«(ii -!)(»«+» -3).       [Math.  Trip.  1903.] 

4.  If  71  is  odd,  shew  that 

N-l 

2  co8ec*(nr/7i)=J(7i*  — 1). 

r-l 

If  n=abc,..k,  where  a,  6,  c,  ...,  it  are  primes,  shew  that  the  above  sum, 
if  extended  only  to  values  of  r  which  are  prime  to  71,  is  equal  to 

J(a«-l)(6«-l)(c2-l)...(it«-l).      [Math.  Trip.  1902.] 

5.  Shew  that  the  roots  of  the  equation  j!^-s^+\=^Q  are  given  by 

AV7  =  2sin(?ir),  2  8in(firX   28in(?ir). 
[Write  y=2sin^  in  the  formula  of  Art  67  for  sin  7^.     Then  we  get 

3^=7(^2- ly  or  y»=±V7(.y«~i). 
To  distinguish  between  the  two  sets  of  three  roots  note  that  2sin(firX 
28in(f?r)  are  both  greater  than  1,  while  2sinf^  lies  between  -1  and  0.] 

6.  Shew  that  the  roots  of  the  equation 

3:5+^-20?- 1=0 
are  2cos(Jir),   2  cos  (fir),  2  cos  (fir). 

[The  formula  of  Art.  66  for  sin  16  shews  that 


4C08«J,    4C082^,    4cos«^ 

7  7  7 

are  the  roots  of  y^  —  f>y^ + 6y  —  1  «0. 

The  substitution  y=^+2  leads  at  once  to  the  required  result] 
7.  Shew  that,  if  l^^l  <  1, 

l--2a:cos2^+j;g^^^^'^^^^^^"*"^^^^^'^*""^^^^^^^"*"^^^"^'"' 
and  deduce  that,  if  y=2co8  2^, 

cos  13^ 


cos  6^ 


=  /  -  /  -  6y* +4/+ 67*  -  3y  - 1. 
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8.  Sum  the  series  S{x)  which  is  obtained  by  omitting  all  terms  for 
-which  7t  is  a  multiple  of  k  from  the  series 

sin.r +isin  2ar+ J  sin  3jf+ ... . 
Shew  that  if  0<t<k,  the  greatest  integer  in  ^  is  equal  to 

^(k-l)-^s(~f^  .  [ElSBNSTBIN.] 

9.  Sum  the  series 

-jl  sin ^-^rjsm 3^4-^2 sm 6a:— ...jH — I  sm:r-^8in2a?-|--8in3a:-...  I . 

The  sum  is  the  smaller  of  —  and  1  if  0^x<ir, 
10    Tf  «  _(^  +  «i)<^  +  <^)  "•  (n+ak) 

where  Sa=D6  and  none  of  6|,  62)  ••*)  ^  ^^  zero,  then 

-  Bin  M  sin  (g^x)  ■■■  sin  (fl^  ^U^^^^^j 

-00  sm  (oiir)  sin  (OjTt)  . . .  sm  (OjkTr) 

If  2)5 -2a =8,  shew  that,  if  the  accent  implies  that  7i=0  is  excluded, 

—  00  y    >oo     —  y 

Further,  if  lim(ji/v)=k,  we  have 


—  V 

00 


Determine  the  value  of  II' (Wn**'")?  'w^here  w=0  is  excluded  and  some  of 

—00 

^1)  ^8«  *•*>  ^k  ^^  zero. 

11.  Prove  that     ^:±£  fr  (l-^ )««/-= ?iEZ(^±f) 

*nd  ftri_^1=l_?|B!££.  [EULEE.] 

_„  L      {n-cyJ         sm^TTC 

Why  cannot  the  first  product  be  written  without  an  exponential  factor  ? 

12.  Shew  that 

(1  -  x){\  +  jt^)(l  -  \x){\  +  \x). . .  =i  cos  {^x)  -  sin  ( Jir^). 
[Group  the  terms  in  pairs  and  apply  Ex.  21,  Ch.  VI.,  obtaining 

^G)'-(!) 

or  write  out  the  product  form  for  sin{j7r(l-.ip)}/sin(^).] 

13.  Prove  that  D  fl  - ,    ^'f  ,,1  =  -  ??^.  [Euler.] 

_«  L      {mr-\-xyj         smx 
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14.  Determine  the  limit  of  the  product 

where  /a,  v  tend  to  oo  in  such  a  way  that  lim  (ji/v)=zk. 
16.  Shew  directly  from  the  products  for  sin  ^  and  cos^  that 

8in(j7+j7r)=cosx,     cos(x+^)=^  -sin^F, 
and  deduce  the  periodic  properties  of  the  sine  and  cosine. 

16.  Deduce  the  infinite  product  for  sinar  from  the  equation 

sin  (irx)  =  2ar  J      cos  {2xt)dt 

by  means  of  the  series  for  cos  (2^0  in  powers  of  sin^  (Art.  68). 

17.  Shew  that  .    /     v         ^,r/      ^\     1 

sin  (irx) = 7r.r  n'  M  1  -  ^  )«^" J, 

ircot(7r:F)--+ rf-J-+-)=i+2'--r^» 

7r[cot(ir^)-cot(7ra)]==  2  (^ L_)==  |  _?LlfL_ 

-;^\x-n    a-nj     ^(ar-w)(a-n) 

00  '1 

Tf^  cot  (ttj?)  COSeC^TTO?)  =  2  z — - — , 

-^{x  —  ny 

t2                   "1*1 
cosec*  {tcx)  -  -  cosec'  (irx)   =  2  t ^  •  [Euler,] 

In  the  first  and  second  equations  the  accent  implies  that  7^=0  is  excluded. 

18.  Deduce  from  the  last  example  that 

+y       1 
lim    2    -: =7rcot(7r^) 

v— •-0O  nss-v  ^  —  ^ 

and  limfi      2     -, \, xl=-^, 

where  in  the  double  summation  all  values  m=n  are  excluded. 

19.  Shew  that 

~i        2jc      ,       2x  2x 

[We  can  get  the  expansion  for  cosecr  from  the  identity 

cosec  X = cot  (^x)  —  cot  x. 
The  second  series  can  be  derived  from  the  series  (equivalent  to  the  first) 

cosec  .r=--( + ]  +  { — -iz — I ?r-)-... 

X     Xx-TT    x+ttJ     \x-2ir    x+2Tr/ 

by  writing  or +Jir  for  x  and  grouping  the  terms  differently.] 
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20.  Shew  that 

Deduce  the  value  of 

vT^  1  1 

^  Ln    n+^+(-l)'»-iyJ' 

n=0  being  excluded  from  the  summation.  [Math.  Trip.  1896. J 

21.  Prove  that 

22.  If  the  general  term  of  a  series  ^u„  can  be  divided  into  partial 
fractions  in  the  form 

tt«=2-^,        where  2J=0, 
a  n-\-a 

ao 

then  2  ^*n = 2-4  ^  cot  {air\ 

—00  o 

where  all  the  numbers  a  ai'e  supposed  different  from  zero. 

23.  Find  the  sum  of  the  series 

|.,      5n-2 


the  value  7i=0  being  excluded. 

00 

24.  Find  the  value  of  2^*,  where 

1 

_      A  lA  B  C    , 

^""(2w- 1)3    (2w)3"*"(2/i-  1)«"^(2«)« ' 

and  determine  -5,  C  so  that  (2w-  l)3(2n)3«„  may  be  quadratic  in  n. 

25.  We  have  seen  (Ch.  VI.,  Ex.  11)  that  if 

rr(i)r(on\rr(2)r(OT.riX3)r(oT. 
'^'=LT(Th)"J  "^LTpTo  J  ■^Lr(3+oJ  ^•" ' 

then  iS,+i=^(2^-l)^,~|,      if^>i. 

Now         '^I'^e^*  ^y  '^''*"  "^^j  *^  ^®  ^^^ 

1  ^Q 


CHAPTER  X. 

COMPLEX  SERIES  AND  PRODUCTS. 
72.  The  algebra  of  complex  numbers. 

We  assume  that  the  reader  has  already  become  acquainted 
with  the  leading  features  of  the  algebra  of  complex  numbers. 
The  fundamental  laws  of  operation  are: 

If  x  =  i+iii,    x'  =  i'+iii\ 

then  x+x'=^^+^'  +  i{9j  +  fj')y  (addition) 

a;  —  cc'  =  ^—  ^' + i  (j;  —  rj'),  (subtraction) 

OCX' = ^^ —fjrj'+i  (^j{ + ^fj)j  (multiplication) 

^-^§0+i^i^'      (division). 

It  is  easily  seen  that  these  laws  include  those  of  real  numbers 
as  a  special  case ;  and  that  these  four  operations  can  be  carried 
out  without  exception  (excluding  division  by  zero).  Further, 
these  laws  are  consistent  with  the  relations  with  which  we 
are  familiar  for  real  numbers,  such  as 

x{y+z)  =  xy+xz, 
xy  =  yx,    x(yz)  =  (xy)z. 

Thus  any  of  the  ordinary  algebraic  identities,  which  are 
established  in  the  first  instance  for  real  numbers,  are  still  true 
if  the  letters  are  supposed  to  represent  complex  numbers. 

It  is  natural  to  ask  whether  other  assumptions  might  not  be  made 
which  would  be  eqtially  satisfactory.  Thus  the  analogy  for  addition  might 
suggest  for  multiplication        a:a/=^^'-\-trfrj'. 

But  this  is  inconsistent  with  the  relation  x-\-.v=2xy  since  ^=2  would 

then  give  2^=2^+iX0)  =  2^, 

whereas  x-\-x=^+£+i(r)+rj)=2^-\-2irj. 


[72,  73] 
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Since  the  assumption  p= -I  together  with  the  ordinary  associative, 
commutative  and  distributive  laws  are  sufficient  to  fix  the  law  of  multiplica- 
tion, we  might  try  to  find  some  other  law  of  multiplication,  by  assuming 
that  t^=a-\'tfiy  where  a,  P  are  some  fixed  real  numbers.  It  can  then 
be  shewn  (see  Stolz,  Allgemeine  Arithmetik,  Bd.  II.,  pp.  8-12)  that  we 
are  either  led  back  to  the  assumptions  made  above,  or  else  we  are  forced 
to  admit  the  existence  of  numbers  ^j,  jtj  such  that  the  product  x^t^  is 
zero  without  either  x^  or  x^  being  zero. 

73.  Arfifand's  diagram. 

The  reader  is  doubtless  also  familiar  with  the  usual  represen- 
tation of  the  complex  number 

by  a  point  with  rectangular  coordinates  (^,  rj). 


Fio.  19. 

But  it  may  be  convenient  to  give  a  brief  summary  of  the 
method. 

If  we  introduce  polar  coordinates  r,  0,  we  can  write 

X  =  r (cos  6+isin  6), 

We  shall  call  r=(^*+j;*)^  the  absolute  value  of  x  (it  is  some- 
times also  called  the  modulv^  or  the  norm  of  x) ;  and  we  shall 
denote  it  by  the  symbol  \x\.  This,  of  course,  is  quite  consistent 
with  the  notation  used  previously;  for  if  x  is  real,  \x\  will 
be  either  +x  or  —  aj,  according  as  aj  is  positive  or  negative. 

We  call  6  the  argument  of  a?:  it  is  sometimes  called  the 
phase  or  amplitude  of  x. 

From  the  diagram  the  meaning  of  x+x^x-^x'  is  now  evident. 


i.s. 


Fio.  20. 
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If  we  draw  throuo^h  A^  AB,  CA  equal  and  parallel  to  0A\ 
then  B,  C  are  respectively  x+x'  and  or— x'.  The  fact  that 
x+x'=x'+x  is  represented  by  the  geometrical  theorem  that 
AB  is  equal  and  parallel  to  6^  (Euclid  L  33). 

Since  OB<OA+AB   or    OB<OA  +  OA', 

we  have  the  relation    x+x'  <:i\x'+\x'\, 
and  similarly.  x-x'\<'x\+ x'\. 

Again,  supposing  OA'<iOA,  we  have 

OB+AB>OA    or    OB>OA^OA\ 


Thus,  x+x'  >  J!-;— 

and  so  also  jo:— x',>| 


•r-.-Til        if 

X   —   X    ) 


x\>\x\. 


It  is  easy  to  prove  similarly  that 

\x+y+z  +  u\<:x\+  y\+^z]  +  \wl 
and  generally,  that  1 2a*  K  2  x  . 

These  facts  can  be  proved  algebraically,  thus,  consider  the  first  inequality 
and  write  ^=:.r+jr'.,  so  that  ^=(f +f)*+(i7+V)'. 

Then  we  have  7?* = r^ + r'« + 2  (ff '+>;»/). 

Hence  (r  +  r')*  -  ^= 2(rr'  -  f f  -  rjif), 

and  this  is  certainly  positive   if  d'+tpj'  is  zero  or  negative.     But  if 
ff'+W  is  positive,  we  have 

80  that  rr'^f^'  +  Tji/, 

the  sign  of  equality  only  occurring  if  ^»/~^'i/=0. 

Thus  in  all  cases  {r+ry-R^^O 

or  r  +  r'-AgO, 

and  the  sign  of  equality  can  only  appear  if  ^'?'-^'i?=0  and  i^'+rp)'>0; 
which  is  represented  geoiuetrically  by  supposing  that  OA'  falls  along  OA. 

74.  Midtiplication ;  de  Moivre's  theorem. 

If  we  multiply  together  the  two  numbers 

X  =  r (cos  0 + 'i  sin  0),   x'  =  r  (cos  O'+i  sin  ff), 
the  product  is  found  to  be 

xx' = rr\coQ  0  cos  d'  -  sin  6  sin  0') + irr'(cos  d  sin  d' + sin  6  cos  ^) 
=  rr'  [cos  (e  +  ff)+i  sin  (0 + 0')]. 
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Thus  the  absolute  value  of  xx'  is  rr  \  or 

I  iCu/  I  — —  I  tZ/ 1  •  I  M/  L 

and  the  argument  of  xx'  is  Q-Vff,  the  sum  of  the  arguments 
of  X  and  x\ 

In  particular,  if  r'=l,  the  product  a;(cos6'+isin0')  is  equal 

to  r[cos(e+eO+'isin(d+0')]- 


It  is  therefore  clear  that  if  ^  =  cos6+isin0,  t^  is  equal  to 
cos2e+i8in2d;  ]t»  to  cos 36+ i sin  30;  ^Uo  cos(-0)+isin(-0); 
and  so  on,  as  indicated  in  the  diagram. 


Fig.  22. 

Hence  if  n  is  any  whole  number,  positive  or  negative,  we  have 

(cos  6 + i  sin  0)"  =  <**  =  cos  110 + i  sin  710. 

To  interpret  P^**,  where  Wj  and  n  are   whole   numbers,  we 
agree  that  the  law  of  indices  (^»*/'*)"  =  ]t"*  is  still  true. 

Hence  if  ^''*/'*  =  p(cos0+tsin0), 

we  have         p'*(cos  n<p+i  sin  n<p)  =  cos  m0 + i  sin  mO ; 

thus,  /o^=l,  and  n<p  =  m6+2k'7r, 

where  k  is  any  whole  number. 
That  is, 

t^^l^  =  cos  |-  (me + 2k7r)\  +  'i  sin  |  -  (m0 + 2kTr)\  ; 

thus  t^l^  has  n  different  values,  given  by  taking  Aj=0,  1,  ..., 
ti.  — 1.     The  case  k=^0  constitutes  de  Moivre*s  theorem. 
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A  large  number  of  elegant  geometrical  applications  have  been  given  by 
Morlej,  some  of  which  will  be  found  in  Harkness  and  Morley's  Introduction 
to  the  Theory  of  Analytic  Functions,  chapter  II.     We  note  a  few  samples  : 

1.  The  triangles  Xj  y,  z  and  a/,  y,  z'  are  directly  similar  if 

=0. 


X, 

y» 

z 

A 

y, 

z' 

1, 

1, 

1 

^,  y,  « 

=0  and 

<hky 

1,  1,  1 

2.  If  the  tiiangles  Xy  y,  z  and  x\  y\  sf  are  directly  similar,  any  three 
points  dividing  xaf,  yy\  zz  in  the  same  ratio  form  a  third  similar  triangle. 

3.  The  conditions 

yz+xWy  zx-k-yWy  xy+zw  =0 

a  >      ^  »  r 

1    ,  1,1 

(where  a,  )S,  y  are  real  numbers)  are  respectively  the  conditions  that  x,  y,  z 
should  be  coUinear,  and  that  x,  y,  r,  w  should  be  concyclic. 

75.  Oeneral  principle  of  convergence  for  complex  sequences. 

If  Sn=^Xn+iYn,  we  say  that  the  sequence  (Sn)  converges, 
when  hotli  (Xn)  and  (Yn)  are  convergent;  and  if  Xn-^X^  and 
Yn-^Z  we  write  Sn^X+iY, 

The  necessary  and  sufficient  test  for  the  convergcTice  of  the 
sequence  (Sn)  is  that,  corresponding  to  any  real  positive  number 
€,  however  small,  we  can  find  an  index  77i  such  that 

I  ^n  — ^m  l<C  f,         if  71  >  m. 
To  prove  this  statement,  we  observe  that 

l^n->^«l*=(x„-A'„)2+(rn-r„)2, 

SO    that  |^n-*^m|^|^„--V„|  +  |r„-l«| 

and  I^S'n  — &»|  =  |  A'n  — X^l,      |'S„-.S,h|  =  |  ^n—  -J^ml- 

Now,  if  (Sn)  converges,  (Xn)  and  (  F„)  are  also  convergent,  so  that  we  can 
find  9n  to  satisfy 

\Xn'-X„,\<i€,      |7„-7„»|<j€,         ifw>Jrt, 

and  consequently  |*Sn-/S„|<€,      if  «>m; 

80  that  the  condition  is  necessary. 

On  the  other  hand,  when  this  inequality  is  satisfied,  we  have  also 

|Zn-Z„|<€,       |rn-r,,|<€,         if    /l  >  W, 

and  therefore  the  sequences  (Xn\  (  Vn)  are  convergent. 

Thus  (Sn)  converges  ;  and  therefore  the  condition  is  sufficient. 

As  an  application  of  this  principle  we  consider  the  interpreta- 
tion of  r,  where  <  =  cos0  +  isin6  and  a  is  irrational.     We  note 
as  a  preliminary  that 
I  (cos  0+i  sin  0)-(cos  V^+i  sin  V^)  I  =  2 1  sin  ^(0— ^)  |<  1 0— \/r  |. 
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Now,  if  (on)  is  any  sequence  of  rational  numbers  which  has  a 
as  its  limit,  we  can  find  7n  so  that 

|ttn-am|<e/|0|,       if  n>m. 
Thus 

I  {cos(a„d)+isin(an6)}  -  {cos(a^0)+i8in(a„»6)}  | 

<|a„-a^|.|d|<6, 

if  ii>m;  and  so  the  sequence  ^*"  =  cos(an0)+isin(and)  is  con- 
vergent. It  is  therefore  natural  to  define  T  as  lim  it**;  but  it  is 
of  course  to  be  remembered  that  all  the  limits* 

lim[cosan(0+2A7r)+isina«(0+2A;x)]      (A=±l,  ±2,  ±3,  to  oo) 

may  equally  well  be  regarded  as  included  in  the  symbol  <*.  Thus 
special  care  must  be  taken  to  specify  the  meaning  to  be  attached 
to  T;  for  most  purposes  it  is  sufficient  to  retain  the  value  which 
reduces  to  1  when  6  is  zero  (that  is,  the  value  given  by  Aj  =  0). 

Convergence  and  divergence  of  a  series  of  complex  terms. 

If  an=in+i%y  we  have 

Then  if  ^1+^2+ •••  ^  ^  *^^  ^i+%+**-  ^  ^  ^^^  separately 
convergent  to  the  sums  s,  t  respectively,  we  say  that 

converges  to  the  sum  8+ it. 

But  if  either  2^„  or  2/7„  diverges  (or  oscillates),  we  say 
that  ^Zan  diverges  (or  oscillates). 

It  is  easy  to  see  from  this  definition  and  the  foregoing  dis- 
cussion for  sequences  that  the  necessary  and  stufficient  condition 
for  convergence  is  simply  that,  corresponding  to  the  real  positive 
fraction  e,  we  can  find  m  such  that 

I  ^m+i  "r^m+2  "!■•••+  ^hn-^p  \  "^  ^t 

no  matter  how  great  p  may  be. 

In  like  manner  we  obtain  the  definition  of  convergence  of 
an  infinite  product  of  complex  factors;  but  in  ordinary  work 
we  need  only  absolutely  convergent  products,  which  we  shall 
discuss  in  Art.  77. 


*AU  these  values  are  unequal,  because   no  integer  k  makes  ka  equal  to- 
au  integer;  of  course  k  must  not  be  aUowed  to  vary  with  n. 


1 
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76.  Absolute  convergence  of  a  series  of  complex  terms. 

K  dn^in+'i^fln  and  if  2 1 a„ |  is  convergent,  we  shall  say  that 
^n  is  ahaolutdy  convergent  It  is  evident  in  this  case,  from 
Art.  18,  that  the  separate  series  'E^^  'Efj^  are  both  absolutely 
convergent,  because 

|^n|  =  |a»|  and  |i/n|  =  |an|. 

It  follows  therefore  that  2a^  is  convergent  in  virtue  of  our 
definition  (Art.  75);  and  by  Art.  26  the  sums  2^,^,  Ziy,  are 
independent  of  the  order  of  the  terms.  Hence  also,  the  sum  of 
an  absolutely  convergent  series  is  independent  of  the  order  of 
arrangement 

It  ifl  perhape  worth  while  to  give  a  graphical  illuetration  of  the  method 
of  inferring  the  convergence  of  'Zon  from  S|aN|. 

Let  «n=<^i+aj+...+anj 

o"n=|a,|  +  |a,|  +  ...  +  |a«|, 
and  represent  the  numbers  in  Argand's  diagram,  as  below : 


^.  ^^•^^ 


Fio.  23. 
Bj  definition  we  have 

0<i=Oa"i,    <|<2~^i^8)    '2*s~^a^s>    ®^* 
Thus  «««p  =  o-na>,      by  elementary  geometry. 

But  we  have     o-„<Tp^<rrt(r,      if  p>n, 

where  <r  represents  the  sum  2|a„|=lim<T„. 

Now,  by  the  definition  of  convergence,  we  can  choose  n  to  correspond 

to  €,   so  that  0r„O-  =  0r-O-„<€. 

Consequently,  n  can  be  found,  so  that 

Sn8p<fi      if  p>n; 
or,  geometrically,  all  the  points  Sp  mtist  lie  within  a  circle  of  radius  €,  whose 
centre  is  s„.    Since  c  can  be  taken  as  small  as  we  please,  the  last  I'esult 
shews  (see  Art.  75)  that  the  points  Sp  must  cluster  about  some  limiting 
point  »,  which  may  be  on  the  circle  but  cannot  be  outside  it. 
The  diagmm  indicates  the  circles  with  centres  ^2>  *sj  ^4' 
An  alternative  form  of  diagram   has  been  proposed  by  G,  H.  Ling, 
Annals  of  Mathematics  (2),  vol.  5,  1904. 
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It  is  of  course  obvious  from  what  has  been  said  as  to  series 
of  real  terms,  that  absolute  convergence  is  not  meceasa/ry  for 
convergence.  An  example  of  a  complex  series  which  converges, 
although  not  absolutely,  is 

=  -a-i+*-i+...)+^a-i+*-++...). 

For  both  real  and  imaginary  parts  converge,  by  Art.  21 ;  but 
the  series  of  absolute  values  is 

which  diverges  by  Art.  7  (Ex.  2)  or  Art.  11. 

It  is  evident  from  chap.  IV.  that  the  sum  of  a  non-absolutely 
convergent  series  may  be  altered  by  derangement. 

77.  Absolute  conyergence  of  an  infinite  product  of  complex 
factors. 

The  infinite  product  11(1+ an)  is  said  to  be  absolutely  con- 
vergent if  the  product  II(l  +  |a»|)  is  convergent.  It  follows 
at  once  that  if  2a,  ia  ahsolutely  convergent,  so  also  is 
n(l+a,). 

For  we  know  that  S  |  a,i  |  converges :  and  so  by  Art.  39  the 
two  products  II(l  +  |a»|)  and  11(1  — |a»|)  are  convergent. 

But  we  have  still  to  shew  that  (in  the  case  of  complex 
products)  simple  convergence  can  be  deduced  from  absolute 
convergence.    Now,  if  |  a^  |  <  1,  we  have 

l-\aJ^\l+aJ^l  +  \aJ, 


and  so         n(l-|a„|)^ 


11(1+ a.) 

TO+1 


^  n  (1+1  a.  I). 

m+1 


Also,  since  n(l  +  |a„|)  converges,  it  follows  from  Art.  39 
that  2|an|  converges,  and  therefore  also  11(1  — |  a,  |)  is  con- 
vergent;  thus  we  can  find  7n,  so  that 

1W+P  m+p 

n(l-|aj)>l-e  and  II  (l+|a,|)<l  +  e, 

TO+1  m+1 

however  small  €  may  be. 

Hence  we  can  find  m,  so  that 


n  (l+a„)  <l+e, 


l-e< 

iowever  small  e  may  be,  and  however  large  p  may  be. 
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That  is,  n(l+a„)  satisfies  the  general  condition  for  con- 
vergence;  and  so  the  product  is  convergent. 

It  is  easy  to  modify  the  proof  of  Art.  41  to  shew  that  if 
2a„  is  absolutely  convergent  the  value  of  11(1+ a^)  is  unaUereA 
by  changing  the  order  of  the  factors. 

78.  Pringsheim's  tests  for  absolute  convergence  of  a  com- 
plex series.* 

Of  course  the  conditions  of  chap.  II.  can  be  applied  at  once 
to  the  series  of  positive  terms  2|a„|;  but  since 

it  is  evident  that  the  square-root  complicates  some  of  the  tests. 
Of  course  the  tests  of  Art.  9  can  be  at  once  changed  to 

lim  Cn* .  I  ctn  1^  <C  ^,       (convergence) 
lim  Dn^ .  I  ^  I  ^  >  0,         (divergence) ; 

but  the  same  transformation  cannot,  as  a  rule,  be  applied  to 
the  ratio-tests  of  Art.  12. 
Thus,  the  condition 

iimri):|-^'-i^.+.i>o 

is  by  no  means  sufficient  to  ensure  the  convergence  of  Z|an|; 
because  whenever  liuxDn^oo  (which  is  usually  the  case),  the 
above  condition  does  not  exclude  the  possibility 

which  may  occur  with  a  divergent  series. 

For  instance,  with  l/an=n\ogn  and  Dn=n    (n>2),    wb  have 

>2(»+l)/logn, 
because  log(l  +  l/n)>l/(n  +  l). 

Thus,  limr2^J^*-2)0»oc, 

but  yet  2|a„|  diverges.    [See  Art.  11  (2).] 


DJ 


*  Arehiv  fur  Math.  u.  Phys.  (3),  Bd.  4,  1902,  pp.  1-19. 
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It  can  be  seen  that  here 

lirafi),!-^  -i)n+ll=0. 

Pringsheim  therefore  introduces  the  conditions 

lim  \Dn  I  -^  ^  -  ^^1  >  0,      (convergence) 

Im^r2)n|-^i'-%i1  <o,      (divergence) 

which  are  substantially  equivalent  to  the  conditions  of  Art.  12, 
For  if  the  first  condition  is  satisfied,  we  can  find  p  and  m  so  that 


D. 


a. 


Thus 


D. 


2     n 


«+i 


/>. 


^p>0,      if  n>m. 


«n+l 


-^-^V[|£r.h¥]- 


Now  in  all  cases  of  practical  interest,*  it  is  possible  to  assign  an  upper 


limit  to 


a. 


G^»+l 


and 


n 


n+l 


A 


,  say  I ;   then  A 


Cf. 


ttn+l 


-^n+i=p/2^,  and  so  the 


condition  of  Art.  12  is  satisfied. 

But  if  the  second  condition  holds,  we  can  find  m  so  that 

r/)Ji!=--/),jr|;^+%il<0,      itn>m        . 

L       I  a„+i  J  L  I  On+l         l>n  -J 

so  that  the  first  factor  must  be  negative. 

79.  Applications. 

It  is  eaay  to  transform  Pringsheim's  conditions  by  writing 
D^zsf(n)  as  in  Art.  12  (3),  and  then  we  find 


limiCn>0,  convergence]   \imKn<iO,  divergence, 


where 


a 


n 


«n+i 


^^^^7(n)+f(n)' 


The  only  fresh  point  to  notice  is  that  [/'(«')]7/('»i)-*^0. 


x->x 


in  virtue  of  L'Hospital's  rule  (Art.  152);  now  we  assumed  that 
f\x)^0,  and  so  [f(x)]^/f(x)  also  tends  to  zero. 
In  particular,  let  us  take 

(l)f(n)  =  h    (2)f(n)  =  n,    (S)  f(n)^n  log  n. 


*  Pringsheim  admits  slightly  more  general  conditions. 
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We    obtain,    after    a    few    transformations,    the    following 
conditions:* 

(1)  lim  I _^  ^>^'      (convergence) 
'    — l^'n+i    "^Clj      (divergence). 

(2)  ii^n(\^\'-l]>l      («^^«^««^«) 
—     I  <in+i  I        J  <  2,      (divergence). 

(3)  ^i^'^4''{^H-']<l  £^X* 

The  most  interesting  case  in  practice  is  one  corresponding  to 
(5)  of  Art.  12,  where  we  can  write 

^  ^    a^^r       n^n^'      (\<o\<A). 


It  is  easy  to  see  that  if  jx^a  +  ifi  in  (4), 
(5) 


a„+i  n     n"'       v   ^    m  r  i  --    / 


and  so  from  (2)  we  see  that  the  series  2|an|  converges  if 
o>l  and  diverges  if  a<;i;  in  case  a  =  l,  we  apply  (3),  and 
find  divergence.     Thus  we  have  the  rulert 

When  -^=i  +  M  +  ^       ,,(^>^> 

tAe  86rie«  2|an|  converges  if  the  real  part  of  /x  is  greater 
than  1,  and  otherwise  diverges. 

On  account  of  the  importance  of  the  series  ^n^^  when  (4) 
holds,  we  proceed  to  consider  some  further  results. 

An  application  of  (1)  above  shews  that  the  series  converges 
absolutely  if  |ic|<l,  diverges  if  |ajOl;  and  we  have  just 
examined  the  case  when  |aj|  =  l  and  a>  1,  proving  that  then 
Sanaj**  is  absolutely  convergent. 

But  we  do  not  know  yet  whether  the  series  may  converge 
for  |aj|  =  l  (although  not  absolutely)  even  when  a^l. 

If  a  is  negative,  the  sequence  \an\  will  increase  with  n, 
at  least  after  a  certain   stage,   in   virtue   of    (5)  above;    and 


♦The  inequalities  limP^, 


t^--  <1 


are  here  used  as  equivalent  to  the  two  limP>l,  limP<l. 
t  Weierstrass,  Ots.  Werke,  Bd.  1,  p.  185. 
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consequently,  convergence  of  XanX^  is  impossible,  since  the 
terms  do  not  tend  to  zero  as  n  increases. 

Further,  if  a  =  0,  it  is  easy  to  see  (by  an  argument  similar 
to  Ex.  3,  Art.  39)  that  \an\  tends  to  a  finite  limit,*  so  that 
again  San^c*  cannot  converge. 

On  the  other  hand,  if  a  >►  0,  it  follows  from  Ex.  3,  Art.  39, 
that  I  an  I  tends  to  zero  as  a  limit;  so  that  convergence  may 
occur. 

We  prove  next  that  when  condition  (4)  holds  and  0  <  a  =  1, 
the  aeries  2|a„— a^+J  is  convergent. 

In  the  first  place  it  is  evident  that  (at  least  after  a  certain 
value  of  n)  the  sequence  \an\  decreases  as  n  increases;  hence 
the  series  2  { |  a^  |  —  |  an+i  \ }  consists  finally  of  positive  terms  only, 
ajid  it  is  obviously  convergent.     Further,  we  have,  from  (5), 

K-^n+ll    ^    _^^n jl    /[I    (^n    !       ^l  ^  I /^  +  ft>^''N  J  I    ^n  \  ^   A 


Thus  lim  1^"^^^'='-^ 


n-»-oe|«'^|  — |«'n+l|         « 


and  it  follows,  as  in  Art.  18,  that  the  series  2|a^— a„+i|  is 
convergent. 

Now,  we  have  identically, 


since  I  a?  1  =  1. 


1     1— a;  |l""^r 

Thus        ii]anaJ'»l^rf---7{§|a„-an+i|  +  |ap||, 

and  consequently,  if  |x|  =  l  and  x  is  different  from  1,  the  series 
Sa^x*  converges,  because  2|a,j  — a„+i|  converges  and  lima,j  =  0. 

0 

This  rasult  may  also  be  derived  from  Dirichlet's  test  (Art.  80). 

We  have  obtained  no  information  as  to  the  behaviour  of  2a„ 
itself,  when  0  <;  a  =  1 ;  as  a  matter  of  fact  the  series  is  not 
convergent,  but  the  proof  is  a  little  tedious,  and  we  simply 


*It  is  to  be  noted  that  a„  itself  does  not  approach  a  limit  unless  ^=0; 
if  /3  is  not  zero,  a„  osciUcUes.  The  reader  should  not  find  much  difficulty  in 
proving  this ;  it  is  not  needed  for  the  argument  in  the  text. 


I 


I 
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refer  to  Pringsheim  for  the  detaila*  Of  course  we  have  already- 
proved  that  the  series  diverges  in  the  corresponding  case  when 
ttn  is  real  (see  Art.  12). 

The  final  conclusion  is  thus: 

^  a„^,"'+7i^7i^'       (hl<^) 

then  the  series  2a„a3"  converges  absolutely  for  \x\<Cl,  and 
cannot  converge  for  |  a;  |  >  1. 

If  \x\  =  l  and  /jL^a  +  i/S^  there  are  three  cases: 

(i)  when  a  >  1,  the  series  converges  absolutely, 

(ii)  when  0  -<  a  =  1,  the  series  converges  (but  not  abscluteLyy, 

except  for  ic  =  l. 
(iii)  wheii  O^a,  the  series  does  not  converge,  (Weierstrass,  Lc) 


As  a  special  example   we  may  take  the   hjpergeometric  series 

(Art.  12),  in  which 

Qn  ^(^-f  l)(n  +  y) 

a,+i    (w  +  a)(w+)3)' 

so  that  ft=l+y-(a+/J). 

Then  we  see  that,  for       |  x  |  =  1  : 

(i)  if  the  real  part  of  (y-a-)^)  is  positive,  the  hjrpergeometric 
series  converges  absolutely  ; 

(ii)  if  this  real  part  is  between  - 1  and  0,  the  series  converges  except 
for  .r=l  ; 

(iii)  if  jbhe  real  part  is  ~  1  or  less  than  - 1,  the  series  does  not  converge. 

Special  cases  of  this  have  been  found  already  in  Arts.  12  and  21. 

80.  Further  tests  for  convergence. 

The  reader  will  find  no  difficulty  in  modifying  the  proof 
of  Art.  18  to  establish  the  theorem: 

(1)  //  2a„  is  absolutely  convergent,  so  also  is  Sct^v^,  provided 
that  I  v^  I  never  exceeds  a  fixed  number  k. 


*  L.c.  pp.  13-17;  the  proof  shews  that  (except  for  /k=1,  when  the  aeries  ia 
easily  seen  to  diverge)  the  behaviour  of  ^a„  is  the  same  as  that  of 

,  ■  l-fJL  ■  (l-/x)(2-M)  ■  (1-m)(2-m)(3-m)  , 
"^    I    "^         1.2        "^  1.2.3  ^"" 

And  the  sum  of  n  terms  of  this  series  is 
(2-/x)(3-m)...(w-m) 


or 


(■*4-')('*¥)-(''.^> 


1.2.3...(w-l) 

It  can  easily  bo  seen  that  the  absolute  value  of  this  expression  tends  to  oo  with 
n,  and  that  its  argument  has  no  definite  limit. 
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It  is,  however,  obvious  that  Arts.  19,  20  will  need  a  little 
alteration  to  include  cases  in  which  v^  is  complex.  We  shall 
prove  that: 

(2)  If  2a,,  converges,  and  2|t;„  — f^+il  is  convergent,  then 
2a„v^  is  convergent. 

First  consider  the  modified  form  of  Abel's  Lemma  (Art.  23). 

Write  for  brevity  Un  to  denote  the  sum  of  the  convergent 

series  |  Vn  -  Vn+i  \  +  \  t^«+i  -  t'n+2  I  +  . . .  to  C30  , 

so    that  I  Vn  —  ^'n+i  I  =  tr„  —  Un-^i . 

Thus,  since 
we  have 

SO    that  I  Vtn^Vn  |  =  C/w—  Un,    if    71  >  771. 

Now  (see  Art.  76)  the  series  2(i'»  — t'„+i)  is  convergent  because 
2|t'n— Vn+i|  18  convergent.     And 

(^1  -  'I's)  +  (^'2 -  V3)  +  . .  •  +  (^'» -  Vn+i)  =  Vi  -  Vn^u 

so  that  Vn  has  a  definite  limit  g  as  n-^oo;  and  let  us  write 

G  =  \g\  =  lim\vnl 
Again,  we  have 

I  Vm  I  =  I  'Wn  |  +  hm-'y«  I  =  K'n  1+  Um"  Uny 

so  that  if  we  take  the  limit  of  this  inequality  as  7i->x ,  we  find 

|^w|=  0+  Urn- 

Thus,  if  we  write  Vn=G+Uny  Vn  is  always  greater  than 
\Vn\.  It  is  also  obvious  that  the  sequence  (Vn)  is  a  decreasing 
sequence,  and  that  Fn— y„+i  is  equal  to  |i^n  — ^n+il- 

Next,  if  2ti  =  ai'?;i+«2^2+-"  +  ^V^n»  ^^®  ^^^'  ^®  ^^  ^^^'  23>  that 

ln  =  S^(v^-V^)  +  S^{V2'-V^)+,.,+8n-i(Vn^l-Vn)  +  SnVn. 

Thus,  if  fi'  is  not  less  than  the  upper  limit  of  1 8^  |,  I ^2 1»  •  •  •  I  ^n  l» 
we  find 

|2,!^iT[(F,-F2)+(F2-F3)+...+(Fn.|-F„)+F„]<J?F„ 

which  is  the  form  of  Abel's  Lemma  for  complex  terms. 

Similarly,  if  rj  is  not  less  than  the  upper  limit  ol\sr-a-\,as  r  ranges  from 
1  to  m-1,  and  ?/'  is  not  less  than  the  upper  limit  as  r  ranges  from  m  to  n, 
^e  find  |2„-o-i;i|^iy(ri-  K«.)  +  ^'F„, 

^here  <r  is  any  conveniently  chosen  number. 
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If  the  sequence  (vn)  is  real,  positive  and  decreasing,  we  find  that 
0=\imvn  and  V^^Vn^  so  that  these  inequalities  are  almost  the  same  as 
those  of  Art.  23. 

Now  apply  the  Lemma  to  the  sum 

It   is   then   evident  that  this  is  less,  in   absolute  value,  than 
^'^tn+i,  where  H'  is  the  upper  limit  of 

Now  since  2a„  converges,  m  can  be  chosen  so  large  as  to 
make  H'  <C  €,  however  small  €  may  be ;  and  then  we  have 

which  proves  that  the  series  2a„t'^  is  convergent. 
This  may  be  called  Abel's  test  for  complex  series. 

If  Vn  is  a  function  of  x,  Abel's  test  also  enables  us  to  ensure  the 
uniform  convergence  of  ^„Vn  at  all  points  x  within  an  area  for  which 
\vi\  and  Ui  remain  less  than  a  fixed  value.     For 

\\  =  G+U^,  and  G^M  +  Ui, 

Similarly,  we  can  establish  Dirichlet's  test  for  complex  series. 

(3)  If  2|f„  — 'i^n+il  converges  and  limv„  =  0,  then  ^La^v^  will 
converge  if  2a„  oscillates  between  finite  limits. 

In  fact  G  is  here  zero,  and  (just  as  in  Art.  20)  we  can  find 
a  constant  I  {independent  of  ni)  so  that  H'  <C  21.     Thus 

ni+p 
\^anVn\<2lVm+iy 

which  can  be  made  less  than  e  by  proper  choice  of  m  because 

A  special  case  of  this  test  has  been  already  used  in  Art.  79. 

81.  Uniform  convergence. 

After  what  has  been  explained  in  Art.  43,  there  will  be  no 
difficulty  in  appreciating  the  idea  of  uniform  convergence  for 
a  series  2/n(a;),  when  x  is  complex ;  the  only  essential  point  of 
novelty  being  that  the  region  of  uniform  convergence  now 
usually  consists  of  an  area  in  the  (f,  ;;)  plane  (if  x  =  ^+iri) 
instead  of  an  interval  (or  segment)  of  the  real  axis.  It  is  also 
sometimes  convenient  to  use  the  idea  of  ivniform  convergence 
along  a  line,  which  should  present  no  fresh  difficulty  to  the 
reader. 
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Weierstrass  8  M-test  for  uniform  convergence  can  be  retained 
almost  unaltered,  thus: 

If  for  all  points  (x  =  ^+i9j)  within  a  certain  area  A,  the 
function  fn(x)  has  the  property  that 

where  M^  is  a  positive  constant,  and  if  the  series  2Jlf»  converges,, 
then  2/»(a;)  converges  absolutely  and  ivniformly  at  all  points 
within  A. 

Abel's  and  Dirichlet's  tests  for  nniform  convergence  (for  a  com- 
plex series)  are  obtained  at  once  from  the  last  article. 

The  proof  of  Art.  45  (1)  can  be  easily  modified  to  shew  that 
2/«(a;)  is  a  continuous  function  of  x  within  the  region  of 
uniform  convergence,  provided  that  the  separate  functimis 
fn{x)  a^«  continuous  in  the  region. 

The  discussion  of  differentiation  and  integration  with  respect 
to  the  complex  variable  x  falls  beyond  the  scope  of  this  book  > 
but  it  is  not  out  of  place  to  mention  that  (when  the  funda- 
mental notions  have  been  made  clear)  the  results  of  Arts.  45-47 
remain  practically  unchanged. 

It  is  evident  also  that  Art.  48  is  still  correct,  when  aj  is  a 
complex  variable. 

There  is  no  difficulty  in  seeing  that  the  two  theorems  of 
Art.  49  remain  valid,  when  the  functions  Vr{n)  are  complex. 

It  is  often  important  to  integrate  a  complex  function  with 

respect  to  a  real  variable ;  in  particular  it  is  useful  to  consider 

the  mean  value  of  a  continuous  function  f{x)  along  a  circle  |  ^  |  =  />, 

which  is  defined  by  the  equation 

1   f-" 
3K/(aj)  =  2"  1    /(^')  dQ,    where  x  =  p{cos  9+isiu  6), 

The  existence  of  a  definite  mean  value  is  inferred  at  once 
from  the  continuity  of  f(x),  just  as  in  Art.  163  of  the  Appendix ; 
and  the  following  conclusions  are  immediate  consequences  of 
the  definition: 

(i)  3)?a  =  a,  if  a  is  a  constant, 
(ii)  I  ^mfix)  |<  ^,  if  \f(x)  |<  ^  on  the  circle, 
(iii)  SIRic*  =  0,  3Wx"*  =  0,  if  k  is  an  integer  (not  zero), 
because  x^  =  p^(co8k9+ifimk6)  and 

f  '  cos  (kO)  de  =  0,  P  sin  {ke)de  =  0. 
Jo  Jo 
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Further,  from  Art.  (45  2),  we  deduce  that  if  F{x)  =  lfn(x) 
converges  uniformly  on  the  circle  \x\^p,  then 

We  can  define  the  luem  value  without  using  the  Integral  Calculus,  by 

supposing  the  circumference  divided  into  v  equal  parts  at  x^y  Xty ...  jTk,  and 

writing  i 

aR/(a-)=lim  i[/(r,)+/(xs)+...+/(*3 

This  method  leads  to  the  same  results  as  those  just  proved ;  and  thus 
Cauchy's  inequalities  (p.  2()9)  can  be  established  without  the  Calculus. 

82.  Circle  of  convergence  of  a  power-series  ^^. 

From  Art.  10  it  is  evident  that  the  series  is  absolutely  con- 
vergentif  Ihi^|a.^-|-<1, 

and  the  series  certainly  cannot  converge  if 


lim|a„a;"(">l, 

because  then  a^x"  cannot  tend  to  zero  as  a  limit. 
Hence,  if  we  write  (as  in  Art.  50) 


lim  I  cf  „  I "  =  i 

{where,  of  course,  I  is  real  and  positive),  the  power-series  con- 
verges absolutely  i{\x\<^l/l]  and  cannot  converge  if  | x | >►  1/Z. 
To  interpret  this  geometrically,  let  a  circle  of  radius  l/l  be 
drawn  in  Argand's  diagram;  then  the  series  is  absolutely  con- 
vergent at  any  point  'within  the  circle,  and  cannot  converge  at 


Fio.  24. 


any  point  outside  the  circle.  The  circle  is  called  the  circle  of 
convergence;  and  it  will  be  seen  that,  if  a^  is  real,  the  interval 
of  convergence  obtained  in  Art.  50  is  a  diameter  of  the  circle. 
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Of  course  we  know  nothing  at  present  with  respect  to  points 
071  the  circle  of  convergence;  but  when  1  =  1  (a,  case  to  which 
every  other  can  be  reduced,  excepting  1  =  0  and  oo)  we  can 
usually  obtain  information  by  using  Weierstrass  s  rule,  discussed 
in  Art.  79.  It  must  not,  however,  be  supposed  that  the  three 
types  there  discussed  exhaust  all  possibilities  as  to  the  points 
of  convergence  on  the  circle;  indeed,  Pringsheim*  has  con- 
structed series  which  converge  at  all  points  on  the  circle,  but 
not  absolutely. 

The  region  of  uniform  convergence,  when  2|«,J  is  convergent 
and  i  =  1,  is  the  whole  of  the  circle  |  ic  j  =  1,  including  the  circum- 
ference; this  is  evident  from  the  JIf-test. 

In  the  other  cases,  we  can  at  present  only  say  that  the  series 
converges  uniformly  within  and  on  any  circle  |ic|  =  A;,  where  k 
lies  between  0  and  1.  We  shall,  however,  consider  this  point 
more  fully  in  Art.  83. 

The  reader  will  find  little  difficulty  in  seeing  that  the  theorems 
of  Arts.  52-55  hold  for  complex  power-series,  certain  small 
verbal  alterations  being  made. 

Since  a  power-series  converges  uniformly  on  every  circle 
x\  =  p,  for  whicht  p<C  1/?,  we  can  readily  obtain  its  mean-value 
along  the  circle  by  integrating  term-by-term. 


oo 


Thus,  ii  f(x)=^anX^,  we  have 

0 

a»/(^) = t;"n9nx» = a, =/(o). 

0 

SO  that  the  TYiean-value  of  a  power-series  along  a  circle 

\x\  =  p{<l/l) 

iff  eqiud  to  its  value  at  the  centre. 
Similarly,  we  find 

Thus,  if  M  is  the  maximum  value  of  |/(x)  |  on  the  circle  \x\  =  py 
we  have  Cauchy^s  ineqiudities 

a^\<M,     \a.n\<M/p\ 


*  Math.  Annalen,  Bd.  25,  1885,  p.  419.     One  type  is  given  in  Ex.  B.  24  at  the 
end  of  the  chapter. 

+  If  the  circle  |a;|=l//  belongs  to  the  region  of  uniform  convergence,  we  may 
u  of  course  take  /)  =  1//. 

I.S.  O 
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Again,  since  the  series 


converges  v/niforrrdy  on  the  circle  |a;|  =  /),  we  find 

9K^^  =  i:c»3«'''l?=i;a„c»=/(c).    \c\<p. 


X^C  Q  X  Q 

Similarly,  we  find 


X 


^ (?+*V^V...),   2w5f(.'«-)=o,      ii\c\>p. 


We  shall  now  consider  the  question  :  Can  a  porffer-9erie»  he  determined  «o 
as  to  have  given  values  along  a  definite  circle,  say  |  jf  |  =  1  ? 

Let  us  write  the  coefficients  a„  in  the  form  an+i/3n  where  a^,  fin  are  real ; 
then  write  2a„:r"=/i(j?),  2t/?H-2^  =/2 W,  so  that /(:F)  =  ;^:F"=/i(x)+/2(:r). 
Now  suppose  that  when  or = cos  ^  + 1  sin  0,  we  have  /i(jr)  =  Wj  +  iVj,  fj^x) = Wg  +  **s 
and/(jr)  =  w  +  ti;,  where  t^j,  Vj,  etc.,  are  all  functions  of  6  such  that  w=tti  +  i/^, 
v  =  Vi  +  v^.  Then,  if  |c|<l,  we  find  as  above  (assuming  the  uniform  con- 
vergence of  ^On^  on  the  circle  \x  \  =  \) 

•^•^''>=2^io  («>+»''t)^r-/<'.  o=2^j,  (".+«■".) .^17^- 

In  the  second  integral  put  1/^  for  .r :  this  will  change  tt,+tv,  to  Wi  — eVj, 
and  so  we  have  1   /'*'  c 

Stt^o        *        ^  c-x 

If  we  subtract  the  last  result  from  the  formula  for  fi{c\  we  obtain 

Similarly,  by  addition  we  get 

In  the  same  way  we  can  find  integrals  for  /2(c)  in  terms  of  Wj,  Vj :  the 
only  essential  change  in  the  argument  being  that  when  x  is  changed  to  l/x, 
tt2+iv2  becomes  -t^g+t'yj.  This,  however,  does  not  alter  the  final  formulae  ; 
and  so  by  addition  we  see  that  these  formulae  remain  true  when  the  suffiji^es 
are  omitted  throughmU,  Thus  /(c)  is  completely  determined  (save  for  a 
constant)  by  a  knowledge  of  either  u  or  v.  But,  given  an  arbitrary  con- 
tinuous function  for  u  (or  v),  we  do  not  yet  know  that  it  is  actually  possible 
to  determine /(c)  so  that  its  real  (or  imaginary)  part  does  assume  the  given 
values  on  the  circle ;  this  problem  will  be  discussed  in  Art.  83. 

83.  Abel's  theorem  and  allied  theorems. 

Suppose  that  |  a;  |  =  1  is  the  circle  of  convergence  for  ^S/O^af  and 
that  2a„  is  known  to  converge,  although  not  absolutely. 
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If  we  take  v^=x^  in  Art.  80,  we  find  that  G  =  lim|VnI  =  0,  and 

80  that  Fo=2|i;,-i;,+,|  =  |l-aj|/{l-|a;|}gl. 

Thus,  since  2a^  is  convergent,  the  series  2a„aj*  will  converge 
uniformly  in  any  area  for  which  we  have 

|l~a;!^X{l-|a;|}, 

where  X  is  any  assigned  number  greater  than  1,  and  of  course 
I  a;  |<  1.    (See  AbeVs  test  on  p.  206.) 

To  interpret  this  inequality  we  observe  that  it  may  be  written 

P^X(l-r)    or     (X-p)*^XV^, 

where  1— jc  =  p(cos0+'isin0),       (see  fig.  25). 

Thus  X2  -  2Xp + /)2  g  X^(l  -  2p  cos  (f, + p^) 

or  (X2-l)p<2(X«cos^-X). 

In  this  condition,  <p  lies  between  ±J't,  and  the  equation 

(X2-l)^  =  2(X2cos^-X),       (-i7r<0<i7r), 

gives    the    inner   arc    of   a    lima^on   (with   a   node   at    p  =  0), 
indicated  roughly  in  figure  25  for  the  case  X  =  3. 


Fig.  25. 

It  is  easy  to  see  that  the  arc  of  the  liraa^on  approaches  the 
more  nearly  to  the  circle  |a;|  =  1,  the  larger  X  is  taken. 

Thus  the  region  of  uniform  convergence  of  'ZaJ^x*  may  be 
taken  as  the  inner  arc  and  the  contained  area  of  any  one  of 
these  linwLQOTiS* 

If  any  regular  curve  is  drawn  from  a  point  inside  the  circle 
to  the  point  x=l,  then,  provided  the  curve  cuts  the  circle  at  a 


*Stolz  and  Gmeiner  {EhdeUung  in  die  FunJUionenthearie,  1905,  p.  287)  use  a 
limagon  which  in  onr  notation  would  be  represented  by  /)=2co8  0-2/X.  This 
lima9on  lies  within  the  one  used  above. 
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finite  angle,  we  can  draw  a  lima9on  to  enclose  the  whole  of  the 
curve:  that  is,  the  series  will  converge  uniformly  along  the 
curve.  Hence  lim  2a,jX*  =  2a„,  where  x  approdches  1  along 
any  regvXar  curve  which  cuts  the  circle  at  a  finite  angle* 
This  is  the  extension  of  Abels  theorem  to  complex  variables. 
The  theorems  in  Art.  51  relating  to  the  divergence  of  Son 
cannot  be  extended  so  as  to  hold  for  complex  variables  quite 
so  easily,  because  the  lemma  of  Art.  80  gives  less  precise 
information  than  the  lemma  of  Art.  23,  and  it  is  necessary  to 
assume  that  the  series  2a„£c"  possesses  some  further  property  in 
addition  to  the  divergence  of  2a,j.  For  as  a  matter  of  fact, 
even  if  a^  is  real  and  positive,  Pringsheim  has  shewn  that  the 
divergence  of  2a»  does  not  ensure  t 

lim  1 2a„a3"  |  =  x 

for  aU  paths  defined  as  above. 

The  condition  introduced  by  Pringsheim  is  that  of  uniform 
divergence,  which  implies 

where  a^'^O  and  the  point  x  lies  within  the  limafon. 

It  is  then  obvious  from  Art.  51  that  lim  |  Sa^jCc"  |  =  x . 

The  reader  will  find  no  great  diflBculty  in  modifying  the 
proofs  given  in  Art.  51  so  as  to  apply  for  complex  variables 
when  Pringsheim 's  condition  is  satisfied. 

We  proceed  now  to  find  the  limiting  values  of  the  integrals,  given  at  the 
end  of  Art.  82. 

For  example,  suppose  that  v  is  an  arbitrary  real  continuous  function ; 
then  the  second  formula  gives  a  value  for  /(c)  which  can  be  expanded  afi 
a  power-series  in  c,  convergent  if  |  c  { <  1.  We  shall  now  prove  that  if  this 
function  is  denoted  by  U+iV,  then  F  tends  to  »  as  c  moves  up  to  any  point 
on  the  circle ;  so  that  we  have  determined  a  power-series  whose  imaginary 
part  has  an  assigned  continuous  value  v  along  the  circle  |c|  =  l. 

Clearly  it  is  sufficient  to  establish  the  result  for  any  point  on  the  circle  ; 
so  we  shall  calculate  the  limit  of  F  as  c  moves  up  to  1. 


♦Picard,  TraitS  d'Ancdysty  t.  2,  p.  73. 

tFor  consider   ^1^=-— ^^  |  =  A'r'^(co8  20-i8m20H,  where  j&(a;)  =  e». 

There  is  no  difficulty  in  seeing  that,  when  this  series  is  put  in  the  form  2)a„a:", 
the  coefficients  a„  are  positive  and  that  Za„  diverges.     However,  if  ^x < 0  <  ^x, 

oob2^  is  negative,  and  so  lim  E\  ~ -,    =0. 


J 
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It  will  be  seen  that 

x+c    I  -  f^-^ 2ir  Bin  {6 -  <ii) 
^-c~"  l-2rco8(^-o))+r^' 

where  now         x=co8fi}-\-iBmo}    and    c=r{coB6-^ismO\ 

so  that  F=-t  r "^'".y^    ^> 

2irjo    l-2rcos(^-o))+r2 

Also,  from  Art.  65, 

and  we  note  further  that,  since  the  subject  of  integration  is  positive,  the 
value  of  the  integral  taken  over  any  smaller  range  must  be  less  than  1. 
Thus,  if  ^0  is  the  value  of  v  for  a)=0,  we  find 

^«~27rjo    l-2rcoa(^-a))+r3» 
and  since  t;  is  a  continuous  function  of  o),  we  can  determine  a  so  that 

i;  -  t?o  I  <  ic,       if  I  (I)  I  <  2a. 


Thus      •  -IfrVr     ]    \v-Vo\{l -f^)d<o        . 

27rVJo    ^J2ir-2a/l-2rco8((9-cu)+r3<*'- 

We  have  next  to  consider  the  integral  from  (o==2a  to  (d=:27  — 2a;  here, 
provided  that  \0\<a^  cos(^  — cu)  is  not  greater  than  cos  a,  and  so 

1  — 2rco8(^-a))+r*^l  — 2rcosa+r^^sin*a 
while  l-r8<2(l-r). 

Thus,  if  ff  is  the  upper  limit  to  the  values  of  \v\  on  the  circle,  we  have 


(v-Vo){l-r>) 


sin^a     '  '     ' 


1 1  — 2rco8(d  — a))  +  r^ 
Consequently 

l^ri'-2a  \v-v,\(l^f^)dio       4^(1 -r)        ..  ,^,   .^ 
2W2a        l-2rco8((9-a))+r«^     sin^a    '       "l«'l<«- 

It  is  therefore  possible  to  find  a,  8,  so  that 

|F-i?o|<€,      if  \e\<a,  and  l-r<S, 
that  is  to  say,  V  approaches  the  limit  Vq  as  the  point  (r,  6)  moves  up  towards 
the  point  1  hy  any  path. 

If  V  is  continuous  except  at  <i)=0  and  is  there  discontinuous,  the  integral 
still  gives  a  power-series  for  f{c)  and  the  preceding  work  is  valid  as  c 
approaches  any  point  on  the  circle  except  1.  To  deal  with  0=1,  suppose 
that  V  has  the  limit  ^,  when  w-^O  through  positive  values ;  and  the  limit 
m  when  a>-^  through  negative  values.    Then,  if  we  write 

-  l  —  m^l   . 

V  —V 2,  -  sin  7ia), 

TT       n 

it  is  evident  from  Art.  65  that  t/  becomes  continuous  at  a)=0,  if  we  assign 
to  it  the  value  i(^+m)  for  w=0. 

Further,  V  =  F-  ^^^  2  -  sin  nQ^V-  ^-^^<\>, 

7C  n  TT     ^ 

where  <^  represents  the  same  angle  as  is  indicated  in  the  diagram  on  p.  211. 
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Now  from  the  first  caae  considered  we  have 

limF'=limr'=i(^+mX 
(r,  0>         M 

BO  that  lim  F=i(;+m)+(i-»i)*5, 

where  <^  is  the  limiting  value  of  <^  as  (r,  6)  approaches  1. 

In  the  particular  case  when  v  is  given  in  the  form  2a«sin7ia>,  we  shall 
have  m=  -ly  and  then  the  result  is 

lim  Sa^T^  sin  n6= ^<l>Jw, 

It  will  be  noted  that  in  this  case  the  series  Da„  cannot  be  convergent ; 
for  if  it  were  convergent  we  should  have 

lim  2a„f^(co8  nd+i  sin  nO) = 2a„ 

in  virtue  of  the  extension  of  Abel's  theorem  (at  the  beginning  of  this 
article);  that  is,  ^-^  2a„r-sinn^=0, 

which  is  not  the  case. 

84.  Taylor's  theorem  for  a  power-series. 

We  have  seen  that  a  power-series  2a^a?*  represents  a  con- 
tinuous function  of  x,  say  f(x),  within  its  circle  of  convergence 
I X I  =  72 ;  let  us  now  attempt  to  express  /{x-^-h)  as  a  power-series 
in  h.     Draw  the  circle  of  convergence,  and  mark  a  point  x 


T 


Fig.  26. 

inside  it,  such  that  |aj|  =  r;  draw  a  second  circle  (of  radius 
12  — r),  with  centre  x,  to  touch  the  first,  and  mark  a  point  x+h 
within  the  second  circle. 

We  shall  now  see  that  f(x+h)  can  be  expressed  as  a  power- 
series  in  h. 

In  fact  f{x-\-h)  is  the  sum,  by  columns,  of  the  double  series 

aQ+a^x+  a^  -h  a^  +... 
+ a^A -h  2a2a;A -h  3ajX*A -h . . . 

+  a^  -h... 

^J"  •  •  •   • 


J 
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But  this  series  is  absolutely  convergent,  because,  if  we  replace 
each  term  by  its  absolute  value,  we  get  the  series 

l<^ol  +  l^l('^  +  P)+k2l(^  +  P)^  +  l^3l('^  +  />)'+--» 

where  |»  =  |  A,  |.  Now  this  series  is  convergent,  because  r +p  <!  -B 
by  the  construction;  and  therefore  the  double  series  converges 
absolutely.  That  is,  we  can  sum  the  double  series  by  rows, 
without  altering  its  value  (Art.  33). 

Hence  f(x+h)=f(x)-\'hf^{x)+^^f^{x)+^f^(x)+ ... , 

where  f^(x)  =  o^  +  2a2ic  +  Sa^x^+ . . . , 

fi(x)  =  l.  2a2+2 .  3a^x+S.  4ia^x^+ ... , 

fz{x)  =  l .  2 . 3a3+2 . 3 . 4>(i^x+S. 4 .  5a^x^+... , 

so  that  these   series   may   be   obtained   from  f(x)  by   simply 
applying  the  formal  rules  for  successive  differentiation,  without 
paying  any  attention  to  the  meaning  of  the  process. 
The  series  in  h  may  be  called  Taylor's  series. 

It  may  be  useful  to  remark  that  the  circle  of  convergence  for  the  new 
series  often  reaches  beyond  the  circle  { a;  |  =  i2  ;  we  know  that  it  mttst  reach  as 
far  as  this  circle,  but  there  is  no  evidence  that  it  may  not  extend  further. 

For  instance,  it  is  easy  to  see  that  if  we  write 

then  /(i,-+A)=_^.+^^-_^^+__^  +  ..., 

which  converges  if  |  A  |  <  1 1  -  ^i  | 

or  if  \h\<\^b. 


Fio.  27. 


Thus  the  Taylor's  series  converges  in  the  shaded  area  outside  the  original 
circle  of  convergence.     We  have  thus  a  new  power-series  which  continues 
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the  function  f{x)  beyond  the  area  of  its  original  definition :  this  idea  of 
continuation  is  fundamental  in  Weieratrass's  theory  of  Functions,  but 
further  details  lie  outside  our  province.  The  reader  may  consult  Harkness 
and  Morley'fl  Introdttction  to  the  Theory  of  Analytic  Functions  for  a  good 
account  of  this  theory. 

m 

We  can  now  obtain  an  extended  form  of  Cauchy*s  inequalities 
(Art.  82).  Suppose  that  the  exact  radius  of  convergence  of 
f(x)  is  not  known,  but  that  |£c|  =  r  is  known  to  be  within 
the  circle  of  convergence;  and  further  that  for  all  points  on 
the  circle  |a;|  =  r,  the  ^-series  f(x+h)  converges  uniformly  on 
I A  1  =  8.  Then,  if  M  is  the  maximum  of  \f(x+h)\  for  all  points 
such  that  |a;|  =  r,  |A|  =  8,  we  have  by  applying  Cauchy's  in- 
equality to  the  A-series 

,j^!i^  <  —  =  JIf' ,  say. 

Applying  the  same  inequality  to  the  aj-series  for  fn{x)  we  see 
that         (m  +  'M)(m+7i-l)...(m  +  l),  i^^'_  ^ 


Thus  in  the  expansion  of  (r+8)"*+^|a„i+n|  every  term,  is  less 
than  M ;   and  tlverefore 

It  follows  that  the  radius  of  convergence  of  ^La^x^  is  at  least 
equal  to  (r+s). 

This  leads  at  once  to  the  theorem*  that  there  is  at  least  OTie 
singular  point  on  tlie  circle  of  convergence  of  a  power-series ; 
that  is,  a  point  in  the  neighbourhood  of  which  Taylor's  theorem 
cannot  be  applied. 

Baker  t  has  also  used  this  result  to  shew  that  the  circle  of 
convergence  of  the  reciprocal  of  a  power-seines  is  either  the  same 
as  that  of  the  original  series^  or  else  reaches  xvp  to  the  zero  of 
the  given  series  which  is  nearest  to  the  origin. 

In  fact  the  argument  of  Art.  54  shews  that  if  Z,  I  are  the  maximum 
and  minimum  values  of  |/(^)|  within  and  on  any  circle  \x\==R!<Rj  then 
the  power-series  for  [/(^)]~^  will  converge  if 

|:F|<|ao|^7{|ao|  +  Z}  and  therefore  if  \a;\^lRI(l+L). 


*  Harkness  and  Morley,  l.c^  Art.  102. 

i"  Proc.  Lond.  Math,  Soc.  (1),  vol.  34,   1902,  p.  296;   the  disoassion  given 
there  is  for  series  in  two  variables,  and  of  course  can  be  extended  to  any  number. 
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By  transferring  now  to  a  point  Xi  such  that  |j7i|=ri=^^/(^+iL),  we 
can  infer  that  [/(j?)]"*  expressed  as  a  series  in  (x-x^)  will  certainly 
converge  if  \x-x,\^    l_ 

Thus  by  means  of  the  result  established  above  we  see  that  the  radius 
of  convergence  of  [/(^)]~*  is  at  least  equal  to  rg,  where 

so  that  /r-rj=(^-r,)X/(^  +  Z)=72'[Z/(;+X)p. 

Continuing  the  process,  the  radius  is  seen  to  be  not  less  than  r^  where 

and  consequently,  so  long  as  ^  is  not  zero,   the  radius  of   convergence 
cannot  be  less  than  R. 

86.  The  exponential  power-series. 

There  is  no  difficulty  in  modifying  the  proof  of  Art.  57  to 

shew  that  /rS    ^ 

lim(l  +  ^)''  =  l+aj+J+|j+...  =  ^Oi)), 

where  lim  (i/^)  =  x, 

and  V  is  real,  although  ^  is  complex. 

By  multiplication  of  series,  or  by  an  argument  similar  to 
that  of  Art.  58,  we  find 

E{x)xE{y)  =  E{x+y\ 

which  is  the  fundamental  equation  of  the  exponential  power- 
series. 

As  a  kind  of  converse  theorem,  we  shall  now  obtain  the 
most  general  power-series, 

which  converges  within  a  circle  |ic|  =  i?,  say,  and  satisfies  the 
equation  f(x+y)=f{x)f{y), 

provided  that  \x\,  \y\,  \x+y\  are  all  less  than  R  (which  cer- 
tainly holds  good  if  I  a;  I  and  |  y  \  are  less  than  ^R).  Since  this 
condition  requires  the  equation  tx>  hold  for  real  values  of  x,  y 
in  the  interval  (  — Ji?,  +iR)y  we  shall  consider  these  values 
first.*    Now  put  y  =  0; 


*We  restrict  a;,  y  to  be  real  so  as  to  avoid  the  difficulty  of  differentiating 
with  respect  to  a  complex  independent  variable.  The  fact  that  the  coffficienU  in 
f(x)  may  be  complex  does  not  affect  the  application  of  Art.  52  (3),  because  we  can 
differentiate  the  real  and  imaginary  parts  separately. 
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then  f(x)xf{0)=f(x) 

or  /(0)  =  ao=l. 

Hence  aQ=l,  and  so 

x^ 

Again, 

and  if    we   take  the  limit  of  both   sides   as  y  tends  to  zero, 

we  get  at  once  f\^)  =  (hf(^)' 

Or,  applying  Art.  52  (3),  we  have 

x^  (  x^        \ 

and  since  this  equation  must  hold  for  aU  values  of  a;  in  the 
interval  (  —  ^22,  +Ji?),  we  must  have 

ag  =  a-^,   ttj  =  a^ag,   ci^  =  ^i<^z  >  •  •  •  •     See  Art.  52  (5). 
That  is,    a^  =  d-^j  cl^  =  ctj^,  a^  =  a^^ , . . . ,  a,j  =  a^*, . . . , 

and  so  ^2  ^j* 

/(aj)=  1 +aia;4-ai2  — +  0^8  — + ...  =  ^(043;). 

We  do  not  know  from  this  argument  that  f(x)  satisfies  aU  the 
conditions  of  the  problem;  but  we  see  that  if  there  is  such  a 
power- series,  it  can  be  no  other  than  E(a^x),  Now  E(ajX)  does 
satisfy  the  relation 

E{a^x)  X  E(a^y)  =  E[a^(x+y)] 

for  any  real  or  complex  values  of  x,  y. 

Consequently  our  problem  has  been  solved;*  and 

f(x)=E(a^xl 

where  a^  is  the  coefficient  of  x  in  the  power-series  for  /(«). 

It  is  usual,  and  in  many  respects  convenient,  to  write  e*  for 
E(x)  even  when  x  is  complex.  But  it  must  be  remembered 
that  this  is  merely  a  convention ;  and  that  in  such  an  equation 
as  gi^rri  (see  below.  Art.  86)  the  index  does  not  denote  an 
ordinary  power. 


*  It  does  not  follow  from  the  foregoing  that  no  other  /unction  oan  satisfy  the 
relation  /{x)  x/(y)=/(x4-y),  because  we  have  assumed  /{x)  to  be  a  power-series. 
But,  if  we  assume  that  /'(x)  is  continuous,  there  is  no  difficulty  in  shewing  that 
/{x)  has  the  exponential  form.  * 
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86.  Connexion  between  the  exponential  and  cireular 
ftinctionB. 

K  the  complex  variable  x  in  the  exponential  series  E(x) 
depends  on  a  real  variable  t,  we  may  differentiate  term-by-term 
with  respect  to  t,  and  obtain  the  same  formula  as  if  a?  were  real: 

For,  suppose  that  corresponding  to  a  change  St  in  t,  x  changes  to  a;+&t7 ; 
then  by  Art.  85 

^  [E{x+ Bx)  -  E(x)]^  E{x)[E{Sx)  -  l]/Bt. 
And  ^(&r)-l=:8^[l  +  ^(&P)4.^^(&P)8+...], 


80  that 


^{E{x+8a;)-E(x)}-E(x)^ 


< 


Now,  as  8t-*0,  &p/&  approaches  the  limit  dx/dt,  so  that  |  &r  |-»0;  and  so  it 
follows  from  the  last  inequality  that 

lim  -J-  [E{x +Sx)-  E{x)] = E{x)  ^. 
o^  at 

In  particular,  suppose  that  a?  is  a  pure  imaginary  and  equal  to 
irjy  where  ;;  is  real ;  then  we  have 

or,  if  E(iTi)=:r(cosd+i8md)y 

we  have  —-^{qr  ,  =ir 

at]         df] 

—  =  0      —  =  1 
dfi      *     dfi'^'   ' 

Thus  r  and  6  —  7]  are  independent. of  ;;;  but  for  ^  =  0,  E(iri)  =  l, 
and  so  r=l,  0  =  0. 

Hence  generally  r  =  1,  0  =  ?/, 
and  so  E(ifj)  =  cos  jj  +  i  sin  fj, 

which  is  confirmed  by  the  remark  that 

\E{ifi)\^=E(iri)xE{'-iri)=E(ifi-irj)  =  E(0)  =  l, 

Another  method  of  establishing  the  last  result  is  given  by 
observing  that 

cos;7+isin;7  =  (cos  0+'isin0)'*,       if  <f}  =  fj/n. 

Now  write  cos0+isin0  =  l+/Cn, 

and  we  see -that  lim  UKn^'ifl, 


•00 


1 
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because 
and 
Hence 
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lim  (n  sin  0)  = ;;  lim  (sin  0/0)  = ;;, 
lim  n{l^coQ  <f>)  =  Tj  lim  [(1  —  cos  0)/0]  =  0. 


[CH.  X. 


by  Art.  86. 


cos  jy  +  i  sin  jy  =  lim  (1  +/Cn)"  =  E{ifi) 


Still  another  method,  analogous  to  that  of  Art.  59,  can  be  used.     Id  fact, 
write  pi  I  -I 

Then  'J^— ty^^^  and  -^^{(coBrj  +  tBUiT)). 

But,  if  y = r  (cos  $+i  sin  $\ 

dr  .  .  dO' 


we  have 


dr)     \dr)         dr) 


or 


Hence 


)(co8  6'+tsin  0) 

dr)\     L\dr)/  \dr)/  J        \dr) 

dr)\  —  \  di)  \  \  dr) 


^1, 


and  ^0,  yi,...are  all  zero  for  r)=0.    Hence  we  find,  if  r)  is  positive,  the 
sequence  of  equations 

^o=lyol=^,  n=lyil=2T^^  ^2=ly2l=3j*?'i-M  ^«-i=ly..-il=-j^* 


lim  3^„=0. 


Thus 


If  we  substitute  i^  in  the  exponential  series,  we  find 

^+"'^""2^^""\3!+4-!+'5T- 

=o-m;-><'-^+i;--)' 

and  so  we  have  now  a  new  method  of  finding  the  sine  and 
cosine  power-series  (Art.  59). 

If  we  write  ?/  =  J'7r  and  tt,  we  get  the  equations 

E{i'7n)  =  i   E('7ri)=-l. 

Using  the  notation  explained  in  Art.  85,  we  may  write 

cosj/+isinj/  =  e''', 

and  changing  the  sign  of  ^,  we  find 

cos ;;  — i  sin  j/  =  6"*'» ; 


thus 


cos  f)  =  ^(^"f + e  "  *^),      sin  ^  =  g-.  (^"'  —  <^ "  "*). 
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We  have  at  present  no  definitions  of  cos  a?  and  sinic  when 
a;  is  complex ;  but  it  is  usual  and  convenient  to  define  them  by 
the  power-series  already  established  when  x  is  real.  Then  the 
equations  I  ■» 

are  true  for  complex  values  of  x  as  well  as  real  ones. 

It  follows  also  that  any  trigonometrical  formulae  which 
depend  only  on  the  addition-theorems  remain  unaltered  for 
complex  variables;  thus  in  particular  the  formulae  of  Arts. 
66,  67,  69  remain  true. 

If  we  write  x  =  ^+if]y  it  will  be  seen  that 

cosic  =  co8  ^cosh  jy  — 'i  sin  ^sinh  jy, 
sin  X  =  sin  ^cosh  ^  +  i  cos  ^  sinh  jy, 
where  cosh  ?/=  J(e''+e-'»),    sinh  jy=  ^(g''  — 6"''). 

We  shall  not  elaborate  the  details  of  the  analysis  of  the  sinh 
and  cosh  functions;  the  results  can  be  found  in  many  text- 
books (for  instance,  Chrystal's  Algebra,  ch.  XXIX.). 

It  is  to  be  noticed  that  when  x  is  complex,  the  inequalitiea 

|sinic|  <;|a3|,     Icoso^l^l 
a/re  nio  longer  valid.     We  can,  however,  replace  them  by  others, 

thus:  ^  ^  |ic|*     lajl^ 

|8inaj|^sinhlic|  =  |.'r|  +  '-7n-  +  '-^-h... , 

o!        01 

and  so,  if  |«|<;i,  we  have 

|8ina;|<|a;||l  +  g  +  ^+...|-<^|ic|. 

Similarly,  we  have 

I  cos  X I  ^  cosh  \x\', 

and,  if  1 05  K  1,  we  find 

|cosa;|<(l  +  ^+ij-h...)<2. 

87.  The  logarithm. 

We  have  already  seen  that  if  j^  is  a  real  angle 

E{ifi)  =  cos  Ti+isin  jy. 
Hence  if  n  is  any  integer  (positive  or  negative), 

E(2mri)  =  l, 
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and  since  E((+ifi)  =  e^(coati+iamti)  there  are  no  solutions  of 
the  equation  ^(^+ijy)  =  l, 

other  than  ^=0,  fj=2n'7r. 

It  follows  that  if  we  wish  to  solve  the  equation  E{y)  =  x, 
so  as  to  obtain  the  function  inverse  to  the  exponential  function, 
the  value  obtained  is  not  single-valued,  but  is  of  the  form 

y:^yQ+2mri,       (n  =  0,  ±1,  ±2,...), 
where  ^q  is  one  solution  of  the  equation. 


P+ 


Fio.  28. 

If  we  represent  x  geometrically  in  Argand's  diagram,  we  have 

X = r  (cos  0  +  i  sin  0)  =  rE{id). 
But  if  logr  is  the  logarithm  of  the  real  number  r,  defined 
as  in  Art.  157  of  the  Appendix,  we  have 

r=£(logr), 
and  consequently  x  =  E([ogr+id). 

Thus  we  can  take  2/o  =  logr+i0,  and  then  the  general  solution 
is  y  =  logx  =  logr+i(0+2n7r),       (7i  =  0,  ±1,  ±2,...). 

We  define  the  logarithmic  function  as  consisting  of  all  the 
inverses  of  the  exponential  function;  and  we  can  specify  a 
one-valued  branch  of  the  logarithm  by  supposing  a  cut  made 
along  the  negative  part  of  the  real  axis,  and  regarding  x  as 
prevented  from  crossing  the  cut.     Then  we  shall  have 

logic  =  logr-|-i0,  where   — x<0~7r. 
With  this  determination,  logic  is  real  when  x  is  real,  which 
is  generally  the  most  convenient  assumption.     Hut  it  should 
be  observed  that  then  such  formulae  as 

log(xx')  =  log  X + log  x' 

can  only  be  employed  with  caution,  since  it  may  easily  happen 
that  {Q+&)  is  greater  than  -tt,  in  which  case  we  ought  to  write 

log(rcx')  =  log  X  +  log  X  —iiri. 

The  reader  will  note  that  for  two  points  such  as  P,  Q  in  the 

diagram   (Q    being  the   refiexion   of  P  in   the  negative    half 

of  the  real  axis), 

lim  (logiCp— loga?g)=27ri. 


87,  88]  LOGARITHMIC  SERIES.  223 

But,  except  at  the  cut,  the  branch  selected  for  logo;  is 
obviously  continuous  over  the  whole  plane  of  x. 

88.  The  logarithmic  power-series. 

We  know  from  Arts.  68  and  62,  that  if  x  is  real  and  |  cc  |  •<  1 
the  series 

(1)  y^^x-^x^  +  ix^-,,, 

represents  the  function  inverse  to  the  exponential  function 

In  other  words,  if  we  substitute  the  series  (1)  in  the  series 
(2),  and  then  arrange  according  to  powers  of  x,  the  result* 
must  be  1  +a:.  But  this  transformation  is  merely  algebraical, 
and,  as  such,  is  equally  true  whether  x  is  real  or  complex. 

Since  the  series  (2)  converges  absolutely  for  all  values  of  y. 
the  derangement  implied  in  this  transformation  is  legitimate  (see 
Art.  36),  provided  that  the  series  (1)  is  absolutely  convergent. 
Hence,  if  [icKl,  equation  (1)  gives  one  value  of  y  satisfying 
equation  (2);  and  further,  from  (1),  y  is  real  when  x  is  real. 
Thus,  using  the  branch  of  the  logarithm  defined  in  the  last 
article,  we  have 

log(l+x)=x-ia^+ix^'- ...       (if  \x\<l). 


From  the  figure,  it  is  evident  that  this  equation  gives 

\ogp+i<f>  =  x  —  ix^+ia:^—... , 
where  —  x<0=+x      (see  Art.  87). 

This  result  can  be  at  once  confirmed  by  reference  to  Art.  65^ 
where  we  proved  that  (if  0  •<  r  <  1 ) 

J  log  (IH- 2r  cos  0+r2)  =  r  cos  0-Jr2  cos  20+ir«  cos  30-..., 

arc  tan  3-- 7;  =  rsin0  — ir^sin  26+^7^  sin  SO— 

l+rcos0  ^  ^ 

If  we  write  x  =  r{cosO+isind)  in  the  power-series  (1),  we  get 

aj  — ix*+ia:*— ...=^cos0— ir*cos20+i'r*cos30— ... 

+i(rsin0-ir2sin20  +  ir8sin3d^...), 


*  It  18  ft  good  exercise  to  verify  this  by  numerical  oompatAtion  up  to,  say,  afi. 
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and  obviously  p^  =  l-^2rco8  6+r^, 

tan  ^  =  r  sin  0/(1  +r  cos  0). 

Thus  our  results  are  in  agreement  with  those  of  Art.  65, 
except  that  we  now  see  that  ^  actually  lies  between  —  Jtt  and 
+  ^x  (because  r<;i)  instead  oi  —tt  and  ir. 

We  shall  obtain  an  independent  proof  of  the  equation 

\og{l+x)  =  x-ix^-^ix^- ,,.       (if  |a;|<l) 
in  the  following  article. 

The  series  for  arc  sin  a;  and  arc  tan  a;. 
Again,  by  Art.  64,  the  series 

(3)  2/  =  ^+^  3+^:4 -5-+... 

represents  the  function  inverse  to  the  sine-function  (Art.  59). 

(4)  ^=2'-il+|T— 

for  real  values  of  x,  y,  such  that  |a;|  ^Cl.  Since  the  series  (4) 
is  absolutely  convergent  for  all  values  of  y,  and  the  series  (3)  for 
icKl,  the  algebraic  relation  between  these  series  is  now  seen 
to  persist  for  complex  values  of  ic,  and   we   can  accordingly 

write 

la?     1    3  (c^ 
arc8inaj  =  ic  +  2-^+2^'y+...       (if  |aj|<0. 

since  the  series  (4)  is  taken  as  defining  the  sine  for  complex 
values  of  the  variable  (Art.  86). 
Similarly  the  pair  of  functions 

(5)  y=a;-ia;«+iaj5— }<c7+..., 


(0,      ,=(,_|;+|;_...)/(,_|:^i;_...) 


are  inverse  to  one  another  for  real  values  of  x,  such  that  |  a:  |  <  1 , 
and  we  may  therefore  write  for  complex  values  of  x 

arctanaj  =  a;  — ^^+^0?*— ...       (if  jccKl). 

In  these  equations  the  values  of  the  inverse  functions  are 
determined  by  the  conditions 


.       ,^,    .^l\xW  1.3|aj|\  .    ,    ,<, 

arcsmic|^|a;|  +  ^  '--o^+-t-^-^+...  =arc8m  |aj|^  J-tt, 

arctan.x|^l.T|+i|a;|3  +  i|aJr+...  =  ilog{l  +  |a;|}/{l-!aj|}. 
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89.  The  binomial  power-series. 

Consider  the  series 


X 


2 


a? 


where  both  v  and  x  may  be  complex.     The  series  is  absolutely 
convergent  when  |  a;  K  1,  and  thus  we  have  the  identity 

/(v,  x)xf{v\  x)^f{v+v\  x)      {\x\<  1). 
For,  if  we  pick  out  the  coefficient  of  x^  in  the  product 

/(i/,  x)  xf(v\  x), 
it  is  seen  by  the  ordinary  rule  (Art.  64)  to  be  a  polynomial 
of  degree  r  in  both  v  and  v;  thus  the  coefficient  of  x^  in 

f(p,x)xfiv\x)-'f(p+p\x) 

is  also  a  polynomial  Nr  of  the  same  degree. 

But,  when  i/,  v'  are  any  two  integers,  Nr  is  zero,  because  then 
/(i/,  x)  =  {l+xy;  and  consequently  Nr  must  be  identically  zero, 
because,  when  v'  is  any  assigned  integer,  Nr  is  zero  for  an 
infinity  of  different  values  of  v  (namely,  1,  2,  3, ...  to  oo  ). 

Thus,  identically, 

f{p,  x)xf{v\  x)^f{v+v\  x\       {\x\<  1). 

From  this  relation  we  can  apply  the  method  indicated  in 
Art  61  (2)  to  prove  that 

f{v,x)^(i+xy 

when  )/  is  a  rational  number. 

But  to  deal  with  the  case  of  complex  values  of  i/,  we  proceed 
somewhat  differently.  In  the  first  place  /(v,  x)  can  be  expressed 
as  a  power-series  in  v ;  for  /(i/,  x)  can  be  regarded  as  the  sum 
by  columns  of  the  double  series 

+ 


ic*- 


+ 


4      ^ 


1+1 

V 

<^+sO^-i<^ 

4 

*      2  *^  '    24 
+  6^-4*^ 
+  24* 

+ 


1.8. 


■^^y 
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Now  this  double  series  is  absolutely  convergent  because,  if 
|i/|  =  i/q  and  |a;|=iCQ,  the  sum  of  the  absolute  values  of  the  terms 
in  the  (p  +  l)th  column  is 

»^o(*^o+l)'-K+y--l) 
1.2...P 

which  is  the  (p  +  l)th  term  of  the  series  /(i/^,  x^\  and  /(i/^,  x^ 
converges  if  a;^^  1  by  Art.  12. 

The  double  series  being  absolutely  convergent  its  sum  is  not 
altered  (see  Art.  33)  by  changing  the  mode  of  summation  to 
rows,  which  gives 

/(i/,ir)  =  l+vXi  +  v2Z2+-» 
where  Xi  =  .t  — Ij'^+^^c'— 

Thus,  since  /(v,  x)x /(»/',  x)=f{y-\-v\  x\  we  can  apply  Art.  85 
above,  and  deduce  that* 

In  order  to  determine  X^,  let  us  write  »/  =  1,  which  gives 

l+ic  =  £'(Z,). 

Thus  X^  is  a  value  of  log(l+ic);  and  since  X^  is  real  when 
X  is  real,  it  is  the  value  defined  in  Art.  87.  We  have  thus  a 
new  investigation  of  the  logarithmic  series. 

Hence  Xj  =  logp+i0 

(see  fig.  29,  Art.  88),  so  that 

/(„,a:)  =  ^[„lQg(l+a:)] 

=  |0»e  -  ^  [cos(a0 + /8  log  /o) + i  sin  (a0 + /8  log  p)], 

where  i/  =  a+ij8, 

a  result  which  is  due  to  Abel.  The  investigation  above  is  based 
on  the  proof  given  by  Goursat  {Gours  cVAnoiyse  Math^matiqtie, 
§  275). 

The  method  given  in  the  example  of  Art.  36  (p.  89)  applies  to  complex 
indices ;  and  the  following  method  was  suggested  in  1903  hy  Prof.  A.  C. 
Dixon : 

The  relation  /(v,  x)  xf(v\  x^)=f{v+v\  x) 

gives  at  once  /(v,  ^)=lAw'  ^)J  '=(^"*"^"'  ®*^» 

where  n  is  a  positive  integer. 


Of  course  v  corresponds  here  to  x  of  that  article ;  and  X^  corresponds  to  o^. 
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Now  ^=.[.-(i_yj^(l_^)(,_Z.) 


3 


-0-rJ(^-|;)(i-3Tj?--} 


But  the  series  in  square  brackets  has  each  of  its  terms  less,  in  absolute 
value,  than  the  corresponding  term  of 

which  is  a  convergent  series,  independent  of  n ;  and  consequently  the  limit 
of  n^  as  7t  tends  to  oo  can  be  found  by  taking  the  limit  of  each  term 
(Art.  49). 

Hence  \im(n$)=v{x-ia^+l.v^-^x*+,„) 


==vlog(l+a:). 
But  (Art.  86)       lim  (1  +  f)" = ^(a'O,        if  o/ = lim  (wf). 


Thus,  /(v,  a:)=lim(l  +  ^"=i^[vlog(l+a;)]. 

The  discussion  given  above  applies  only  to  points  within  the 
circle  |a5)  =  l.  To  examine  the  convergence  at  points  on  the 
circle,  we  can  refer  back  to  Weierstrass's  rule  (Art.  79) ;  but  on 
account  of  the  importance  of  the  binomial  series,  we  shall 
give  an  independent  treatment  of  case  (ii). 

We  have  at  once 


a^x"" 


a^iaj"+* 


where  i/  =  a+i/8  and  |ft)K-4. 

Thus  the  series  converges  absolutely  mi  the  circumference  if 
a  is  positive ;  and  so  Xun^  is  continuous  up  to  and  including  the 
circumference.  Thus,  since  E[vlo^{l+x)]  is  also  continuous,* 
it  is  evident  that 

B[Aog{l  +x)]^f{v,  X)      (if  a >  0) 

at  all  points  on  the  circumference  |a;|  =  l. 

On  the  other  hand,  if  a  +  l=0,  after  a  certain  stage  the 
absolute  values  of  the  terms  of  the  series  never  decrease,  and 
so  f{v,  x)  canTiot  converge  when  |a;|  =  l. 


*  Except  at  x=  - 1 ;  but  there  is  do  difficulty  in  seeing  that  (if  a>0) 

lim  ^[vlog(l+x)]=0. 

For  the  absolute  value  of  this  exponential  is  p'^e'^,  where  |0|<ir. 
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Again,   if    —  1  <  a  =  0,   we  see   from   Ex.    3,   Art.   39,    that 
lim|a^|  =  0;  also  we  have  /(I,  x)—l+x,  so  that 

(l+x)/(i;,  x)=fiv+l,  x). 

If  we  take  only  the  terms  up  to  of  in  this  identity,  we  see  that 

where  S^y  S^  are  the  sums  of  the  first  (n+l)  terms  in  f(y,  x) 
and  /(i/+l,  x)  respectively. 

Now  the  real  part  of  i/+l  is  a  +  1,  and  is  accordingly  positive ; 
and  so  it  follows  from  the  previous  argument  that  8n  tends  to 
a  definite  limit  as  3^  increases  to  oc. 

|/(|/-l)...(,/-7l  +  l) 


And  since   lim 


=  lim  I  a^  1  =  0,   it  follows 


n— ►« 


that  lim(l+aj)S,»  is  definite  and  equal  to  ^[(v+l)log(l+a;)] ; 


n->» 


thus,  unless  a:=— 1,  we  have  f(v,  a;)=  limfii^=^[i/log(l+a;)], 

and  the  series  converges  on  the  circle,  except  at  a;=— 1. 
For  points  on  the  circumference,  it  is  evident  that 

p  =  2cosi0,   0  =  ^0,      (-^<0<^) 

and  so  we  have 

f{v,  (c)  =  (2  cos  itf)*e-*^[cos{iad+/81og(2  cos  J0)} 

+i8in{ia0+/81og(2co8ie)}], 
provided  that  a^  — 1. 

For  the  special  value  a;=  —  1,  we  have  the  identity  (see  p.  162) 


«.=a-.)(i-i)...(i-^. 


It  follows,  as  in  Arts.  42  and  61,  that 

S^->0,       ifa>0,  |S„|->oo,       ifa<0, 

but  that  Sn  oscillates  if  a  =  0. 

90.  Differentiation  of  Trigonometrical  Series. 

In  some  cases  of  interest,  it  is  found  that  although  the  series 

f(x) = 2tt„e**" = 2an  (cos  Ttx+isin.  nx) 

is  uniformly  convergent,  yet  the  series  of  difierential  coefficients 
ceases  to  converge.  If  this  occurs,  it  is  often  possible  to  obtain 
the  value  of  f{x)  by  differentiating  the  series 

/(«)(l-e'')=ao-(ao-ai)e«-(ai-a2)c2«-.... 
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This  gives 

+  3(a2-a3)6««+...], 

provided  that  the  series  2n(an-i  — a„)e'"'  is  uniformly  conver- 
gent, which  is  certainly  the  case  (in  any  interval  from  which 
£C  =  0.  2*^  are  excluded)  if  n{an-i^(in)  is  a  real  positive  decreasing 
sequence,  or  in  any  interval  if  Xn\an~i^(in\  is  convergent  (see 
Arts.  44,  46). 

If  we  substitute  the  value  of  f(x)  as  a  series,  we  find  the 
equation 

f(x)(l  -  c«)  =  i[a^^  -  (Oi  -  2a^)e^^  -  {2a^  -  3a^)€^^  -...]. 

In  practice  it  will  usually  be  found  best  to  differentiate  the 
series  for  f(x)  first,  and  obtain  the  fonnal  equation 

f\x)  =  i{a^e^  +  la^e^ + ^^e?^  +...), 
which  is   to  be  interpreted  by  multiplication  by  (1  — e'')  and 
rearrangement  according  to  powers  of  c",  as  if  the  differentiated 
series  were  convergent.     This  rule  will  be  seen  in  Chapter  XI. 
to  be  more  than  an  accidental  coincidence  [Arts.  103  (4)  and 

no  (2)]. 

It  is  easy  to  see  that  exactly  the  same  method  can  be  used, 
if  necessary,  to  establish  a  similar  rule  to  interpret  the  series  for 
f{x)  by  using  the  factor  (1  +  e")  or  (li^*"^),  where  r  is  an 
integer.* 

Another  process,  which  in  practice  is  almost  the  same  as  the 
foregoing,  is  due  to  Stokes  {Math,  and  Phys,  Papers,  vol.  1, 
pp.  256-260);  the  first  case  of  Stokes's  rule  may  be  reduced 
to  the  form 

^{'Zane^^)  =  iL{nan-Ay^-Aie='j{e^^\\ 

where  ^  is  a  constant  determined  by  the  condition  that 
2(7ian  — ^)c*"*  is  convergent;  and  another  case  can  be  written 

^  (SanC'"^)  =  is  \_7ian + ( - 1  TBI  e» «' + Bie^/(&^ + 1 ), 


*  Methods  sabstaDtially  equivalent  to  this  have  been  given  by  Lerch  {Ann.  de 
VEcde  Normale  Sup.  (3),  t.  12,  1895,  p.  351)  and  Breuke  (Annals  of  McUhematics 
(2),  vol.  8,  1907,  p.  87).  But  the  foregoing  process  seems  simpler,  both  in 
practice  and  in  principle. 


1 
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if  £  is  a  constant  which  makes  the  series  on  the  right  con- 
vergent.    These  results  of  course  depend  on  the  fact  that 

^[2(l/7iy-]=  -4(i+cot  Jx)=  -i€^/(6«-l) 

in  virtue  of  Art  65  (see  also  Ex,  1,  below). 

Ex.1.     Consider         /(x)=^e^+ie^+ie^+.... 
This  gives  the  formal  equation 

/(x)=i(«^  +  e2^+c^+  ...X 
which  leads  to  the  real  equation 

or  f{'r)=-i{t+cotix\      0<x<2ir. 

Thus  f(x)  =  -  log  (sin  ^x)  -^tx+ const. 

But  for  ar=ir,  we  find      /(T)=-Iog2, 
so  that  /(x)=-log(2  8in  Jjr)+ii(ir-.rX      0<j:<2ir, 

in  agreement  with  Art.  65. 

Ex.  2.     Similarly  we  can  prove  that 

c^+Je*^  +  }e«'+...=  -ilog(tanij:)+J^e,  0<jp<ir, 

and  e^- Je***+ic^-...=j7r  +  itlog(8ecx+tana?X       -Jir<JF<iir. 

These  give,  if  0<j?<^ir, 

cos  JP+  J  cos  5x+ J  cos  9jr  + . . .  =  J?r  -  J  log(tan  Jjt), 

sin  x+ J  sin  5x4- Jsin  9x  + ...  =  Jir +i  log(8ec.r+ tan  x). 


Ex.  3.     Again  consider       f{'^)=  S 


c" 


OO       /JHX 


Here  we  get  the  formal  equation 

/(.r)-i(/-(x)=-tie"«, 

which  gives  the  real  equation 

[/(x)-tV/(.r)](l-e^)=0. 

Thus  f{x)^Ae^'^  where  A  does  not  involve  x,  and  x  ranges  from  0  to  2ir. 
Putting  ar=ir  we  obtain  the  result 

Aei't^  i(_zlI-=l__L+_L__L  + 

1    +J,-^+... 


^+1     ^+2     ^+3 

.  .  ,     1        2t  2t 

^^  Ae^^^ ~ 7 ~ /«,  1  +  /2 _ 92 -•••==  IT cosec(7rO  (see  Art  92). 

That  is,  A  =  — ?^, 

80  that  2irte^'       »  ^^      rO<:r<r2fl-^ 
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Thus,   by  dividing  by  c"*,  we  get 

J./   .\      ^  cob( t  —  n)x  ^8in(^-7i).r 

^     -Xa      t-n  _«      t-n 

91.  The  infinite  products  for  sin  a;  and  cos  a;. 
The  identities  of  Art.  69  remain  true  for  complex  values  of  x, 
and  we  deduce,  as  in  Art.  70, 

sin  a;      _  *<lz  ^>  f        sin^(a?/n)  1 
'n.sin(a;/'M)"~    ,.=1  L   '"sin*(r7r/'M)J* 

Now,  since  n  is  to  tend  to  00 ,  we  can  always  ensure  that  n 
is  greater  than  \x\,  and  so  Art.  86  gives 

I  sin(a;/7i)  K  f  |  x/n  \ ; 

and,  since  r  <  Jti,         sin(r7r/n)  >•  2r/7i 
(see  footnote,  p.  184). 


Hence 


sin^(a;/7i)  I  ^  9  \x\^       .-     -^i    1 
sin2(r^/7i)  "^  25  1^'       '^  ^>F|; 


and  consequently  we  can  take 

"MM"  *'       \X\ 

^'=25  y- 

in  the  theorem  of  Art.  49.     Hence,  as  in  Art.  70,  we  find 
In  the  same  way  we  find 

92.  The  series  of  fractions  for  cot  x,  tan  x,  cosec  x. 

The  investigation  given  in  Art.  71  for  real  angles,  can  be 
extended  without  difficulty  to  a  complex  argument,  by  making 
the  following  modifications : 

We  have,  of  course,  the  identity 

1     ^x     *(^'>  2      sm(x/n)coa(x/n) 
cotx=-cot V  — .  ^.^,  ( — rJ.   ,  V, 

since  this  identity  is  merely  an  algebraical  deduction  from  the 
trigonometrical  addition-theorems,  which  are  true,  whether  the 
arguments  are  real  or  complex. 


232  COMPLEX  SERIES  AND  PRODUCTS.  [CH. 

Now  here,  as  in  Art.  91,  we  have 

sin (rir/n) >  2r/7i,      | sin (x/n) \<ii\x\/n, 

assuming  that  ti  >►  |  x  |. 
Also  we  have  (Art.  86) 

I  cos  (x/n)  I  <  2. 
Hence 

1 2n  sin  (x/n)  cos  (x/n)  |  <  -V"  I  ^  I 

and  n* | sin^('nr/7? ) — aiv?(x/n)  |  >  4r* — |J  | a?  | '^. 

Thus,  provided  that  5r  >  3 1 £c  |,  we  have 

2  sin  (x/n)  cos  (x/n)      \  30|a;| 


n{8m\rTrln)  —  Qin^(x/n)}  \       25r^— 9 1  x  \^' 
Consequently  we  can  use  the  comparison-series 


25r^-9\x 

and  so  the  theorem  of  Art.  49  can  be  applied  just  as  in  Art.  71  ; 

further,  .  .  /      x\ 

lim  f  71  sin    j  =  x,     lim  f  cos  -  j  =  1, 

exactly  as  if  a;  were  reed  instead  of  complex.* 

Hence  lim  (    cot     )  =  - 

\n       n/     X 

J  y     2      8in(.r/7?)co8(ir/7?)     _       2x 

n  sin^(7'7r/ n)  —  sin^^x/n) "* r^ir^ — .r-' 

Thus  we  have,  for  all  values  of  a?,  real  or  complex  (except 
multiples  of  ir), 

.        1^^       2x  l^v-'/      1      _L  1\ 

X       I    x^  —  n^TT'     X     TZ  \x—mr     n-jr/ 

where  n  is  now  the  variable  of  summation,  instead  of  r. 
Now  the  following  identities  hold  :t 

tan  X  =  cot  .r  —  2  cot  2Xj 

cosec  X  =  cot  ^x  —  cot  x. 

*  These  statements  follow  at  once  from  the  power-series  for  the  sine  and  cosine. 
tThe  identities  are  familiar  results  when  x  is  real;  for  other  values,  they 
follow  from  the  formulae  obtained  in  Art.  86. 
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Hence  we  find,  on  subtraction, 

co8eca5  =  -+V(-l)*-^ 5—. 

o.  .        cosic     .e**+e-''     .«***+ 1 

•Since  cotic  =  -^— =i  /r-  -l,=^-^zz — it* 

by  writing  y  =  2iXy  we  see  that 
ev+l     2  ,   "         42/ 


or  — 


1     _lfey+l       \     1     1     ^-.        2y 
-1     2\ey-l       /     y     2"*"  V  2/^+471^2' 


93.  The  power-series  for  xl{e'-i.) 

The  exponential  series  gives  at  once 


X  .  x^ 


and  consequently  (as  in  Art.  54)  the  reciprocal  function  a?/(e*— 1) 
can  be  expanded  in  powers  of  x,  provided  that  |  a;  K  /o,  where 

This  last  condition  is  certainly  satisfied  by  taking 

1 


f/{'-i)- 


or  by  taking  p  =  |  =  1*2. 

Thus  we  can  write 

By  changing  the  sign  of  x,  we  find 

If  we  subtract  the  first  of  these  expansions  from  the  second^ 
we  obtain  the  identity 

x=:X'-2A^  —  2A^oc^'- ... , 

so  that  ^3  =  0,  -^5  =  0,  ^7  =  0, 
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Consequently  we  can  write 

/>*  /*•  />»2  /i«4  /yn 


where  B^,  B^,  B^, ...  are  BemovUi'a  nuinbera. 
It  i8  easy  to  verify  by  direct  division  that 

-®1  =  T>  -^2=3^*   ^8~A^»   -®4~^»   -^5  =  ^, 

but  the  higher  numbers  become  very  complicated.* 
Again,  from  the  last  Article  we  see  that 

Now  if  \x\<^  2x,  each  fraction  can  be  expanded  in  powers  of 
X,  giving 

x^ + 471^2  ""  27i27r2  L       4n  V2  "^  1  e?^*^*  ""••']* 

And  the  resulting  double  series  is  absolutely  convergent,  since 
the  series  of  absolute  values  is  obtained  by  expanding  the 
convergent  series 

X 


ao 


2 


4«.%*-  a;l« 


It  is  therefore  ^rmissible  to  arrange  the  double  series  in 
powers  of  x,  and  then  we  obtain 


e* 


which  is  now  seen  to  be  valid  for  |  a;  |  <  27r.t 
By  comparison  with  the  former  expression,  we  see  that 

D Lv*_L     R— Av*—     R—   _  V  _ 

and  generally  5^ = ^^4cj^  2  ,j2.=- 


*The  numbers  (as  decimals)  and  their  logarithms  have  been  tabulated  by 
Olaisher  (Trans.  Camb.  Phil.  Soc.j  vol.  12,  p.  384);  and  B^  to  B^^  are  given 
by  Adams  {Scientific  Papers,  vol.  1,  pp.  453  and  455).  (For  more  details,  see 
Chrystal's  Algebra,  Ch.  XXVIII.  §6.) 

tXhat  2t  is  the  radius  of  convergence  may  be  seen  from  Baker's  theorem 
•(Art.  84);  for  the  zeros  of  e'-l  are  x  =  2nT%,  and  the  least  distance  of  any  of 
tiiese  from  the  origin  is  2ir. 
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We  obtain  thus  the  results 

v}~  6  ^  ^'   ^7i*""90'    ^7i«""945'    ^7i8""9450' 

It  is  instructive  to  notice  that,  when  x  is  real,  we  have  (for 
any  value  of  x) 

2X  _       X      r  X^  Mf^Urf  jfy 

a;«+4nV2  ""271^^1       47iV2"^*""^^     ^  UnW 

+ ( - 1 X"^'  fe^V  F+4^Ard' 

Thus,  by  addition,  we  see  that  -—   ,   is  represented  by  the 

first  (r+3)  terms  of  the  series  with  an  error  which  is  less  than 
the  following  term  of  the  series. 

For  instance,  for  any  real  positive  value  of  x,  we  have 


•><^-i-(i-l)<w 
«>?^-(i-i+n)>- 


720' 
and  so  on. 

Ex.     By  means  of  the  identity 

1  .         2 


e*-!     e**-!     ^+1* 
we  can  shew  that 

}  94.  Bemoullian  functions. 

The  BernouUian  function  of  degree  ??,  denoted  by  <pn(^)y  is  the 
coefficient  of  V^/n\  in  the  expansion  of 


t 


e'-l  ' 


^         which,  by  the  foregoing,  can  be  expanded  in  powers  of  t  if 
^  |<  2'7r. 
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Thus  we  have 

80  that  <l>n{x) 

where  the  polynomial  terminates  with  either  x  or  xK 

From  this  formula,  or  by  direct  multiplication,  we  find  that 
the  first  six  polynomials  are : 

if>^(x)  =  x^-x  =  y, 

03  (ir)  =  x^-^x^+ix  =  yz, 

i>4(x)  =  ar*  -  2jr^ + x^  =  y^, 

ip^ix)  =  X'  -  ^x*  +  ^r"  -\x  =  yz{y-  \), 

<t>,{x)^x'-^^+ix'-\x^=y\y-\\ 

where  y  =  x{x  —  \\    z  =  x  —  ^  =  ^~j-. 

Again,    0„(x  +  l)— ^^(.r)   is   the    coefficient    of    t^^/n]   in    the 
expansion  of 

so  that  </)n{x  + 1 )  —  <f>n(x)  =  ux^-^. 

If  we  write  a;  =  l,  2,  3,  ...  in  the  last  equation  and  add  the 
results,  we  see  that,  if  x  is  any  pof^itive  integer, 

which  gives  one  application  of  the  polynomials. 

Further,  by  difl'erentiation  we  see  that  <l>n{x)  is  the  coefficient 
of  f'/nl  in  the  expansion  of 


Hence  we  find 

</>^\x)  =  2  [<f>,(x)  -  i],         <f,^\x)  =  S[<f>,,{x) + B,l 
<f>,\x)  =  403(.r),  ^^(x)  =  5[<f>,(x)  -  B^l 


-J 


H] 
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and  g^enerally        (f/wi{x)  =  2m^  .  i  (a;),     (m  >  1 ) 

0Wi(^)=(2m  +  l)[^^(ir)+(-iy'»-^£,„],      (mgl). 
If  we  change  a;  to  1  —a;  and  t  to  —t,  we  see  that 

Thus  </>„(! -x)=i-irip„{x),      in>n 

Since  0n(O)=O,  it  follows  from  the  last  equation  that  x  =  l  is  a 
root  of  ^„(a;)  and  that  jr  =  J  is  a  root  of  4>tm+i{^) ;  and  a  glance  at 
the  five  functions  02>  ••• »  ^«  leads  to  the  conjecture  that  <pi,n(^) 
has  no  root  between  0  and  1,  while  ^m+i(^)  '*«^  oniy  <A,e  roo<  J^. 

Suppose  that  this  conjecture  has  been  established  for  all 
values  of  m  up  to,  say,  /x:   then  since 

^  V+K^)  =  (2/x  +  2)0.>^+i(x), 
^^+2(3?)  is  numerically  greatest  at  ic=J,   and   cannot   vanish 
between  0  and  1. 

Consequently  0V+8(^)  =  (2/^  +  3)^2^^.2(x)+const.  can  change 
sign  once,  at  most,  between  .r  =  0  and  ^.  Hence  ^2^4.3(3;)  can 
have  no  zero  between  x  =  0  and  ^,  and  therefore  none  between 
i  and  1.  Thus  the  theorem  has  been  extended  to  the  value 
nn  =  /i  +  l]   and  it  is  accordingly  always   true.      The   diagram 

indicates  the  relations  between  02(^)»  08(^)»  4>i(^)»  4>bi^\  ^^'^  ®^ 
illustrates  the  general  argument. 


y'^j[-^) 


j^^sf^) 


y-4M^) 


ymiOfp^(x) 


Fig.  30. 


It  will  be  seen  that  02m(^)  contains  the  factors  x^{x^iy 
(m>  1),  because  ^'2*«(^)  =  0,  for  a;  =  0,  1 ;  and  tftat  the  sign  of 
^>2m(x)  is  the  same  as  that  of  (  — l)**"^,  in  the  interval  (0,  1). 
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95.  Euler'8  sammation  formula. 

We  have  seen  in  Art.  94  that  if  x  and  n  are  positive  integers^ 

the  polynomial  containing  i(??  +  2)  or  J(n  +  3)  terms. 

It  is  obvious  that  if  f{x)  is  a  polynomial  in  a?,  we  can  obtain 
the  value  of  the  sum 

/(l)+/(2)+...+/(x-l) 

by  the  addition  of  suitable  multiples  of  the  Bemoullian 
functions  of  proper  degrees.  But  to  obtain  a  single  formula^ 
we  must  utilise  the  Calculus;  and  so  we  observe  that  we 
can  write  the  foregoing  expression  in  the  form 

Hence  when  f{x)  is  a  polynomial,  we  have  Euler'a  formula^ 
/(l)+/(2)+...+/(x-l) 

= \f{x)dx  -  y{x) + ~BJ{x)  -  l,BJ"\x) + . . . . 

where  there  is  no  term  on  the  right-hand  side  (in  its  final  form) 
which  is  not  divisible  by  x. 

However,  the  most  interesting  applications  of  this  formula 
arise  when  f{x)  is  a  rational,  algebraic,  or  transcendental 
function,  and  then  of  course  the  foregoing  method  of  proof 
cannot  be  used;  and  the  right-hand  side  becomes  an  infinite 
series  which  may  not  converge. 

To  obtain  the  formula  in  these  cases,  we  shall  apply  the  method  of 
integration  by  parts.*    Consider  in  fact  the  integral 

Jo 
where  <^  denotes  the  Bernoullian  polynomial. 

Remembering  that  <^(0  vanishes  for  ^=0  and  ^  =  1,  we  find  that 
this  integral  is  equal  to 

-  \lf^~\^  +  t)<f>'^n(t)dt  =  -  2w|  V-n^  +  0<frb..i(Ofl?^. 
*Seliwanoflf,  Dijerenzenrechnunrjt  §§38,  39. 
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Integrating  by  parts  again,  we  obtain  similarly 

2n(2n- 1)  J  V-'(-^+0[^«-2(0+(-  ir^«-i]o?^. 
Hence  if  we  write 

we  have  the  result 

jr,-jr^,=(-i)-^-^^ii^[y^-»(x+i)-/*-»(x)],    (n>i). 

Let  us  now  examine  the  case  n  =  l  ;  we  have  then 

Thus,  since  ^(t)=('— t,  we  have 

Xi=-Cf'{x-^t){t-\)dt 

=  -\U{^+\)-\-f{x)]+  Cf(x  +  t)dt. 
That  is, 

iiyw+/(*+i)]=/"V(Orf<-ir, 

and  J',-ir,=  +^[/(*+l)-/(^)], 

etc. 
Thus  i[/W+/(*+l)]=/" /(«)*- J^i 


•«  +  l 


fi, 


=j^  mdt-\.^[f{x-^\)-nx)-\ 

and  so  on. 

Let  X  take  a  succession  of  values  a,  a  +  1,  a  +  2, ...,  6  —  1,  and  add  the 
corresponding  equations.    Then  we  have,  if  we  stop  at  X^  for  instance, 

/'(a)+/(a+l)+,..  +/(6  -  l)+/(6)=/V(0rf«+iiy(6)+/(a)] 

+^[/ (6)  -/(a)]  -  ^[/"(6)  -/"(«)] 


-^J^4>,(t)U'(<i+t)+-+/'(b-l+tyidt. 
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And  obviously  we  can  introduce  as  many  terms  as  we  pleaise  on  the 
right-hand  side. 

For  a  fuither  discussion  of  Euler's  formula,  see  Chapter  XI.  Art.  131. 


1,     If  V^„(4r)  is  the  coefficient  of  fjnl  in  the  expansion  of  «**/(«•+ IX 
prove  that 

and  if  ;r  is  a  positive  integer, 

Deduce  that  if  f{x)  is  a  polynomial  in  x, 
/(l)-/(2)+/(3)-/(4)+...+(-l)'-y(x) 

=(-  ir'[i/w+^5j"w-^-/»tr»+^'5^w-  ...]+oon8t. 

Ez«  2.    As  particular  cases  of  Ex.  1,  we  find 

yfr^{x) = \x  -  J,    yfrj^x) = ix(a:  - 1 X 

These  give,  when  a:  is  a  positive  integer, 

1-2  +3  -4  +...+(-l)*-*a-  =-i.r  or  +i(4r+l) 
1  -  2«-f  32-  4«+ ...  +( -  l)«->x'  =  (  -  \Y-^\{a^^-x\ 
l_23+3»-43-f...  +  (-l)'-»jr3=-(ix8  +  ix2)  or  H\j^^  +  iJ^-i\ 

and  so  on.    In  the  first  and  third  cases  the  alternatives  are  to  be  chosen 
according  as  ;r  is  even  or  odd. 

Ex.  3.     It  is  easy  to  see  that 

From  the  foregoing  equations  and  from  those  of  Ex.  3  prove  that 

Shew  also  that  {x—^)  is  a  factor  of  the  odd  polynomials,  and  x(x-\) 
of  the  even  polynomials. 

Ex.  4.     Prove  that  if  n  is  odd  and  k  is  an  integer, 

2V„(a:+r/ir)=<^„{iLr)/it-\ 

rs=0 

and  obtain  the  corresponding  result  when  n  is  even. 
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EXAMPLES  A. 
Complex  Numbers. 

1.  If  the  numbers  a,  x  are  both  complex,  shew  that  when  the  points 
a'  are  marked  in  Argand's  diagram,  they  lie  on  an  equiangular  spiral  whose 
angle  depends  only  on  x  and  not  on  a.  [Math,  Trip.  1899.] 

Examine  the  special  cases  when  x  is  (1)  real,  (2)  pure  imaginary  ;   and 
in  particular,  if  x=i  and  a  is  real,  prove  that  if  6= a*, 

|6  +  l/6|=^[2{co8h(4/7r)+co82(loga)}], 

where  k  is  an  arbitrary  integer. 

2.  If  X  and  y  are  complex,  prove  that 

U-+y|H>-yP=2{|:r|2+|y|n, 
and  interpret  this  equation  in  Argand's  diagram.     Deduce  that 

[Harkness  and  Morlby.] 

3.  li  A^  B  are  the  points  in  Argand's  diagram  which  represent  the 
roots  of  cw^  +  26.r-hc=0,  and  A\  If  represent  the  roots  of  a';F*+26'jr+c'=0, 
shew  that  the  condition  a(f+a'c-^hh'=0  is  equivalent  to  the  conditions 

OA^^OA'.OB',   AVA^AOR, 
where  0  is  the  mid  point  of  AB,  [Math,  Trip.  1901.] 

[Transfer  to  0  as  origin,  which  gives  6=0.] 

4.  If  I  cos  a:  I  =  1 ,  where  x=^-\- irjy  shew  that  sinh  t;  =  i  sin  ^  ;  and  that 
if  we  write  cos.r=cos^+i'sin  ^, 

where  $  is  real,  then  8in^=±sin*^. 

5.  Shew  in  a  diagram  the  roots  of  the  equation  32.T;*=(.r-|-l)*,  and  prove 
that  they  are  con  cyclic. 

6.  If  the  equation 

has  real  coefficients,  and  if  its  roots  in  Argand's  diagram  are  concyclic 
(two  l^eing  real  and  two  complex),  then 

OQa^a^-\-  2a|  r/j  a^  —  a^aj^  —  a^'^a^  —  o^^ = 0. 

7.  U  a,b,  c  are  complex,  a,  )S,  y  real  constants,  the  point 

_at^  +  2bt+c 

traces  a  conic  or  straight  line,  when  t  takes  all  real  values.     Examine  the 
conditions  for  the  various  cases.  [Stolz  und  Gmeinbr.] 

8.  If  t  represents  a  complex  number  such  that  |^|»1,  shew  that  as 
t  varies,  the  point  at-hb 

t-c 

describes  a  circle,  unless  |c|=l,  when  it  moves  along  a  straight  line. 

[Morlet.] 
I.S.  Q 
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9*   If  t  varies  so  that  |^|  =  1,  shew  that  the  point 

2a:=at+b/t 
in  general  describes  an  ellipse  whose  axes  are  |a{  +  i6|  and  laj-l&l,  and 
whose  foci  are  given  by  x^==ab. 

If  |a;  =  {&|,  pi*ove  that  the  point  x  traces  out  the  portion  of  a  straight 
line  which  is  terminated  by  the  two  points  x^=ah. 

10.  If  t  varies  so  that  |^|  =  1,  prove  that  the  point 

in  general  describes  a  lima^on,  whose  focus  is  c  -  &^/a.  Find  the  node ; 
and  if  |a|  =  |6|,  shew  that  the  lima9on  reduces  to  a  cardioid.     [Morlet.] 

11.  If  t  varies  so  that  |^|  =  l,  shew  that  the  point 

a     ,     6     , 

in  general  describes  a  hyperbola,  and  find  its  asymptotes.  Under  what* 
conditions  is  the  origin  (1)  the  centre,  (2)  a  focus  of  the  curve? 

Prove  also  that  the  point  .r=7— -,w  +  :: — r  +  c 

\t-\f    t  —  \ 

describes  a  parabola. 

12.  Constructions  for  trisecting  an  angle. 

If  a=cosa+i8ina,  the  determination  of  \a  is  equivalent  to  the  solution 
of  the  equation  in  t^  t^=a. 

To  eflfect  this  geometrically  we  use  the  interaections  of  a  conic  with 
the  circle  |  ^  |  =  1  ;  the  form  of  the  conic  is  largely  arbitrary,  but  we  shall 
give  three  typical  constructions,  the  first  and  second  of  which,  at  any  rate, 
were  known  to  the  later  Greek  geometei*8  {e.g.  Pappus). 

(1)  il  rectangular  hyperbola. 

If  we  write  our  equation  in  the  form 

and  then  put  t  =  ^+ii],  l/^=^-iV/,  we  find  that  the  points  triflecting  the 
angle  are  given  by  three  of  the  intersections  with  the  circle  ^  +  7/*=!  of 
the  two  rectangular  hyperbolas 

^2  _  ^2  _(^  cos  a -1-7;  sin  a)=0,    2^7;  — f  sina-Hrycosa=0. 

Of  course  the  fourth  interaection  of  the  hyperbolas  is  the  origin  and  so 
is  not  on  the  circle. 

Either  of  these  hyperbolas  solves  the  problem,  but  the  second  is  the 
easier  to  construct ;  its  asymptotes  are  parallel  to  the  axes  (the  one  axis 
being  an  arm  of  the  angle  to  be  trisected),  its  centre  is  the  point 
(  — ^coso,  ^sina),  and  it  passes  through  the  centre  of  the  circle  (that  is, 
the  vertex  of  the  angle  to  be  trisected).  Since  a  hyperbola  is  determined 
by  its  asymptotes  and  a  point  on  the  curve,  we  can  now  construct  the 
hyperbola. 

(2)  A  hyperbola  of  eccentricity  2. 

The  first  hyperbola  in  (1)  cuts  the  circle  f*+7y2=x  in  the  same  points 
as  the  hyperbola  ^*-3»y*-2(^eosa  +  7;sina)+l=0. 
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This  hyperbola  has  eccentricity  2,  and  one  focus  at  (cos  a,  sin  a),  and 
7/  =  0  is  the  corresponding  directrix  ;  ( -  cos  a,  sin  a)  is  the  vertex  on  the 
other  branch  of  the  curve.  From  the  present  point  of  view,  this 
hyperbola  presents  itself  less  naturally  than  those  given  in  (1) ;  but  the 
reverse  is  the  case  if  we  use  geometrical  properties  of  conies,  and  this 
was  of  course  the  method  used  by  the  Greeks. 

(3)  ^4  parabola. 

Again,  we  find  that  the  first  hyperbola  of  (1)  cuts  the  circle  ^-hr;^=l 

in  the  same  points  as  the  parabola 

27/2 -l-f  cos  a+ t;  sin  a  —  1  =0. 

This  parabola  has  its  axis  parallel  to  7;=0,  passes  through  the  points 

(cos  a,  ^sina),    (cos  a,  —  ^sina), 

and  touches  the  line  ^cosa+r/sina  — 1=0  at  the  point  (sec  a,  0). 

fl-i    , 
13.    If  ^=exp(27rt7a)  and  A'=2^^  shew  that 

M  =  0 

(i)  a=  7  gives  X={^, 

(ii)  a  =  ll    .r=?Vll, 

(iii)  a=13    A''=^/13. 

[Taking  case  (i),  we  find  at  once  that  -1^=1 +2.S,  where 

It  is  easily  proved  that  S-\-S'=  -\^  since  (o;^- l)/(.r-l)=0,  and 

Thus  .S'  is  a  root  of  >S2  +  'S+2  =  0,  which  gives 

A'2=_7,   or  X=±i^l. 
It  is  easily  proved  by  considering 

sin  (27r/7)+sin  (87r/7)  +  sin  (47r/7) 
that  the  sign  must  be  +  ;  compare  Ex.  5,  p.  188. 
In  like  manner  we  deal  with  case  (ii). 
In  case  (iii)  we  write  again  X=\-\-2S,  where  now 

Here  again  ^+>S"=  -1,  but  SS'=-Z{S-¥S')=  -3. 

Thus  <S'*+<S'=3  and  X^—\Z.    That  S  (and  therefore  X)  must  be  positive 
is  obvious  by  considering  that 

i  *S^ = cos  (27r/ 13)+ cos  (Stt/  1 3) + cos  (Ctt/I  3), 
in  which   the  only  negative  term  is  the  second,  and  that  term  is  less 
than  the  first  (in  numerical  value).] 

14.   With  the  same  notation  as  in  the  last  example,  shew  chat 

(i)  a=  4  gives  Z=(l+02, 

(ii)  a=  8    .V=(l  +  i)2V2, 

(iii)a=12   Z=(l  +  t")2^/3. 

[In  the  first  case  we  have  x=u 

In  the  second  case,  we  have  .r*=i,  a:=(l+i)/x/2. 

In  the  third  case,  a^—i^  .r=J(^3  +  i).] 


y 
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16.   The  value  of  the  more  general  sum  y=  Z^r^',  where  h  is  an  integer 

n-O 

prime  to  a,  can  now  be  inferred  in  these  special  cases.     We  find,  in  fact, 

(i)  a=  7,   /       y=     Ql,  if  6  =  1,  2,  4, 

\or     =-t;/7,  if  6=3,  5,  6. 

(ii)  a=ll,    r      y=     tVll,  if  6=1,  3,  4,  5,  9, 

\or     =  -tVll,  if  6  =  2,  6,  7.  8,  10, 

(iii)  a=13,    (      y=     ^/13,  if  6  =  1,  3,  4,  9,  10,  12, 

\or     =  -v^l3,  if  6=2,  5,  6,  7,  8,     11. 

(iv)  a=  8,    1^      .y =(1+02^/2,  if  6  =  1, 

or  '  (-1+1)2^2,  if  6=3, 

or     (-l-02v'2,  if  6=5, 

or        (l-y)2v/2,  if  6  =  7. 

16.  It  will  be  seen  from  a  consideration  of  the  special  cases  discussed 
in  Exs.  13,  14,  that  the  set  of  values  .r""'  may,  or  may  not,  be  equivalent 
to  the  set  x"*.  In  the  former  case,  a  is  of  the  form  4X  +  1,  where  k  is  an 
integer ;  and  the  sum  8  consists  of  k  pairs  of  terms,  whose  indices  are 
complementary  (that  is,  of  the  form  v,  a  -  v).  On  multiplying  SS*  out,  it 
is  easily  seen  to  be  the  same  as  k(S+S'). 

Thus  we  find  S'^+AS-k=0    or    X2  =  4it+l=a. 

Similarly,  if  a  is  of  the  form  4ifc+3,  we  find  that  tlie  terms  or-""  belong 
to  S',  and  then  we  find     SS'=(2k-\-  l)-\-k{S+S')-=k-h  1. 
.Thus  S^+S+k+l  =  0    or    X^= -(4k+Z)= -a. 

[Math.  Trip.  1895.] 
A   general  determination   of   the   sign   of  X  (and   indeed    a    complete 
discussion  of  the  distribution  of  indices  between  S  and  S')  belongs   to 
the  problem  of  quadratic  residues  in  the  Theory  of  Numbers.* 

17.  TVhen  a  is  an  even  integer  a  =  2kf  where  k  is  oddy  we  note  that 
^n+*)>__  —a^*^  go  that  X  is  identically  zero. 

When  a=4^,  the  results  of  Ex.  14  suggest  that  X=(l+i)^a,  but  a 
complete  proof  of  this  requires  some  further  discussion.t 

18.  Deduce  from  Ex.  13  that 

tan?^+4sin?j=s/ll.  [Math.  Trip.  1895.] 

[In  fact, 

Zv    ^  —  1     a^—  r^ 
itanyr  =^     ,  =--j-^=^x^-.t^+a^-x-\-a^-x^+a;^^-a:^+jfi-j*, 

since  07*^  =  1.    Thus,  in  the  notation  of  Ex.  13, 

i\An^  =  S-S''2{x-  a;W).] 


*For  example,  see  Gauss,  Disq.  Arithm.,  Art.  356;  Wcrke,  Bd.  1,  p.  441  ; 
Werke,  Bd.  2,  p.  11 ;  G.  B.  Mathews,  Theory  of  Numbers,  pt.  1,  pp.  200-212; 
H.  Weber,  Algebra,  Bd.  1,  §  179 ;  Dirichlet,  Zahlentheoi-ie,  §§  111-117. 

t  Gausa,  Werhe,  Bd.  2,  pp.  34-45. 
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19.  The  results  of  Ex.  13  lead  to  an  easy  geometrical  construction  for 
the  regular  heptagon  inscribed  in  a  circle.  In  fact,  we  see  at  once  that 
J7,  x^^  a^  are  the  roots  of  the  cubic  fi-St^  +  Sft-\^0^    or  of 

so  that  1,  x^  j^,  j^  are  roots  of 

■     '-^i(-0-'-^'V<'-9-»- 

If  we  write  ^==£+ti7,  ^lt=$-ir)y  we  find  from  the  last  equation 

2(f»-'7')-^+W7-l=0, 
which  represents  a  rectangular  hyperbola  passing  through  the  vertices 
1,  07,  a:*,  ;p*  of  a  regular  heptagon  inscribed  in  the  circle  ^*+t;*=1. 

Another  construction  is  given  by  either  of  the  parabolas 

4^*-^  +  '?V7-3=0,    V  +  ^-W7-l=0. 

[Oxford  Sen.  Schol,,  1904.] 

20.  If  (o^w/n,  shew  that 

2cot(^+ro))=?icotw^,      (r=0, 1,  2, ...  w-1), 
and  deduce  by  differentiation  that 

2  cosec2(^ + ro))  =  w^cosec'^^, 
2  cot  {$+ ro))  co8ec*(^  -h  ro)) = «'  cot  n$  cosec^w^. 
Deduce  that,  if  a=ia)=7r/4n, 

cot  a  cosec^a  —  cot  3a  co8ec*3a  -H cot  5a  cosec* 5a  —  . . .  to  n  terms 
is  equal  to  2n^  [Math,  Trip.  1901.] 

21.  If  ^  is  an  odd  integer  and  q  is  any  integer  prime  to  p,  shew  that 

^  Biii(2\ne)  cot  (nO)=ip-  X, 

where   6=7rq/p,  and   X  is  any  integer  from    1   to  p—l   (both  included). 
Determine  the  value  of  the  sum  when  X  is  greater  than  p. 

[EiSENSTKiN  and  Math.  Trip,  1897.] 

Write  t=^^,  then  from  the  theory  of  partial  fractions 

of -I     x-l     T  x-t^'  —    — ^ 

Take  the  limit  of  both  sides  as  x-*!^  and  we  get 

i(p  +  l)-.A=2i?«V(^"-l)      (n  =  l,  2,...p-l). 
Also  -1  =  2 1^^     if  we  now  suppose  X  < jt>, 

so  that  jj^.X^ilsV^^.] 

22.  Prove  similarly  that,  with  the  same  notation  as  in  the  last  example, 

»'^'cos;t(a-hn^)  ^  *-i8init(a+w^) 

2      .    /  . — ^=pcoti>a,     2  -    /     .     m  =P> 

where  k  is  odd  and  not  greater  than  2/>-l,  but  p  need  not  be  odd. 

[Royal  Univ,  of  Irdarvdy  1900.] 
[Write  X«i(it+1),  or=c"*^  in  the  partial  fractions  used  in  Ex.  21.] 
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OonTergence  of  complex  sequences. 

23.  If  (a,)  is  a  sequence  of  complex  numbers,  which  converges  to  a  as  a 
limit,  and  if  6  is  another  complex  number,  shew  that  values  of  6^  can 
be  selected  so  as  to  form  a  convergent  sequence,  whose  limit  is  one  of 
the  values  of  b^. 

24.  If  ^  is  real,  prove  that  any  value  of  jc'  oscillates  finitely  both  as  x 
tends  to  0  and  to  oo. 

25.  A  straight  line  can  be  drawn  in  the  plane  of  the  complex  variable  x^ 
80  that  the  series 

1      -.  .^(^-1)    J7(x-l)(jr-2), 

converges  to  0  on  one  side  of  the  line ;  and  its  modtUus  tends  to  infinity 
on  the  other  side  of  the  line.  [Math.  Trip,  1905.] 

26.  If  an  infinite  set  of  points  is  taken  within  a  square,  the  set  has  at 
least  one  limiting  point  (that  is,  a  point  in  whose  neighbourhood  there 
is  an  infinity  of  points  of  the  set). 

[For  if  the  square  is  subdivided  into  four  by  bisecting  the  sides,  at 
least  one  of  the  four  contains  an  infinity  of  points  of  the  set ;  repeating 
this  argument,  there  is  an  infinity  within  at  least  one  square  whose 
side  is  a/2*  where  a  is  the  side  of  the  original  square,  and  7i  is  any  integer. 
It  is  then  not  difficult  to  see  that  we  can  select  a  sequence  of  squares, 
each  within  the  preceding,  and  each  containing  an  infinity  of  points  of 
the  set ;  the  centres  of  these  squares  then  define  a  sequence  of  points 
which  can  be  proved  to  have  a  limiting  point.  Finally,  we  can  shew  that 
within  any  square  whose  centime  is  at  this  limiting  point,  there  is  an 
infinity  of  points  of  the  set.] 

27.  Suppose  that  Snix)=fo{x)+/^(x)+f^x)+...+fn{x\  and  let  the  roots 
of  <S«(ar)=0  be  marked  in  Argand's  diagram  for  all  values  of  w :  if  these 
roots  have  x=a  as  a  limiting  point,  the  series 

has  x=a  as  a  zero,  provided  that  the  series  converges  uniformly  within 
an  area  including  ar=a.  [Hurwitz.] 

EXAMPLES  B. 
Power-series. 

1.  If  jR,  R'  are  the  radii  of  convergence  of  2a«^  and  '^„af*  respectively, 
then : 

(1)  RR!  is  the  radius  of  convergence  of  'Za„bi^. 

(2)  If  R  is  less  than  /i',  R  is  the  i*adiu8  of  convergence  of  '!^{an'\-bn)x^  ; 

but  if  R'^R!  the  radius  is  at  least  equal  to  R  and  may  be  greater. 
[Apply  the  method  of  Art.  82.] 

2.  If  a  power-series  is  zero  at  all  points  of  a  set  which  has  the  origin 
as  a  limiting  point,  then  the  series  is  identically  zero.    [Compare  Art.  52. 
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3.  A  power-series  cannot  be  purely  real  (or  purely  imaginary)  at  all 
points  within  a  circle  whose  centre  is  the  origin. 

[Use  the  last  example.] 

4.  We  have  seen  that  in  many  cases  the  radius  of  convergence  of  Scr,.^ 

can  be  determined  from  i,-^/^  /«     \ 

lim(a„/a„+i); 

and  Fabry  has  proved  (see  Hadamard,  La  S&ie  de  Tayhr^  pp.  19-25) 
that  if  this  limit  is  equal  to  X,  then  x^X  is  a  singular  point  of  the 
power-series.  Sometimes  when  the  limit  X  does  not  exist,  we  can  deter- 
mine a  relation  such  as       ^         ^  ^       i  ^  ,. 

where  |9„,  qn  tend  to  definite  limits  jo,  q  as  n-^oo. 

Then  the  radius  of  convergence  is  equal  to  the  modulus  of  the  least  root 
of  1  -px—qx^=0. 

[For  deteils,  see  Van  Vleck,  Trans.  Amer.  Math.  Soc.,  vol.  1,  1900,  p.  293.] 

5.  An  illustration  of  the  last  example  is  afforded  by  the  series  for 

log[(l+:p)/(l-^)]=2(a:+ix3  +  i^-h...X 
in  which  (n  +  2)a„+2=wa„, 

and  the  associated  quadratic  is  1  -  a:^. 
Similarly  for  the  series 

obtained  from  -log(l -.r)+arctanar,  we  get 

(n  +  3)a«+3-(n  +  2)a,+2+(w+l)a»+i-wan=0, 

and  the  associated  cubic  is  \-x+j^-':x^=0. 

Generally,  if  2a„j:",  26,^f",  2c„^  have  the  same  radius  of  convergence 
but  different  singular  points,  the  series  2(a„  +  fen+Cn)a?'*  may  be  expected 
to  come  under  Van  Vleck's  rule. 

6.  If  2an^  converges  within  the  circle  \x\  =  R(>0)y  shew  that  2a„— r 

■converges  for  all  values  of  x ;  and  examine  the  relation  between  the  regions 
of  convergence  of  2a„jc"/7i*  and  2a„:c". 

7.  If  M  is  the  maximum  value  of  |2an.r*|  on  a  circle  |^|=r,  J/"  is  also 
greater  than  the  value  of  1 2anX"  |  at  any  point  within  the  circle ;  here 
of  course  r  is  less  than  the  radius  of  convergence. 

Shew  further  that  ^a„x^  has  no  zero  within  the  circle  \x\==Ar/{A+M), 
where  A  =  \aQ\, 
[Use  Cauchy's  inequalities  of  Art.  82.] 

8.  If /(ar)=2a»^  converges  for  \x\<R,  then  (see  Art.  82) 

SW|/(^)|2=t2;a„|V»»,      where  \x\=r<R, 
Deduce  Cauchy's  inequalities.  [Gutzmer.] 
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[For  we  have  g,^^«^(^)^^^, 

and  if  a^  is  the  conjugate  to  a„, 

'2<in'r^/3if*=^fi(T^/x)  is  the  conjugate  to  f(x). 
Thus  l/WI»=/(*)/i(H/x) 

and  a«|/(jr)|«=2o,'r=-a»x-"/(*)    (Art.  82) 

=  2a.a„'r*'=2|o»|«r*'.] 

9.   If /(*)=2a,^  converges  for  I  jc  I  <ViJ,  then 

\<hHf  (.0)1  ^Wr, 

where  D  is  the  maximum  of  |/(j?)-/(-^)|  on  the  circle  \x\=r<B, 

[Landau  and  Toeplitz.] 
[In  fact,  Mi=Tlx-^f(x),    -ai=a)?2r-»/(-x), 

BO  that  2a,=2«[^-»{/(j:)-/(-a?)}], 

which  gives  the  desired  result.] 

10.  Shew  that  if  p  is  the  radius  of  convergence  of  SonJ?*,  the  series 
2a,^  will  converge  absolutely,  provided  that  the  argument  of  x  is  greater 
than  log(l/p). 

11.  Obtain  from  the  binomial  series,  or  otherwise,  the  equation 

(2co8^)»'=cosv^+vcos(v-2)^+^^-^cos(v-4)^+..., 

where  v  is  real  and  greater  than  -1.    What  restrictions  are  required  as 
to  the  value  of  ^? 
Shew  that  the  equation  ceases  to  be  true  for  1^= J,  9=rr,  and  explain  why. 

12.  Find  the  sum  of 

l+icos^+^-^cos2^+i-44co83^+... 
2  2.4  2. 4. o 

and  of  I8in^  +  ^sin2^+^448in3^+..., 

2  2.4  2.4.6 

[Apply  Art.  89,  putting  v=-i,  :r  =-«»*.] 

13.  If  m  is  positive,  shew  that 

2'?cos(im.)=i-!;i(|piJ+^i»-^)('^,-^H"-^)-....  ' 

and  examine  the  special  form  of  the  result  when  m=l/10. 
[Take  x=i  in  the  expansion  of  (l+x)**.] 

14.  Examine  the  convergence  of  the  power-series 

[Apply  Weierstrass's  rule,  Art.  79.] 

15.  Discuss  the  convergence  of  the  power-series 

2^/;^z^i»  2-^,  2fi+i+...+-)  ^,     for  1^1=1. 

{n  +  ay*       nlogn^       \       2  ri/n+V  '    ' 

[In  the  third,  the  coeflScient  of  .v"*  steadily  decreases ;  see  Ex.  2,  Art.  34.] 
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16.  Discuss  the  convergence  of 

and  of  2 1' 

17.  Determine  the  expansion  of  e-^^^^^coB{xam6)  in  powers  of  ^,  and 
deduce  that  r«ain/        «-      r^ 

Jo      t  2     jo 

[Put  xe^  for  x  in  the  exponential  series.] 

18.  Shew  that  (compare  Ex.  17) 

where  there  are  i(n  +  l)  or  i(n  +  2)  terras  in  the  brackets. 
Determine  a  similar  series  for  e^sin&or. 

19.  Shew  that  if  \e\<l/e, 

C08^=l-^sin^+^,^co82^+|-V8in3^-?^^co8  4^-..., 

Zl  o!  41 

sin^=       ^co8^+^,^sin2^-|-Vcos3^-2-!^8in4^+.... 

z!  3!  4! 

[Math.  Trip.  1891.] 
[Write  a— 6=1  in  the  formula  of  Ex.  4,  Art.  56.     The  introduction  of 
complex  numbers  in  the  place  of  real  ones  may  be  justified  by  an  argument 
of  the  same  type  as  that  used  in  Art.  88.] 

20.  If  s==yij{l-hax\  shew  that  Lagrange's  series  for  one  root  is 

and  that  the  series  converges  if  |ay|<2.  [Math,  Trip,  1902.] 

21.  If  «=co8^+isin^  and  0<r<l,  shew  that 

^  f   (1  +rtfa  +rltYde=- 1  +r2«iHr*V+''V+  - 

and  ^(   (l+r«)"(l-r/0"fl?^=l-r*ni*+r*nj«-f^W3«+-» 

where  tt],  n^,  ^,  ...  are  the  coefficients  in  the  binomial  series. 
Deduce  from  Abel's  theorem  that,  if  n>0, 

1  -n,*+nj*- ...  =— coe(|n7r)j   (sin ^)"^^=rT^/x!  7  i\TaC<»(i^^)- 

[Note  that  the  argument  of  (1  -r2+2ir8in  By  approaches  the  limit  +\mr 
(as  r-^\)  when  sin^  is  positive,  and  -\mr  when  sin^  is  negative.  The 
first  summation  is  valid  if  n  >  -  ^,  and  the  second  if  n  >  - 1  ;  but  the 
proofs  become  rather  more  difficult  when  n  is  negative.] 
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22.  If  x*=co8^+i8in  ^,  a„-^0  and  2|a»-a«+i|  is  convergent,  prove  by 
Dirichlet's  test  (Art.  80)  that  2a„a:"  is  convergent  if  0<^<2ir. 

If  S^mX"  is  convergent,  under  similar  conditions,  then  shew  that 

provided  that  'ZA^Bn  converges,  where 

-^n=|a«-cr«+i|  +  |a«+i-a«+s|  +  ...i 

[Note  that  the  sequences  (An),  (B^)  are  decreasing  sequences  and  that 
\cin\<An,  1 6„|  < ^„  (as  in  Art.  80).  Then  apply  the  method  given  in  Art.  35 
for  establishing  Pringsheim's  theorem  on  the  multiplication  of  series.] 

23.  If /»  =  l/Hlogn  when  n>l,  and/i  =  l,  the  series 

^Vn  =/i  -  A  -/s  +/4  +/5  +fe  +/7  -  —  f      ^here  i7„  =  db/« , 
is  convergent,  but  not  absolutely,  while  2|v«  — t;„+i|  is  convergent.     Note 
that  the  signs  of  v^  are  the  same  in  groups  of  1,  2,  4,  8, ...  terma 

[For  we  have  A<A<if2  «r  U^-h<h 

*nd  /7  </e  <  i/a   or  /« 4-/7  </3. 

Thus  /j+/3</4+/5+/a+/7 :  and  so  on  for  each  group  of  2*  terms  with 
the  same  sign.    Tlie  convergence  then  follows  from  Art.  21. 

Again,  2:|i;»-r„^.i|  =  (/,+/2)+(./i+/4)+(/4+/k)  +  ... 

<2(/,+/2+/4+/8+-) 

so  that  2|t;n-v„^i|  converges.]  [Peingsheim.] 

24.  It  follows  from  the  previous  example  that  the  series 

2i;^  =/i jr -/a-t^ -/ajrs +/^,r* +/6JC* +/«^ +/7^' -  •  •  • 
converges,  but  not  absolutely,  at  every  point  of  the  circle  |.r|  =  l. 

[The  convergence  of  2 1  v„  — v„+i  |,  combined  with  lira  v„=0,  establishes  the 
convergence  of  ILv,^  at  all  points  except  x=l  ;  and  the  last  example 
enables  us  to  include  ^=1.  As  regards  the  absolute  convergence,  we  note 
that  2|v,.Jc"|=2|v„|  =  2/„  is  divergent]  [Prinoshbim.] 

25.  If  5„=6o+^i  +  ".  +  ^n,  and  if  /T,  /r^are  the  upper  limits  of  |^«|  as 
n  ranges  from  0  to  m-1,  and  from  7/1  to  00,  respectively,  it  follows  from 
Arts.  81,  83  that 

Thus,  if  ^^n  is  a  series  of  positive  terms  satisfying  the  condition  of 
uniform  divergence  (Art.  83),  we  have 

lim  (26„.r")/(2a^») = 0,      if  lim  {Bn\A  «) = 0, 

ar— ►! 

the  path  of  approach  lying  within  the  lima9on  of  Art.  83. 
Hence  generally,  for  such  paths, 

lim  (2!>^r")/(2>r,.^)  =  lim  (B„/^„), 

the  right-hand  limit  being  supposed  to  exist.  [Prinoshbim.] 
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26.  The  last  result  enables  us  to  immediately  extend  Exs.  2,  3,  4,  Art.  61, 
to  the  complex  variable ;  and  in  particular  to  extend  Frobenius's  theorem 
so  as  to  apply  to  any  path  of  approach  lying  within  the  lima9on  of 
Art.  83.    We  note  also  the  following  result : 

If  flo+^i+'-'+^'nAJ  logw,  then,  as  j?-»-l, 

A  further  extension  is  quoted  on  p.  133,  above. 

27.  Converse  of  Abel's  theorem. 

If  \im(2a^'*)  exists  and   is   equal   to  a  finite  number   J,   it   is   not 

possible  to  infer  the  convergence  of  ^Zon  without  further  restriction  on 
the  coefficients.     In  two  simple  cases  we  can  make  this  inference : 

(1)  When  the  coefficients  a„  are  all  positive  after  a  certain  stage. 

[Pringsheih.] 

(2)  When  limna»=0,  and  x  approaches  1  by  any  path  within  the  lima9on 
of  Art.  83.  [Tauber.] 

[Since  in  case  (1)  ^  can  approach  1  by  real  values,  we  can  infer  from  the 
existence  of  lira  2a,^  that  2an  cannot  diverge ;  further,  2an  cannot  oscillate. 
Hence,  in  case  (1)  2a„  converges,  and  is  therefore  equal  to  J,  by  AbePs 
theorem. 

In  case  (2),  write  n|an|=c„,  then  we  find 

r2a«(l-^)|<|l-^r2cn, 

0  0 

because  |  (1  -^)/(l  -  a;)  |  =  |  1  +^+:r2  + ...  +af-^  \  =  n; 

also,  if  Hy  is  the  upper  limit  to  c^,  Cv+i, ...  to  oo,  we  have 


Take  then  ;r  as  a  point  on  the  given  path  such  that  \x\  =  l  —  l/v ;  we 
have  then,  as  in  Art.  83,  |l-^l<A/i', 

and  so  1  2  «!»-  2a«^  |  <  Wv)  2  c^  +  IIv, 

0  0  0 

As  v-^oo ,  each  of  the  terms  on  the  right  tends  to  0  (the  first  in  virtue 

of  Art.  154) ;  and  so  v-\  « 

lim  2«n==  lim2«nJ7"  =  ^0 

0  X— ►!  0 


28.  In  case  nan  has  no  definite  limit,  we  can  infer  the  convergence  of 
2a„  from  the  existence  of  \\m^^  (for  some  path  within  the  liTua^on), 

and  from  the  condition 

lim  -(ai  +  2a2  +  3a3+...+«a„)=0. 
n 

These  conditions  are  both  necessary  for  the  convergence  of  Sa„,  and, 
taken  together,  they  are  sufficient. 

[Tauber,  Monatshefte  f.  Math,  u.  Phys.^  Bd.  8,  1897,  p.  273 ;  Pringsheim, 
Miinchener  Sitzungsberichte,  Bd.  30,  1900,  p.  37,  and  Bd.  31,  1901,  p.  507.] 
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29.  Applications  of  Art.  84. 

If  /W=l  +  v.r+v(v-l)J  +  v(v-l)(i/-2)^-h..., 

it  is  easily  verified  that,  with  the  notation  of  Art.  84, 

/i(a:)=i^[l  +  (v-l)^+(v-l)(v-2)|!J+...]  =  v/(:r)/(l+j;), 

/s(^)  =  v(v-l)[l+(v-2)a;  +  (v-2)(v-3)^+...]  =  K»'-l)/W/0+*)*, 
and  80  on.    Thus,  we  obtain  the  transformation 


k/W/.    ^^ .  Hy "  i)/W  (^1  - ^y 


A-^)-A-)^mi-.'-)^''^j 


2! 


f... 


/(x.)=/(x)/(^|). 


The  two  series  on  the  right-hand  are  both  convergent  if  |^|<1   and 
x^-^x\<\\-\-x\^  and  the  latter  condition  is  satisfied  for  some  points  x^ 
which  are  outside  the  circle  jxi  |=1  ;  we  have  thus  obtained  a  continnation 
of  the  binomial  series.     Repeating  the  process,  we  obtain 

/w=/w/(fV-:|)/(^V"^')  •••/(^■^^-o. 

where  we  assume  that  tlie  broken  line  from  x  to  x^  is  drawn  so  that 

\Xr^l'-Xr\<\\+Xr\         (r  =  0,    1,...,W-1). 

For  example,  by  taking 

\+i  — 1 + i 

l+.r=:l,    l+^l^-T^"'    I+^2  =  »»    I'*'^3  =  — 72"'    1+^4= -!» 


■^r+l  ~^r 


'  =  2-V2<l, 


we  find  '^''■^»-:f»-  =  l+f_i 

SO  that  f  0^i:±lIi5'-\  =e-i^''[co8(Ja7r)  +  isin(iair)], 

where  v=a+t/8. 

Thus  we  are  led  to  /(  -  2) = e  ~  ^"' [cos  (utt) + 1  si  n  (aTr)]. 

But  it  should  be  noticed  that  if  we  take  a  broken  line  passing  hdow 
the  real  axis,  we  find/(-2)  =  e^"^[cos(a7r)-i8in(a7r)] ;   we  thus  obtain  two 
difierent  values  for  /( ~  2)  by  approaching  —  2  along  different  paths.    This 
indicates  (what  we  know  to  be  the  case)  that  f{x)  is  many- valued  unles 
^=0  and  a  is  an  integer. 

30.    A  method  similar  to  the  last  example  can  be  applied  to 

<i>{x)—x-^x^+\ji^  —  lji^ -{■*<,•, 
for  which  we  find 

</>i(^)=(i+x)-i,  </>,w=-(i+x)-2,  <^3(A-)=(2!)(i+^'n...» 

and  so  </>(-2'i)=<^W+<^(-^^^)- 

Using  the  same  points  x^  x^,  .rj,  x^,  x^,  as  in  the  last  example,  we  get 
</>(-2)=i7r.  And  with  a  broken  line  passing  below  the  real  axis,  we 
get  </>(-2)=  —  iV. 
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31.  If  the  coefficients  of  a  power-series  2a„^  are  all  positive  (at  anj 
rate  after  a  certain  stage),  the  series  has  a  singular  point  at  the  point 
x=Ry  if  R  is  the  radius  of  convergence.  [Vivanti  and  Pringsheim.] 

[The  following  roethod  of  proof  is  due  to  Landau.    Suppose,  if  possible, 

that  (for  0<r<R)  the  series  2)/„(r)''^^  has  a  larger  radius  of  con- 
vergence than  R  —  r;  we  can  then  choose  a  real  number  p  (>  R\  such 
that  the  last  series  converges  for  .r  =  p.  Now  this  series  (as  in  Art.  84) 
can  be  arranged  as  a  double  series,  which  contains  here  only  positive  terviis ; 
it  will  therefore  remain  convergent  when  summed  as  ^an{r+{p-'r)}'*. 
That  is,  2a^  will  converge  for  x=p,  contrary  to  the  original  hypothesis  ; 
and  so  x=R  must  be  a  singular  point.] 

32.  Weierstrass's  double-series  theorem.^ 
Suppose  that  the  series 

fmi-x^)^  2  am,f^^      (m==0,  1,  2, ...  co  ) 

«=0 

ai-e  all  convergent  for  |  ^  |  <  ^,  and  further  that  the  series 

converges  uniformly  along  every  circle  whose  radius  is  less  than  R,    Tlien 
(1)  the  series  2  «m.n  converges  for  every  value  of  n. 


m=0 

»  OCi 


(2)  if  .4,.=  2  ^Vn,  then  F{x)^  2  ^«.i'",       \A  <R. 

ni=0  n=0 

[For  I  «„..«==  i  SDM/m  (^)A'"}, 

the  mean  being  taken  along  any  circle  ' x\=^r^<R.     Now  on  this  circle 
F{x)  —  ^fJ^x)  is  uniformly  convergent,  and   so  the  series  2«w,n  must  be 
convergent  and  equal  to  ''M{F{jr)'j^r'*). 
Again,  if  /x  is  any  integer  and 


CO 


0{x)=  2  fm  {Jo\    B„-  2  a«.«, 

we  have  similarly 

Bn=mO(jc)ix^\,  and  so  |  J5„  |  < .V,/ri" 

if  J/i  is  the  maximum  of  G(a')  on  the  circle  |.r'  =  ri. 
Hence,  if  \ji^\=r(<r^),  we  have 

n=0  ?i=0 

and  by  Ex.  7,  p.  247,  |6'(.r)|  <i^i,  so  that 

I  0{.r)  -  2  5„^  I  <  3/,  (2r,  -  r)/(r,  -  r),       if  |  or  | = r. 

n=0 


♦  Weieratraaa,  Oes,    Werke,  Bd.  II.,  p.  205. 
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Now,  we  have  identically 

because  this  equation  contains  only  a  Jini'te  number  (/x)  of  series :  and  so 

wp  find  '^ 

I F(x)-  I,A^\< M,{2r^-r)  (r,  -r),      if  | jr|=r. 

But,  since  F(x)  converges  uniformly  on  the  circle  '  x  \  =r,  we  can  make  J^, 
as  small  as  we  please  by  proper  choice  of  fju    Thus,  since  F(x)  and  y,A„x^  are 

independent  of  /i,  we  must  have  F{x)—  2  -•l»r«*".] 


w=0 


EXAMPLES  C. 
Miscellaneons  Series. 


w' 


^  '  a*(a*+l)...(a'4-«) 
the  series  !£</„  F(x^  n)  converges  absolutely,  provided  that  2  j  fl„  | «  "^  does  so, 
where  ^  is  the  real  part  of  x.  Thus,  in  particular,  if  ^ir^^  has  a  radius 
of  convergence  gi-eater  than  1,  ^t„F{x,  7i)  is  absolutely  convergent  for 
all  values  of  x  (other  than  real  negative  integers).  But  if  the  i^ius  of 
convergence  is  less  than  1,  ^anF(x,  n)  cannot  converge. 

Finally,  if  the  radius  of  convergence  is  equal  to  1,  suppose  that 

a„    .  aw,, 

£f„+il  n    n^ 

where  X>1    and  |a)„!<J  :    then  ^a„F(x,  n)  is  absolutely  convergent  if 
^>  1  -a.  [Kluyver,  see  also  Nielsen,  Gcnnmafunktion,  §§ 93,  94.] 

[Note  that  F(j\  n)rur (.r) n  -'. ] 

2.  Shew  that,  with  the  notation  of  the  last  example,  the  two  series 
2(rt„//i'),  wC/„F(.r,  «)  converge  for  the  same  values  of  x.  [Landau.] 

[Apply  Art.  80  (2),  taking    v„  =  7i'F(xy  7i);  the  series  22|rn-r„+i|  and 
2)|  l/t'„  — 1;V„+,  I  are  then  easily  proved  to  be  convergent.] 

3.  Shew  that  in  the  notation  of  Ex.  1, 

F(x-\y  n)-'F(x-l,  n  +  l)  =  F{x,  n), 
and  deduce  that  '^F(x,  7i)  converges  only  when  $>l;  that  is,  2/'(.r,  n) 
can  only  converge  absolutely.     Shew  also  that  2(— l)'*/'(ar,  n)  converges 
if   $>0;    and   apply    Ex.    2    to    deduce    the    corresponding   results    for 
IVr',  i:(-l)»7i- 


k-jt 


4.   The  series  (see  Ex.  19,  Ch.  L) 


X  .x^  .r*  .r 


H 


represents  the  function  xj(\-x),  if  |.<'I<1,  and  1/(1 -.r),  if  |^|>1. 

[J.  Tannery.] 
5.    Shew  that  the  series 

|[(x+„+|)l,>g(n-4-)-l],    i[-l--,og(l+^J] 

are  both  convergent  for  all  values  of  .r,  except  0,  -1,  -2,  -3, 

[For  applications,  see  Nielsen,  Gammafu'nJctx(m^  §§  33,  34.] 


X.]  EXAMPLES  C.  265 

6.  If  (Cn)  ia  a  sequence  of  complex  numbers  such  that  |cn|  tend» 
steadily  to  oo,  shew  that  the  series 

converges  absolutely  for  all  values  of  a\  except  for  Cj,  Cg,  C3,  ... .  The  series 
converges  uniformly  within  the  ai-ea  bounded  externally  by  the  circle 
\x\  =  R,  and  internally  by  those  circles  |  .r  -  c„  |  =  r,  which  are  contained 
witliin  the  circle  |jr|  =  /?,  the  number  r  being  taken  small  enough  to 
prevent  any  overlapping  of  the  circles. 

7.  The  series  of  the  last  example  can  be  simplified  in  case  the  points  Cn 
lie  along  a  straight  line,  and  are  such  that  \cn+i-c„\^k>0,  where  k  ia 
a  constant ;  under  these  circumstances  we  can  make  similar  statements 
with  respect  to 

CH{'l-Cn)  (^V-C„y  \  C„/ 

8.  Again,  if  the  points  c„,  although  not  distributed  along  a  straight 
line,  ara  such  that  no  two  of  them  are  at  a  less  distance  apart  than  a 
constant  ^,  similar  statements  can  be  made  with  respect  to 

Cn^{x-Cn)  L{x-C„y      cJJ  {j' -  C„y'  \  cj 

A  simple  example  of  a  set  of  this  type  occui*s  in  the  theory  of  elliptic 
functions,  the  points  c„  being  the  vertices  of  a  network  of  parallelograms. 

[Here  we  note  that  not  more  than  one  point  c„  can  fall  within  a 
square  of  side  ^k  ;  thus,  if  we  draw  squares,  with  centre  at  the  origin, 
of  sides  ^k,  fi:,  f^,  ...,  not  more  than  Sm  points  can  lie  between 
the  two  squares  (w-  |)X",  {m+^)k.  Hence  2)  I  c„  \-^<  28?n/(;w  -  J)'F,  and  so 
2|rn|-3  converges.] 

9.  If  (i/«)  is  a  sequence  of  real  numbers  which  tends  steadily  to  x , 
and  if  j:^  is  a  complex  number  whose  real  part  is  positive,  the  series 

is  convergent. 

[For,  if  x=$+irj  and  (MJMn+i)^  —  Ki,  the  ratio  of  the  general  term  of 
the  given  series  to  that  of  the  series 

is  i2„=|(l-Ai+'''/^)/(l-A„). 

Now,        A.]^"^*''^^  =  An{cos(KlogX„)  +  isin(KlogA„)J,      if  #c=r;/^, 
and  so  if  K^h  we  see  that  /?„^(1+J)/(1 -i)  =  3. 

On  the  other  hand,  if  A„>i,  we  can  write  (Art.  157  (3)) 

(logA„)/(l-A„)<l/A,.<2, 
which  leads  to  the  result  Rn<iJ{l-\-^K%  because 

/?n«=l+(J^{l-C0s(Kl0gA„)Kl  +  /C*(5^5y*. 

In  either  case  there  is  a  finite  upper  limit  ff  to  /?„,  and  so  the  given 
series  converges  because  the  comparison -series  is  convergent.] 


-^ 
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10*  If  So,  is  convergent,  the  series  Za,  J/^'  is  conyergent  if  the  real  part 
of'x  is  positive.  Thus,  in  general  the  region  of  convergence  of  '^m^M^'  is 
bounded  by  a  line  parallel  to  the  imaginary  axis. 

Further,  in  case  ^.  is  convergent,  the  series  converges  uniformly  in  a 
sector  of  the  plane  bounded  bv  the  lines  Tf=  -tK^^  where  k  is  any  assigned 
number.  [Cahen.] 

[For  then  we  can  use  Abel's  theorem  (Arts.  80,  81),  merely  noting  that 
we  may  write  V^  —  HM^^  in  virtue  of  the  last  example.] 

11.  It  is  not  hard  to  modify  the  result  of  Ex.  27  (p.  251)  so  as  to  apply 
to  series  of  the  type  2a„c"^'"*,  where  f{n)  is  a  positive  function  which 
steadily  increases  to  infinity  (this  is  the  same  type  as  in  the  last  example)  : 

If  as  x  tends  to  0  by  any  path  between  the  two  lines  -q—  ±k^  (where 
K  is  an  assigned  numberX  the  series  has  a  limit  /I,  and  if  lim  {an/(n)//'(n)}=»0, 
then  2<i«  converges  to  the  sum  -1. 

[Landau,  Monatsheftef  Math.  u.  Phys.,  Bd.  18,  1907,  p.  19.] 

12.  Prove  that  if  0<x<j^y 

(IT       \f  cosSj'     cosn.r         \  coslir  .  cos5.r  . 

13.  From  Ex.  2,  Art.  90,  deduce  that,  if  O^jt^it, 

TT    .         ._sinj'    8in3x    sinSo: 

— x\jr  —  X)  —    p-  H      33  -  +  -  ^3    + . . . , 

and  obtain  the  sum  of  the  series  for  all  values  of  x.  [Euler.] 

14.  From  Ex.  13,  shew  that  if  -^w'—v^hir, 

TTX  f  TT*    x^  \  _  .  sill  Sj"    sin  bx 

-g- !^  J --3-y -sin  J^- -^  +  -^  -  ... , 

and  (by  taking  x=^)  shew  that 


1536~^/2V       3*     5*^7*^9*     '")' 


16.   Deduce  from  Ex.  2,  Art.  90,  that,  if  -^tt^x^^tt, 

008  30*      co8  5j-      cos7.r  ^ir       ^        ^ 

iTsTs - 37577 "^ 57779 "  •  •  ■" 8  "^""^  ■'' " 3 ""^^ •^' 

and  find  the  sum  of  the  series  for  all  values  of  x. 
16.   Shew  that  -  ^  =  1  +  2'  ^ 


e^-l  _«^-2;m' 

where  7i=0  is  excluded  from  the  summation  and  0<y<l. 
Deduce  that 

•  8in(2;i7r.y)_l  ^cos(27nry)_  1  r,j.,  „  n 

^  ^ cos (2mry)     .     ..,  ,     1     .    ,  v  .  r> 

-  5,  sin  (2mry)  1         >       /  \     . 

[Raabe  and  Schl0hilch.] 
[Put  t^dl^wiy  x=2vy  in  Ex.  3,  Art.  90,  and  apply  Art.  94.] 


^ 
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17.  From  Ex.  3,  Art.  90,  deduce  that  if  A  lies  between  the  two  even 
integers  2r,  2(r+l), 

•  giA(f +nir)      g(2r+l)i^ 

-go  ^  +  nir         sin^ 
and  examine  the  case  A=2r. 
rWrite  ^=(A-2r);r,  t^^-^/w.] 

18.  Shew  that 

and  divide  this  equation  into  real  and  imaginary  parts. 

19.  Shew  that  •   2  ( - 1 V- =  ^ , 

- 00         ^   t-7i      Sin tir 

where  $  is  the  difference  between  v  and  the  integer  nearest  to  v. 

[Write  4:=7r(l+2^  in  the  series  of  Ex.  3,  Art.  90,  and  observe  that 

20.  If  n  is  an  integer  and  0<.r<l,  we  have 

^,  coe(2w7ra?)_   1      co8(2n7rJ?)        ,       ,.  sin(2n7r^ 

where  m=n  is  excluded  from  the  summation.  [Ex.  3,  Art.  90.] 

21.  If  both  X,  y  are  between  0  and  \^  we  have  the  following  results: 

CO     1 

2  -  sin  i^mrx)  cos  (2n7ry )  =  -  tt  (a?  -  ^),      if  jt?  >  y, 
'     1  n 

or  -ir(a?-J),      if  dr==y, 
or  —  TTA',  if  x<,y\ 

OD      1 

2  --COS  {%mrx)  cos  (2nwy) = 7r2[<^.r) + ^4^) +y  -  J],      if  ^  ^y, 
1  «■ 

or  7r2[<^A')  +  <^i/) +47  -  J],      if  :r  ^y, 
where  ^^)=a:*-^+J  is  the  Bemoullian  function  of  order  2. 

22.  By  writing  t=ia  and  -lo  in  Ex.  3,  Art.  90,  or  otherwise,  shew  that 

cosh  a  (tt  -  A')     1  ,  o   ^  cos  ?2J?  _  ^    ^  ^ 

sinhaTT         a  i  n^+a^ 

sinha(ir-x)  -2,nsin7iJF       ^  ^     ^- 

8mha?r  i    n^+a^ 

Use  Stokes's  rule  (Art.  90)  to  deduce  each  of  these  from  the  other  by 
differentiating.  [Math.  Trip.  1902.] 

23.  Deduce  from  the  last  example,  that 

cosh  ax     1  .  -    ^-,  (  - 1  )"cos  Tur  ^    ^ 

smb  aTT    a  i       7i''+a* 


smhaTT  I  n^  +  a^ 


and  obtain  a  cosine-series  for  &". 

I.S.  R 
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24.  Shew  that  the  prodi^^ 

converges  aW>lnte!y  except  when  x  U  a  p^^itiTe  inreser. 
[If  the  general  term  U  l-<f,.  lini«>i-'j.  =i>^.] 

25.  Evaluate  j^fl  l+-r*  w*;  and  >^^(l-^--'  -*jl 

1  1 

[OlaiBher,  Proc.  L/ynd.  Moth.  S^jt.  H),  vuL  7,  pi  23.] 
28.    From  Ex.  10,  Ch.  IX^  find  the  valaes  of 

27.   Prove  that 


^'=^limll(l-,'    > 


where  log,  o = log  c + 2/iri , 

an  J  determination  of  logc  being  taken.  [Hardt.] 

28.  Shew  that  fj!LzJ=:|.  [Gram,] 

2   I't  + 1      3 

(If  ^=i(-l+iV3X  «>  ^^t  ^=1,  we  have,  as  in  Ex.  21,  Ch.  VI., 

«  n3- j^     rO  +.r)r(l  +/J-)r(l  4-f^.r) 

V«'+^  r(i-j-)r(i-rj')r(i-/2jy 

Thus  14-r+j:*  A  w'  Zf'  _  r(l4-.r)  r(l +^r)r(l +<^.r) 

i+j^  V«^+j'^~r(2-x)r(i-/j-)r(i -f«j)' 

Now  write  x=l,  and  observe  that 

r(i-oni-0=r(2+^)r(2+o=0+00+'^r(i+or(i+f«) 

=r(i+or(i+f*).] 

20.   Shew  that 

5,      1 ^    sinh  (yj\/2)  +  sin  (vx^i) 

7^71*+ x*"  J  V2  cosh  (xx^/2)  -  cos(irJr<^2)* 

[J/aM.  7Vi>.  1888.] 

[We  have  -JL_  =  S  —J— 1 Y 

where  ^=  -1. 
Thus,  as  in  Ex.  22,  Ch.  IX.,  the  given  sum  is 

2^cot(;rte), 

and  this  gives  the  required  result.] 

30.   Apply  a  method  similar  to  Ex.  29  to  find 

•      1 
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31.  Prove  that 

^  1 IT  8inh(27ry) 

-«(«+J^)*+y*~"  y  co8h(2Try)  -  c<}s(2irx) 
Deduce  that  the  least  value  of  6^  when  y  is  fixed  and 

is  given  by  C08^=27ry/8inh(27ry).                                        [i/ix^A.  7V7/).  1892.] 
[Hen3  I =JL/ I ] I, 

and  so  the  sum  is      ^{cotir(:p+ty)-cot7r(A'-ty)}.] 

2iy 

32.  Shew  that 

[McUL  Trip.  1898.] 

[We  have     J-^n^      ^lf_L L_+_  ^ !_V 

*•  16»*  +  4w2+l     2X271-0)     2»  +  a)     2n-(u«     2n  +  oj^J 

where  a)=J(  — l  +  iVS)-     Thus  the  given  series  is 

-  Jtt  {cosec  (iTTw) + cosec  (^o)*)} , 

which  is  easily  reduced  to  the  given  form.] 

33.  Shew  that 

.         ^              .          3.r     ,         ,         5.r  ^      r  sinh(ix;F)  "l 

arctan= ;5-arctan.r^ s+arctan^^ r,-...=arctan         ,.-     ,'.   . 

[Math.  Ti-ip.  1891.] 
[It  is  easy  to  prove  that 

CUV  f        X        \  f        X        \ 

and  it  follows  that  the  given  series  is  equal  to 

arctan54-  +  i'(-iy'(arctanf,    -4_)-|l|, 
2+y    ri^       ''    I  V4?i  +  2+y/     4nJ 

where  y^XiJ^.    Applying  the  result  of  Ex.  34,  we  find  the  given  formula.] 

34.  Shew  that 

arc  tan-y +  if  arc  tanf-^-)  -3^1  =arc  tanf^^-^/^^A 
a:     _«L  \n-\-x/     nJ  Ltan(7r-F)J 

arctany+i'(-l)-rarctan(^)-2l=an:tanr?J^n. 
X    i:ti         ^  I.  \n-\-xJ     wJ  \,%m{irx)  J 

In  particular  we  find  with  y=x, 

2arctan(^^j  =  --arcUnL-^^J, 

|(-l)--^arc  tan(?^)= -^+arctanr?^BM![£^ 
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[We  haTe 

log8in(«)=log<«)+r  {log(l+^)  -?} 

and    log  tan(lxx)=log(ixx)+ 2'(  -  l)-{log(l  +0  -  ^• 

In  each  of  these,  change  x  to  x+ty,  and  equate  the  imaginary  parts  on 
the  two  sides.] 

35.  The  points  Py  Q  have  coordinates  (p,  q\  (-p,  q)  respectively ;  y  is 
the  point  with  coordinates  (tig,  0).    Shew  that  if 

—  QO 

then  tAni6^taLn{irp'a)coth{Trq'a).        [Math.  Trip.  1894.] 

[If  we  write  p-^-iq^x,  —p+iq^yy  it  will  be  found  that 

t^= log  sin  {vx'a)  -  log  sin  (wy/a).] 

36.  Verify  that,  if  or  is  a  positive  integer, 

(a+6)"->+(a+2^)— *  +  ...+(a+A"6)*-^ 

=  [(a + jr6 + Bb)'*  -  (a + 56)"]/n6, 

where  we  are  to  put  E^—B,^  fl*+>=:0  after  expansion.       [Math.  Trip.  1897.] 
[Apply  Art.  94.] 

37.  Shew  that 

^"  ^P  ^r^  ^t^  M^^^ 

2Cot|=l-i?,^,-i?,^,-B,-,-..., 


and  that 


log,,^,£^,=^?^+^^+i»^+.... 


38.  In  virtue  of  Baker's  theorem  (Art.  84),  we  can  expand  secx  in 
powers  of  x  if  |:F|<Jir,  and  if  we  write 

sec^=l+^i|j+^,jj  +  i?3|j  +  ..., 

the  coefficients  En  &re  called  Evler^s  numbers.    Prove  that 

i^i^l,  ^j=6,  ^8=61,  ^4=1386, 

111  E  ir^"'*'^ 

ana  inac  i  —  ^^i  +  y^r+i ""  i=2«+i  +  •  •  • = 2'^ +*(2/A  '* 

[See  also  ChrystePs  Algebra,  Cliap.  XXX.,  §  3.] 

39.  Shew  from  Ex.  37  that 

,      coahjT-cosjr        von+i       /i      \  ^«    ^'^'* 

log — ^ —  =  -^2  '^^«(i^^)  2;r(2ior 

[i/a<A.  Trip.  1890.] 

40.  Assuming  Stirling's  formula  (Art.  179),  shew  that 

Bn^\l{irn){nlTreY^, 
when  n  is  large. 


CHAPTER  XL 

NON-CONVERGENT  AND  ASYMPTOTIC  SERIES.* 
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97.  Historical  introduction. 

Before  the  methods  of  Analysis  had  been  put  on  a  sure 
footing,  and  in  particular  before  the  theory  of  convergence  had 
been  developed  by  Abel  and  Cauchy,  mathematicians  had  little 
hesitation  in  using  non-convergent  series  in  both  theoretical  and 
numerical  investigations. 

In  numerical  work,  however,  they  naturally  used  only  series 
which  are  now  called  asymptotic  (Art.  130  below);  in  such  series 
the  terms  begin  to  decrease,  and  reach  a  minimum,  afterwards 
increasing.     If  we  take  the  sum  to  a  stage  at  which  the  terms 

*lLhe  majority  of  writers  on  these  series  use  the  word  divergetU  as  including 
oscillatory  series ;  we  shaU,  however,  except  in  quotations,  adopt  the  same 
distinction  as  in  the  previous  part  of  the  book. 
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are  snflSciently  small,  we  raay  hope  to  obtain  an  approxi- 
mation with  a  degree  of  accuracy  represented  by  the  last  term 
retained;  and  it  can  be  proved  that  this  is  the  case  with 
many  series  which  are  convenient  for  numerical  calculations 
(see  Art.  130  for  examples). 

An  important  class  of  such  series  consists  of  the  series  used 
by  astronomers  to  calculate  the  planetary  positions :  it  has 
been  proved  by  Poincar^*  that  these  series  do  not  converge, 
but  yet  the  results  of  the  calculations  are  confirmed  by  obser- 
vation. The  explanation  of  this  fact  may  be  inferred  from 
Poincar^'s  theory  of  asymptotic  series  (Art.  133). 

But  mathematicians  have  often  been  led  to  employ  series  of  a 
different  character,  in  which  the  terms  never  decrease,  and  may 
increase  to  infinity.     Typical  examples  of  such  series  are : 

(1)  i-i  +  i«i  +  i-i  +  ...; 

(2)  1-2+3-4+5-6  +  ...; 

(3)  l-2  +  22-2»+24-2«+...; 

(4)  1-2!  +3!  -4!  +5!  -6!  +  .... 

Euler  considered  the  "  sum  "  of  a  non-convergent  series  as  the 
finite  numerical  value  of  the  arithmetical  expression  from  the 
expansion  of  which  the  series  was  derived.  Thus  he  defined 
the  "sums"  of  the  series  (l)-(3)  as  follows: 

11  11  11. 

(^)  =  I+I  =  2'      ^^^'"(1  +  1)2"4'      ^^^"T+2'"3' 

and  his  discussion  of  the  series  (4)  will  be  found  at  the  end 
of  Art.  98  (see  p.  267). 

In  principle,  ICuler's  definition  depends  on  the  inversion  of  two 
limits,  which,  taken  in  one  order,  give  a  definite  value,  and  taken 
in  the  reverse  order  give  a  non-convergent  series.     Thus  series 

(1)  is  lim  1— limx+limrc*  — limx'+... 

as  X  tends  to  1 ;  Euler  s  definition  replaces  this  by 

lim(l— cc+o;^  — a^+...). 
So,  generally,  if   2/n(6')  is  not  convergent,  Euler  defines  the 
"sum"   as  lim 2/n(a;),  when  this  limit  is  detinite;  a  definition 

which  should  be  compared  with  the  principle  formulated  at 
the  beginning  of  Art.  99. 

*  Acta  McUhemalicay  t.  13,  1890 ;  in  particular  §  13. 
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To  this  definition  Callet  raised  the  objection  that  the  series 
{!)  can  also  be  obtained  by  writing  «=  1  in  the  series 

whereas  the  left-hand  side  then  becomes  f  instead  of  ^. 

This  objection  of  Callet's  was  met  by  a  remark  of  Lagrange's, 
who  suggested  that  the  series  (5)  should  be  written  as 

l+0-a;2+«'+0-xHaH0-ic8+..., 

•and  that  then  the  derived  series  would  be 

1  +  0-1  +  1+0-1  +  1+0-1  +  .... 

The  last  series  gives  the  sums  to  1,  2,  3,  4,  5,  6, ...  terms  as 
1, 1,  0,  1,  1,  0, ... ;  so  that  the  average  sum*  is  f,  which  is  the 
value  given  by  the  left-hand  side  of  (5).  In  the  original 
aeries  (1),  the  sums  are  1,  0,  1,  0,  1,  0,  ...,  of  which  the  average 
is  i,  agreeing  with  Euler  s  sum. 

Having  regard  to  the  fact  that  Euler  and  other  mathematicians 
made  numerous  discoveries  by  using  series  which  do  not  converge, 
we  may.  agree  with  Borel  in  the  statement  that  the  older 
mathematicians  had  sufficiently  good  experimental  evidence 
that  the  use  of  such  series  as  if  they  were  convergent  led  to 
correct  results  t  in  the  majority  of  cases  when  they  presented 
themselves  natv/raUy. 

A  simple  example  of  the  use  of  a  non-convergent  series  to  obtain  a  correct 
result  is  afforded  by  a  passage  in  Fourier's  Th^orie  Analytique  de  la  Chaleur 
{Oeuvres,  t.  1,  p.  206).     Fourier  is  obtaining  what  we  should  now  call  a 

Fourier  sine-series  for  the  function  /W^^-^-v — ,  and  he  finds  that  the 
coefficient  of  sin  nx  is 


<-^)""G4+i--> 


*  This  remark  of  Lagrange's  has  been  put  on  a  more  satisfactory  basis  by  the 
theorem  of  Frobenias  (Crelle*s  Journal  fur  Math.,  Bd.  89,  1880,  p.  262),  which 
was  given  in  Art.  51,  Ex.  2,  above  ;  namely,  that 

lim(2a^)  =  lim  VL'i ±-v:  ±i«. 
x-».i  n-».(»        n+i 

In  applying  the  theorem  to  the  special  series  above  we  note  that  the  sum 

*o+*i +  •••+**!=(**+ l)~^i  where  k  is  the  integral  part  of  i(n  +  l);  thus 

lim(»^  +  «i-H...-f»„)/(»+l)  =  l-limA;/(n4-l)  =  |. 

t  Borel,  Lt^cfnSj  p.  9  ;  the  sketch  given  above  is  taken,  with  a  few  additions 
and  slight  changes,  from  pp.  ]  -10  of  his  book. 
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Thus}  the  ooefllcient  of  siiijr  appears  as  1  — 1+1— 1  +  ... ,  and  may  therefore 
be  expected  to  be  ^,  if  we  adopt  Eater's  priociple. 
As  a  matter  of  fact  this  is  correct,  since 

I  sinh  xsiiijr^=i(coeBhjrsinx— sinhxcoex), 

9     "^ 

so  that  —I    f(  r)siBJ'djr=i. 

x". »  ■ 

Abel  and  Caaukj,  however,  pointed  out  that  the  use  of  non- 
convergent  series  had  sometimes  led  to  gross  errors;  and,  in 
their  anxiety  to  place  mathematical  analysis  on  the  firmest 
foondations,  they  felt  obliged  to  banish  non-convergent  series 
from  their  work.  But  this  was  not  done  without  hesitation; 
thus  Abel  writes  to  his  former  teacher  Holmboe  in  1826 
{Oeuvres  d'Abel,  2me.  ed.  t.  2,  p.  256) :  "  Les  series  divergentes 
sont,  en  general,  quelque  chose  de  bien  fatal,  et  c'est  une  honte 
qu  on  ose  y  fonder  aucune  demonstration  ...  la  partie  la  plus 
essentielle  des  Mathematiques  est  sans  fondement.  Pour  la 
plus  grande  partie,  les  resultats  sont  justes,  il  est  vrai,  mais 
c'est  Ik  une  chose  bien  Strange.  Je  m'occupe  a  en  chercher 
la  raison,  problfeme  tres  inte'ressant." 

And  Cauchy,  in  the  preface  of  his  Analyse  Alg4hrique 
(1821),  writes:  "J'ai  ^te  forc^  d'admettre  diverses  propositions 
qui  paraitront  peut-etre  un  peu  dures:  par  exemple,  qu'une 
s^rie  divergente  n'a  pas  de  somme."  * 

Cauchy  established  the  asymptotic  property  of  Stirling's 
series  (see  Art.  132  below),  by  means  of  a  method  which  can 
be  applied  to  a  large  class  of  power-series.  But  the  possibility 
of  obtaining  other  useful  asymptotic  series  was  generally  over- 
looked by  later  analysts ;  and  after  the  time  of  Cauchy,  workers 
in  the  regions  of  analysis  for  the  most  part  abandoned  all 
attempts  at  utilising  non-convergent  seriea  In  England, 
however,  Stokes  published  three  remarkable  papers  t  (dated 
1850,  1857,  1868),  in  which  Cauchy  s  method  for  dealing  with 
Stirling's  series  was  applied  to  a  number  of  other  problems, 
such  £is  the  calculation  of  Bessel's  functions  for  large  values 
of  the  variable. 


*0f  course  no  one  would  now  regard  Cauchy^s  statement  as  unusual,   tn 
the  sense  in  which  he  made  it, 

tSee  the  references  of  Arts.  133,  135  below. 
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But  no  general  theory  of  non-convergent  series  was  forth- 
coming until  1886,  when  papers  discussing  the  subject  were 
written  by  Stieltjes*  and  Poincar^.t  Since  that  time  a  number 
of  researches  have  been  published  on  the  theory,  some  of  which 
were  quoted  in  Art.  96. 

In  the  following  articles  we  shall  for  the  most  part  confine 
our  exposition  to  the  theory  of  non-convergent  series  set  forth 
by  Borel  in  1896,  although  we  do  not  always  adopt  his  methods. 

98.  Oeneral  conBiderationB  on  non  convergent  series. 

In  view  of  the  results  obtained  in  the  past  by  the  use  of 
non-convergent  series,  it  seems  probable  that  we  can  attach  a 
perfectly  precise  meaning  to  a  non-convergent  series,  so  that 
such  series  may  be  used  for  purposes  of  formal  calculation, 
under  proper  restrictions.  Thus  we  attempt  to  formulate  rules 
which  enable  us,  given  a  series 

(convergent  or  not),  to  associate  with  it  a  number,  which  is 
a  perfectly  definite  function  of  Uq,  ?tj,  Ug,  ...,  and  which  we 
call  the  "sum"  of  the  series.  It  is  of  course  obvious  that  the 
definition  chosen  is  to  a  large  extent  arbitrary ;  but  it  should 
be  such  that  the  resulting  laws  of  calculation  agree,  as  far  as 
possible,  with  those  of  convergent  series. 

Of  course  it  is  evident  that  the  "  sum  "  associated  with  a  non- 
convergent  series  is  not  to  be  confounded  with  the  sum  of  a 
convergent  series  (in  the  sense  of  Art.  6);  but  it  will  avoid 
confusion  if  the  definition  is  such  that  the  same  operation,  when 
applied  to  a  convergent  series,  yields  the  sum  in  the  ordinary 

sense. 

It  ought  to  be  pointed  out  that  Euler,  at  any  i-ate,  was  perfectly  aware 
of  the  distinction  between  his  "  sum  "  of  a  non-convergent  series  and  the  sum 
of  a  convergent  series.  Thus  he  says  (§§  108-111  of  the  Instit.  Calc.  Diff.y 
1755)  that  the  series  1        i 

obviously  cannot  have  the  sum  J  in  the  ordinary  sense,  since  the  sum  of  n 
terms  is<S„=J[l-(-  2)"],  and  the  larger  n  is,  the  more  does  iSn  differ  from  \. 


*  AnnaltA  de  VEccle  Normale  Supdrteure  (3),  t.  3,  p.  201  ;  we  do  not  propose  to 
set  forth  the  theory  of  Stieltjes  here.  The  reader  may  consult  Van  Vleck's  book 
for  a  full  account  of  this  theory  (see  reference,  Art.  96). 

t  Acta  AfcUhematica,  t.  8,  p.  295  (for  Poincar^^s  theory  see  Art.  133  below). 
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And  lie  adds,  after  referring  to  various  difficulties,  that  contradictions  can  be 
avoided  by  attributing  a  somewhat  di£ferent  meaning  to  the  word  sum.  ''Let 
us  say,  therefore,  that  the  turn  of  any  infinite  series  is  the  finite  expression,  by 
the  expansion  of  which  the  series  is  generated.     In  this  sense  the  sum  of  the 

infinite  series  1—^:4-^  —  ^  +  ...  will  be ,  because  the  series  arises  from 

the  expansion  of  the  fraction,  whatever  number  is  put  in  place  of  .v.  If 
this  is  agreed,  the  new  definition  of  the  word  sum  coincides  with  the  ordin- 
ary meaning  when  a  seiies  converges ;  and  since  divergent  series  have  no 
sum,  in  the  proper  sense  of  the  word,  no  inconvenience  can  arise  from  this  new 
terminology.  Finally,  by  means  of  this  definition,  we  can  preserve  the 
utility  of  divergent  series  and  defend  their  use  from  all  objections." 

In  writing  to  N.  Bernoulli  {L.  Euleri  Opera  Posthuma,  t.  1,  p.  636),  Euler 
adds  that  he  had  had  grave  doubts  as  to  the  use  of  divergent  series,  but  that 
he  had  never  been  led  into  error  by  using  his  definition  of  "sum."  To  this 
Bernoulli  replies  that  the  same  series  might  arise  from  the  expansion  of 
more  than  one  expression,  and  that  if  so,  the  "  sum  "  would  not  be  definite  ; 
to  which  Euler  rejoins  that  he  does  not  believe  that  any  example  of  this 
<!Ould  be  given.  However,  Pringsheim  {Encifklopddie^  Bd.  I.,  A.  3,  39)  has 
given  a  number  of  examples  to  shew  that  Euler  fell  into  error  here  ;  but  in 
practice  Euler  used  his  definition  almost  exclusively  in  the  form 

2t*„=lim(2w„,r"), 


and  if  restricted  to  this  case,  Euler's  statement  is  correct. 

It  will  be  seen  from  these  passages  that  Euler  had  views  which  do  not 
differ  greatly,  at  bottom,  from  those  held  by  modem  workers  on  this  subject ; 
although  of  course  his  attempted  definition  leaves  something  to  be  desired, 
in  the  light  of  modern  analysis. 

It  is  to  be  carefully  borne  in  mind  that  the  legitimate  use 
of  Don-convergent  series  is  always  symbolic ;  the  operations  being 
merely  convenient  abbreviations  of  more  complicated  trans- 
formations in  the  background.  Naturally  this  "shorthand 
representation"  does  not  enable  us  to  avoid  the  labour  of 
justifying  the  various  steps  employed;  but  when  general  rules 
have  been  laid  down  and  firmly  established  we  may  apply 
them  with  confidence  in  any  particular  case. 

It  may  very  likely  be  tirged  that  we  might  just  as  well  write 
the  work  in  full,  and  so  avoid  all  risk  of  misinterpretation. 
But  experience  shews  that  the  use  of  the  series  frequently 
suggests  profitable  transformations  which  otherwise  might  never 
be  thought  of. 

An   example  of  this  may  be  taken   from   Euler^s  correspondence  with 
Nicholas  Bernoulli  {L.  Euleri  Opera  Fosthuma,  t.  1,  p.  547) ;  where  the  real 
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object  of  Eulei^s  work  is  to  shew  how  to  attach  a  definite  meaning  to  the 
series  (4)  of  Art.  97. 

He  proves  first  that  the  series 

x-(l  !)a;2+(21)ar»-(3!)ar*4-... 
satisfies  formally  the  differential  equation 

from  which  he  obtains  the  integral 

1    1 

Or.  if  y-=t. 


-we  find  y=  /    4- —  dL 

^     Jo  l+xt     ' 


as  given  by  BorePs  method  (Art.  136  below). 

On  the  other  hand,  by  using  the  rules  which  he  had  obtained  for  the 
transformation  of  convergent  series  into  continued  fractions,  Euler  gets 

X        X        X       2x      2x      Zx      3x 

1+    TT'  1+    14-    iT~  1+    iT"  '"' 

and  it  has  since  been  proved  by  Laguerre*  and  Stieltjes  that  we  have 
actually  r  xe^'    .,       x       x       ^       2a?      2d? 

I Of  J  s=  _ .... 

Jo    l+xt  1+      1+       1+      1+       1  + 

Now  this  relation  does  not  suggest  itself  at  all  naturally  without  the 
use  of  the  series ;  and,  as  already  remarked,  it  is  evident  that  Euler's 
work  was  entirely  guided  by  the  aim  of  evaluating  the  series  (4). 

Writing  J7=  1,  Euler  obtains  from  the  continued  fraction  the  convergents 

i>S>A>H>..->S£>4>J. 

and    by  using    the    13th    and   14th   of    these,   he    infers    the   numeiical 
value  0-6963.... 

He  then  subtracts  this  decimal  from  1  and  infers  that  the  value  of  the 
series  (4)  is  0*4036...  (compare  Art.  132  below). 

99.  Borel's  integral;  summable  series. 

The  general  considerations  of  the  last  article  have  now  to  be 
specialised  by  adopting  some  conventional  meaning  to  be  taken 
as  the  "  sum  "  of  a  non-convergent  series. 

Hardy,  in  the  papers  quoted  above,  has  formulated  the 
following  principle :  //  two  liiniting  processes^  'performed  in  a 
definite  order  on  a  function  of  two  variables,  lead  to  a  definite 
value  Xy  hut,  when  performed  in  the  reverse  order,  lead  to  a 

*  BuUttin  de  la  8oci6U  Math,  de  France,  t.  7,  1879,  p.  72. 


\ 
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TTieaningless  expression    F,  tue  may  agree  to  interpret    Y  as 
Tneaning  X. 

For  example,  the  equation 


lim  I  f(x,  7i)dx=^  I    pirn /(a;,  n)]dx 

n— >-3oJo  JO  n— >-oo 

is  true  under  certain  restrictions*  on  the  function  f{x,  n).  But 
it  may  happen  that  the  right-hand  side  is  perfectly  definite 
while  the  left-hand  oscillates  between  certain  values  (which  may 
be  —  00  and  +oc).  In  such  cases,  Hardy's  principle  is  that  we 
may  take  the  right-hand  integral  as  defining  the  left-hand 
limit. 

In  particular,  suppose  that  f{x,  n)  is  the  sum  to  ti-|-l  terms 
of  a  series  of  functions  of  x]  say  that 

■ 

f(x,  n)  =  </>q(x) -h <t>^ (x) + <f>^{x)  +...  +  if>^(x) 
and  that 

^{x)  =  limf{Xy  n)^ </>q{x)  +  <p^{x)+ <f>^(x)+ . . .  to  oo. 


n-><» 


The  equation  then  becomes 

oo      f—  px  —1  /•O© 

2  [J     ^n(^)^^J  =  J    ^(^)dx, 

and  it  may  easily  happen  that  the  integral  I   ^(x)dx  is  con- 
Jo 

vergent,  when  the  series  on  the  left  is  not ;  if  so,  we  have  an 
integral  which  may  he  taken  as  defining  the  "  sum "  of  a  nxm- 
convergent  series. 

The  special  type  of  function  </>ni^)  which  has  led  to  the  most 
interesting  results  is 

where  u^  is  independent  of  x. 

/•oo 

Then  I    (p^{x)dx==u^       (see  Art.  178) 

Jo 

/  x^         a^        \ 

and  ^{x)  =  e-'[uQ + ^i^J + u^  ^j + Uj  ^^  -|- . . .  j  =  e-'u(x), 

let  us  say.  We  must  assume  t  that  the  coefficients  u^  are  such 
that  the  series  u(x)  converges  for  all  values  of  x. 

*A  few  simple  cases  will  be  found  in  the  Appendix,  Art.  172. 
fAt  least  for  the  present;   but  see  Art.  136  below. 
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e''^u(x)dx  i8  convergent, 

0 

CO 

we  may  agree  to  associate  its  valine  mith  the  series  S'^n»  ^/ 

this  series  is  not  convergent)  this  integral  may  then  be  called 
the  "  sum"  of  the  series ;  and  the  series  may  be  called  sumTnable. 
The  sum  may  be  denoted  by  the  symbol 


00 


0 

This  definition  is  due  to  Borel,  who  deduced  it,  however,  from 
the  definition  given  below  in  Art.  114;  but  since  the  integral 
has  proved  more  serviceable  in  subsequent  investigations,  it 
seemed  best  to  regard  this  as  the  fundamental  definition. 

100.  Condition  of  consistency. 

It  is  obvious  that  the  definition  given  in  the  last  article  will 
lead  to  diflSculties  unless  the  sum  c^u^  agrees  with  the  sum  2u„ 
whenever  the  series  converges;  we  shall  now  prove  that  this 
"condition  of  consistency"  is  satisfied. 

For,  i/  2u,  is  convergent,  we  can  find  a  number  jul  such  that 

u^l  <e,  ii  n^jUL, 


Then 


2:u.5.-|<.[.-2^;]<6,      iin^f,; 

ft  '    •  l—  n       '    •— • 


and  consequently  the  series  2j  '^r  — .  ^"*  converges  uniformly  for 


r^ 

0  '  • 


all  values  of  x  within  an  interval   (0,  X),   where   X  may   be 
arbitrarily  large. 

e~'u{x) dx  =  ^Un\  e"*  —  dx 

0  0  Jo         ^' 

by  Art.  45;   that  is, 

(A  « 

e-''u{x)dx=^^u^X^, 


where   X»=l  e  '—^dx  =  [- — --r^.+z — r-vr.  +  ---  ^  ^  )^'  • 

Jo       "til  \(7^  +  l)!     (71+2)!  / 

Now,  since  X  is  positive,  the  sequence  (X„)  is  a  decreasing 
sequence ;  and  consequently  we  can  apply  the  extended  form  of 
Abel's  lemma  (Art.  23)  to  the  sum   2u,jXn,  and  we  see  that 

HXo-\m)  +  hm\m  <  2  ^^nK  <  ^(Xo-X„)  +  /f„,X,„, 
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where  H,  h  are  the  upper  and  lower  limits  of  u^^+u^  +  .-.+Ur  a* 
T  varies  from  0  to  m— 1  and  JET^,  A^  are  the  limits  as  r  varies 
from  m  to  00. 

Now  if  2i^n  converges  to  the  a^Lin  s,  we  can  choose  tti  so  that 
/'wS^  — €i  -Hm  =  s+€,  however  small  €  may  be;  and  as  X  tends 
to  00  ,  \q  and  Xm  tend  to  the  limit  1,  because  in  is  fixed.*     Thus 

lim  \]l  (Xo  -  Xm)  +  Kx\n]  =  ^  =  «  -  € 

and  lira  [J5r(Xo  -  Xm) + //mXm]  =  ^m = « + e. 

Hence  we  see  that 

GO 

«  — e  =  lira  ^t6nXn  =  g+g« 

But  €  is  arbitrarily  small,  and  so  (see  Note  (6),  p.  5)  the 
maxinuun  and  minimum  limits  of  Su^Xn  must  both  be  equal 
to  «,  so  that 

00 

lim  2^^»^»  =  *» 


or,  what  is  the  same  thing,    o/^'n^n^^'^n' 

0  0 

But  if  2)u^  diverges  (say  to  +oo),  we  can  find  m  so  that 

however  great  N  may  be. 
Thus,  since 


we  see  that  lim  2tt„X„  =  i\r. 

Since   N  is  arbitrarily   great,   this    inequality    implies   that 

00 

^u^Xn   tends  to   infinity    with   X.     That   is,  the   integral   for 


0 


^Uj^  is  divergent,  when   ^Un  is   divergent.     Of  course  this 

0  0 

is  only  as  it  should  be ;   otherwise  there  might  be  a  risk  of 
inconsistencies  arising. 

.   'For    Xo=l-c-^    X„=l-(l  +  \  +  i\'+...  +  — ^X"»Je-A    and   each    of    these 
expressions  tends  to  the  limit  1. 
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00  « 


101.  Relation  between  q5^u„  and  oJ^Un. 

0  1 

It  does  not  follow  immediately  from  their  definitions  that  the 
two  sums  ^  J    /       ?^ 

0  1 

are  related  in  such  a  way  that  the  existence  of  either  implies 
the  existence  of  the  other.  The  definition  gives,  however, 
the  relation  r*  j-oo 

Jo  Jo 

becau  se  u\x)  =  -j-=u^+ xi^ + ^8  9i  +  •  •  • 

since  the  coefficients  Uq,  u^,  n^,  '^^s, ...  are  such  that  n{x)  con- 
verges for  any  value  of  x\  and  consequently  Art.  50  can  be 
used  to  justify  term-by-term  differentiation  of  nix). 

On  integrating  the  expression  for  s'  by  parts,  we  find  the 
relation  r  -|» 

This  shews  that  when  8,  s'  both  exist,  the  limit 

lim  [e~*u(a;)] 

ar-+"00 

exists  also;  and  the  value  of  this  limit  must  be  zero,  since 
otherwise  the  integral  for  s  could  not  converge.  (See  Art  166, 
Appendix.) 

Hence,  jyrovided  that  both  integrals  s,  a'  are  convergent y  we 
have  8'-8'  =  Uq\  thus  the  two  series,  when  summable,  possess 
properties,  in  this  respect,  analogous  to  those  of  convergent 
series.  Of  course  any  failure  of  the  analogy  here  would  lead 
to  obvious  difficulties  and  would  greatly  reduce  the  utility  of 
the  definition  which  we  have  selected  for  the  "  sum "  of  a 
summable  series. 

But  it  must  be  remembered  that  the  convergence  of 


e~^u{x)dx 


by  no  means  ensures  the  existence  of  a  definite  value  for 

lime"*u(a;). 


■00 


as  is  clear  from  Art.  166  of  the  Appendix.  It  follows  that  the 
existence  of  a  definite  value  for  s  need  not  imply  the  existence 
of  any  definite  value  for  s'. 
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An  exaznp>  d  ths  his  l^^n   ^ven   hj  Hardj  (pL  30  of  his  necond 

Then  #=  f'^i^L^  ^.  rV=  T tlEi^,/,, 

but  the  iniezT^  f«'r  *   is 

which  c«5oiIIat«s. 

Thus  #'  d«>es  n«-4  ec»DTerge,  aith•:•^^h  a  does  conrergc 
The  reader  vill  dnd  little  di£ouitT  in  seeing  that  here 

the  ai«:et»i-aical  transft.»rmaiiua  wiil  W  fuund  in  Hardy's  paper. 

Although  the  convergence  of   I   e~'ti{Jt)Jx  does  not  ensure 

that  e~*uix)  tends   to  a   definite   limit   as  x  increases  to  oo , 
yet    u-e    can    \nr\r    that    lim^"'M(j^)  =  0,    u^hea    the    integral 

e~'u\x)dx  is  convergent ;  and  amsf'quently  that  the  integral 

I   e''u{x)dx  converges  al'<o. 
Jo 

For,  write  y=  \   e~'u{x)*1x. 

Then  ^ = e-'u  (.r),     ^\ = e-'H\x)  -  e-'u  {x\ 

ax  a.c^ 

and  consequently 

/  e-'u'(x)dx=  I  «-'M(j')<ir+-/-iio=y+y'-»<o- 
Jo  <  .0  ax 

The  last  expression  tends  to  a  finite  limit  I,  sls  x  increases  to  x  ;  so  write 

and  then  (rj-k-r)")  tends  to  the  limit  0.    Thus  we  can  choose  X,  so  that 

\r]-{-rj'\<€,       if  x>X, 

If  7]  has  an  unlimited  numl>er  of  extreme  values,  7/  vanishes  at  each  of 
these  ;  hence  at  any  exti'eme  value  beyond  A",  we  have  1 7}  |  <  c.     Thus 

|i;l<€,      if  x>  X, 

or  lim7y=0,  and  hence  lim»y'=0. 

X — MO  X — ►« 

Hut  if  rj  has  not  an  unlimited  number  of  extreme  values,  tj'  must  be 
finally  of  constant  sign,  and  so  rj  must  approach  a  definite  limit  (Art.  2), 
say  a;   thus  rj'  approaches  the  limit  -a.     Now,  from  Art.  152,  it  follows 
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that  if  r[  approaches  the  limit  -  a,  then   if]lx  approaches  the  same  limit. 
Thus  we  have 

lim  7/  =  (I,      lim  (^Ix)  =  -  a, 


but  1/  and  i;/^  have  the  same  sign,  so  that  a  must  be  zero. 

Thus  we  must  always  have 

lim  jy  =  0,     lim  f(  =  0. 

100  /•» 

0  Jo 

and  lim  e "  '^uix)  =  0, 

X— >-00 

100 
e-^u*{x)dx  is  convergent. 
0 

Accordingly  we  have  the  result :    //  the  aeries 

is  sv/mmahUi  then  so  also  is  the  series 

and  the  relation  between  their  sums 

^^i^  =  u^+  <^u^ 

0  1 

is  correct 

Another  mode  of  stating  these  results  is  the  following: 

Any  finite  nv/mber  of  terms  may  be  prefi^oced  to  a  sv/mmaMe 
series,  and  the  series  will  reynain  summahle;  and  further^ 
the  sums  wiU  be  related  as  if  the  two  series  were  convergent 

But  the  removal  of  even  a  single  term,  from  the  beginning 
of  tJie  series  may  destroy  the  property  of  summ^ility, 

102.  Some  obvions  theorems. 

00 

It  follows  immediately  from  the  definitions  that  if  ^u^  and 


00  00  0 


^v^  are  summable,  then  <^{Un'\-^f^  and  (25^(un— Vn)  are  also 

0  0  0 

summable,  and 

CO  00  30 

0  0  0 

Further,  if  C  is  any  factor  independent  of  n, 

<3^Cu,  =  C^u,. 

0  0 

I.S.  s 
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We  should  note  farther  that  th^  otldltuni  of  a  constant  to 
any  term  of  a  ffummahl^  series  is  equivalent  to  adding  the 
&ani£  coTistant  to  it^  x«m:  this  of  course  is  a  special  case  of 
the  theorem  on  the  addition  of  smnmable  series.     For  the  series 

A +0+0+0  +  0+0+.... 
0+i+0  +  0+0+0+..., 
0  +  0+A+0+0+0+.... 


are  all  smnmable  and  equal  to  k. 

Thus  fc+s5^w„  =  (A  +  Uo)+?£i  +  «2+W3+..., 

0 

although,  as  we  have  just  proved  (Art.    101),  tti  + 1*2+^3+ 
is  not  necessarily  summable  when  0+161+^2+^3+...  is  so. 

103.  Examples  of  summable  series. 

1.  1-1  +  1-1  +  1-.... 


Here  ti(x)=l-a:+|^-'-+...=e-* 

and  so      I    e'*u(x)dx=\    e~^dx  =  ^,       [Compare  Art.  97.] 

Assuming  this  series  to  be  summable,  and  to  have  a  sum  s, 
we  can  evaluate  8  by  prefixing  a  term  —1  at  the  beginning 
of  the  series  (Art.  101):  this  process  leads  to 

8-l=-l  +  l-l  +  ...=  -8,      (by  Art.  102) 
so  that  8=.J. 

Ex.2.  i^t  +  t^-t^-^-,...       {t>l) 

Here,  just  as  in  Ex.  1,  we  find  u{x)==e~'^,  and  then  we  get 


poo 

Jo 


e-*u(ir)rf.r  =  1/(1+0. 
'0 

Here   again,  assuming   the   series   summable,   we   obtain   its 

value  8,  by  prefixing  —1  at  the  beginning  of  is,  giving 

^A<-l=-l+^-r^  +  /»-...=:-8 
or  ^=1/(1+0. 

3.  1-2  +  3-4  +  5-.... 


Here  u(a:)=l -2a+3|'-4|^+...=€-'(l-.r) 

pso  poo 

and  80  e-*u(.r)rf,r=      <?-2'(l  -  r)rf;r  =  i-J  =  J. 

Jo  Jo 
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Assuming  the  summability,  let  us  write 

8  =  1-2  +  3-4+5-6  +  ..., 
and  so  8+0  =  0  +  1-2  +  3-4  +  5-...       (Art.  102). 

Adding  the  corresponding  terms,  we  get 

2«  =  l-l  +  l-l  +  l-l  +  ...  =  i       (by  Ex.  1) 
or  «  =  i- 

Ex.  4.  (7=l+cos0+cos20+cos30+..., 

/Sf=O  +  sin0+sin20+sin30+.... 
Thus  C+iS=l-{'e^+e^^^+^'^+..., 

and  the  associated  function  is 


x^ 


u(x)  =  l+  xe'^ + ^,  e-*^  + . . .  =  exp(iC€'*) 

Hence,  provided  that  6  is  not  zero  or  a  multiple  of  27r,  we 
find  the  sum 

Jo  '^''~l-co80-isin0-2\^+''''^*2/ 

Of  course,  assuming  the  summable  property,  the  sum  can 
be  obtained  by  means  of  the  same  device  as  in  Ex.  2,  which 
gives  the  equation 

e'\C+iS)+l  =  C+iS, 

and  therefore  C+i8=l/(l-e^), 

in  agreement  with  the  result  just  found. 
Thus  we  have 

l+cos0+cos20+cos30+...  =  i  ^      /o^^^9  ^ 

and     O+sin0+sin20+sin30+...  =  Jcot(J0).J      ^^<^<^^) 

In  like  manner  we  find  that 

6»^+€2'^+63'«+...=e'7(l-e«'^)=i(-l  +  icot|), 

so  that    cos0+cos20  +  cos30+...=  —  i,         |      /n^fl^9   \ 
sin0+sin20+sin30+...  =  Jcot(i0)./      \^<^<^'^) 

By  changing  from  0  to  -tt  — 0,  we  obtain 

COS0— cos20+cos30+..,  = +J,  1^  ^a^    \ 

sin0-sin20+sin30-...  =  itan(i0).j      ^     ^<t^<'"-; 
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Ex.6.  If  C=coad+cosSe+coQ5e+... 

and  /S=sin0+8m30+8in50+..., 

we  have      C+ iS=^\l+e^+e^^+,,.)=^ e^/{l - e^^% 
using  Ex.  4. 

Hence  (7=0,    S^icoaecd      (O<0<7r). 

It  will  be  noticed  that  these  two  values  are  the  same  as 
are  given  (Ex.  4)  by  summing 

cos  0+O+CO8  30+O+COS  60+0+.. . 

and  sin0+O+sin30+O+sin50+O+...; 

but   there    is  no  general   theorem  which  would  jvMify    owr 
eqvxding  these  new  series  to  C  avd  S. 
By  changing  from  0  to  J tt  —  ^,  we  obtain 

COS0— cos30+cos50— ...=^sec0,l        .^^     ^a^\    \ 
8in0-sin30+sin50-...=O.         J       V"7^<^<^^> 

Ex.  6.  It  is  easy  to  deduce  from  Ex.  4  that  if  0  is  not  equal 
to  ±^,  we  have 

cos  Q  cos  ^+cos  20  cos  2^+ . . .  =|^, 

sin  0  sin  ^+sin  20  sin  2^+ ...  =  0, 

cos  0  sin  ^+cos  20  sin  2^+ ...  =  |sin  ^/(cos  0  —  cos  ^). 

104.  Absolutely  snmmable  series. 

Following  Borel,  we  say  that  a  series 
is  ahsolutdy  sv/mmahle  if  the  integrals 

poo  /•» 

I   e''^u{x)dx    and    I  e^''u^(x)dx, 

where  X  represents  any  index  of  differentiation,  are  all  abso- 
lutely convergent 

It  is  at  once  evident  that  if  the  series  Uq+Ui  +  u^+...  is 
absolutely  summable,  so  also  is  the  series  obtained  by  removing 
any  number  of  terms  from  the  beginning  of  the  series:  for 
the  integral  function  associated  with  the  series 

u^+u^+u^+>». 

x^ 
is  u^+u^  +  tL^^^+  ..,=u\x\ 

Joo 
e^^u\x)dx  is  absolutely  convergent. 
0 
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It  follows,  in  virtue  of  what  was  proved  in  Art.  101,  that 
we  must  have 


lim  e'*u{x)  =  0,        lim  e''u^(x)  =  0. 
Accordingly,  if  a  series 

is  absolutely  suTnmable,  so  also  are  all  the  series 

and  their  sums  a/re  related  as  if  they  were  convergent 

And,  conversely,  if  the  series  u^+U2+u^+...  is  absolutely 

summable,  so  also  is  the  series  formed  by  prefixing  Uq. 
That  is,  we  can  infer  the  convergence  of  the  integral 


e-*\u{x)\dx 

0 

from  that  of 


f 


Jo 


e~*\u'{x)\  dx. 
To  prove  this,  let  us  write 

tp{x)  =  r  I  u\t)  \dt^\\'  u\t)  dt 

Jq  I  Jo 

Thus  <I>(x)^\u{x)  —  Uq\, 

so  that  I  u{x)  I  =  0(ic)  + 1 16^  |. 

Hence  I  e'^\u(x)\dx  certainly  converges  if  I  e''(f>{x)dx  is 
Jo  Jo 

convergent.     But  the  convergence  of  the  last  integral  can  be 

inferred  from  that  of  I  e'*</>(x)dx,  by  the  argument  of  Art  101 

Jo 

above.     The  proof,  however,  can  be  simplified  here,  in   virtue 
of  the  monotonic  nature  of  <f>{x). 
For  we  have  the  identity 

I   e-*0(a;)(fo=-e-^0(Z)+|    6-*0'(^)^» 
Jo  Jo 

and  consequently,  because  (f>{X)  and  <l>\x)  are  positive, 

rx  ex  f* 

e"'4>{x)dx<\   e'''il>{x)dx<\   e'^4>{x)dx. 

Jq  Jq  Jq 


r 
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Hence,  since  the  integrand  e'*^(x)  is  positive,  the  integral 

^e"^|^(x)dJt 
0 

is  convergent)  by  Art  166  of  the  Appendix. 

It  will  be  noted  that  this  alignment  cannot  be  reversed ;  and 

that  the  convei^ence  of  I   e'*ip,\x)dx  is  not  deducible  from  the 

Jo 

convergence  of  I   ^~'^(.r)cir. 

An  example  of  a  positive  integral  function  ^(x)  for  which  /    e''<f»(x)dx 

is  convergent,  but  liine^^(x)  does  not  exist,  may  be  obtained  by  taking 

^(4r)=exp(x-x'8in'xX  so  that  lim«~*^(.r)=l. 

It  follows  from  a  general  result  due  to  du  Bois  Reymond  that 

/    cxp  (  —  Jt^  sin'j")  dx 

is  convergent  (see  Ex.  3,  Art.  166). 

The  function  <f>(x)  can  obviously  be  expanded  in  a  power-series  for  any 
value  of  X,  although  the  law  of  the  coefficients  is  not  simple. 

As  examples  of  absolutely  summable  series,  we  may  refer 
to  those  given  already  in  Art.  103.  Thus,  for  instance,  take 
Ex.  2;   here  it  will  be  seen  that 

u(x)  =  e'^  and  ^^(-f/^-^ 

f*        dHb 
so  that  I   «"*|-7-x  ^  is  obviously  convergent,  since  l  +  ^>-0. 

Similarly  the  other  cases  are  proved  to  be  absolutely 
summable. 

106.  Absolntely  convergent  series  are  abscdntely  snmmable. 

For  we  have 


X* 


so  that  \u(x)\^v{x),      if  v^=^\Uj 


Now,  since  the  series  2^^»  is  convergent,  the  integral 

e'^v{x)dx 

0 

converges  (Art.  100),  and  therefore  the  integral 

e^^u(x)dx 

JO 

is  absolutely  convergent. 


i 


1 


104,  105]  ABSOLUTE  SUMMABILITY.  279 


Further,  the  series  Uj^+Uf^+i+Ux^2+ "•  is  absolutely  con- 
vergent, and  the  same  argument  applied  to  this  series  shews 
that  the  integral 

Jo 
is  also  absolutely  convergent.     That  is,  an  absolutely  convergent 
series  is  absolutely  summable. 

But  Borel's  statement,  that  any  convergent  series  is  absolutely 
summable,  is  not  correct,  as  has  been  proved  by  an  example 
constructed  by  Hardy  (in  his  second  paper,  pp.  25-28). 

This  example  is  given  by  taking 

0-1+0+0+i  +  O+O+O+O- J  +  ... , 

in  which  t*n=(  — l)"/!/  when  w  =  v2,  and  w„  is  0  when  ?i  is  not  a  square. 

Hardy  then  shews  that  if  ^  is  the  largest  integer  contained  in  ^/a:, 
and  if  s/^-$<iy  |^(<a?)|  is  of  the  same  order  of  magnitude  as  the  term 
in  which  v=^ ;  and  that  e'~*\u(a:)\>KJx,  where  k  is  a  constant,  throughout 
aU  intervals  {m^,  (»^+ J)^},  fn  being  any  integer.     It  is  then  easy  to  prove 

that  /    e"*  I  u(x)  \  dx  is  divergent. 

It  is  easy  to  construct  simple  series  which  are  summable, 
but  not  absolutely;   an  example  is  given  by  the  series 

For  here  t6(a;)=-[6*(cosa;+tsina5)  — 1], 

J  f*     «-   /  vj       f*cosaj— e'^+isinaj  ,       iri 

and  so         I   e''u{x)dx=\   aaj  =  -^ 

Jo  Jo  ^  ^ 

[Art.  173(1)]. 
But  \u(x)\^ , 

"  f  f^l  — e"* 

and  so  I  e^*\u(x)\dx'^\ dx, 

Jo        '     ^  ^'       —Jo       X 

and  thus  I    e~'\u{x)\dx  \a  divergent. 

Jo 

In  regard  to  this  series,  we  note  that 

e^'u  {x) = (^  -  e-')/x, 
which  tends  to  zero,  as  x  tends  to  oo ;  thus,  as  in  Art.  101,  we  see  that 

/   e~'n'(x)dx  converges. 
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But  the  convergence  of  this  integral  is  not  absolute,  because 

80  that  \e-'uXx)\^y,^2/x-2lji^y      if  x>.j2. 

Thus  the  integral  /    e~*  \  u'{x)  \  dx  is  diveirgent. 

Similarly,  we  establish  the  convergence  of   /    e~*u^{x)dxy  \  being  any 

index  of  differentiation,  and  the  divergence  of   /    e'*\u^{x)\dx. 

Thus  the  series  w^+«x+i+^a+2+"«   "  summable  far  aU  values  af  X, 
although  not  absolutely. 

106.  Mnltiplication  of  absolntely  snmmable  series. 

If  the  two  series 
are  both  absolutely  summable,  and  if 

then  the  series 

is  also  absolutely  summable,  and 
For  then  we  have 


i*oo  /•go 

=  1   e~*tt(ic)rf£c  I   e~yv(y)dy 


=  lim  \\e~^'^^^^u{x)v{y)dxdyf 


t 


where  the  latter  double  integral  is  taken  over  tneVarea  of  a 
square  of  side  X.  |    H^^.*^ 


-^1 


Now,  in  ease  u{x)  and  v{y)  are  both  positive,  the  integral 
taken  over  a  triangle  such  as  OAV  lies  between  the  integrals 
taken  over  the  squares  OABC  and  OA'RC'\  so  that,  since  the 
latter  integrals  both  approach  the  limit  xiv  when  OA  tends 
to  00 ,  the  integral  over  OA'C  will  also  approach  the  limit  uv. 
But  if  u{x)  and  v{y)  are  not  always  positive,  the  difference 
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between  the  integrals  over  OABC  and  OA'pC  is  less  than 
the  integral 


[[«-<*+»'>  I  u{x)  I .  I  v{y)  I  dx  dy 


taken  over  the  area  ABCC'RA';  and  this  is  the  difference  of 
the  integrals 

I  e"*|tt(x)|(ia;  I  e'y\v(y)\dy 
Jo  Jo 

and  I    e~'\u{x)\dx  I    e'y\v(y)dy, 

Jo  Jo 

which  tends  to  zero,  since  the  integrals 

I  e'^\u(x)\dx  and  I  e'^\v(y)\dy 
Jo  Jo 

are  both  convergent. 

Hence  we  can  write 


uv 


=  lim  1 1  e~^'''^^^u(x)v{y)  dx  dy, 

A-Xio  J  J 


where   the  integral  is  now  to  be  taken  over  the  area  of  a 
triangle  such  as  OA*G\  whose  side  is  2X. 

Let  us  write  ^  +  2/  =  ^,    y  =  ifl>  ^^iO^ih  9^)7^ 

5k   M 


and  then  the  integral  becomes  ,\  Q 


itegral  becomes  ,\  VJ^    2^  -jr-     IA-^-m 


Owing  to  the  fact  that  the  series  for  u{x),  v(y)  are  absolutely       \^   ^ 
convergent  for  any  values  of  x,  y,  we  can  obtain  the  product         ^'  /^ 

by   the  rule  for  multiplication  of  series  (Art.   34);   and  the 
product-series    will    obviously  be   uniformly   convergent  with 
respect  to  jy,  so  that  we  may  then  integrate  term-by-term. 
The  general  term  in  the  product  is 

SO  that  I  tt[^(l-f;)].t;(^,)d,=2w„r-|-pn- 

Jo  0       \n+iy.  j^f 
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Thus  the  intend  over  the  triangle  is 


^' 


where  ^iO^t^yl^ly: 

and  accordingly  we  have  the  equation 

But  we   have  not  yet  completed  our  investigation,  becanse 
the  last  integral  is  the  sum  of  the  series 

and  (Art.  101)  it  does  not  immediately  follow  that  the  series 

is  summable.     It  should   be  ob6e^^'ed,   however,  that  we  can 
infer  the  absolute  convergence  of 

re-i\Wii)\di; 
Jo 

because  \W(i)\^i[\u{iil-^)}\.\v(in)\dn. 

Jo 

Hence,  if  we  reverse  the  argument  used  above,  we  find 

\\'^\  W(i)\di<  \\-'\u(x)\dx.  f'e-y\v{y)\dy 
Jo  Jo  Jo 

<  I  e~'\ u{x) \dx.\  e'y\ v{y) \ dy. 
Thus,  since  the  integrand  is  positive,  the  integral 

Jo 
is  convergent  (see  Art.  166). 

To  complete  the  demonstration  of  the  theorem,  let  us  multiply 
the  two  absolutely  summable  series 

Their  product  is  given  (in  virtue  of  the  foregoing)  by  the 
absolutely  convergent  integral 

JO 


where 

:2 


fi(^)  =  K%)^+(t^lVi  +  i^2'yo)|l  +  K^2  +  ^^2^1  +  %^o)€+---- 


21  '  \-'i-2  •    '■^i'^i  t  ^3^0/ g I 


i: 
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That  is 

Now  re-^Q(i)\di 

Jo 

is  convergent,  and  so  also  is 

e-^v(i)\di■, 

/•oo 

and  therefore  e-iW\i)di 

Jo 

is  absolutely  convergent. 

Now  W\i)  =  w(i)  =  Wo+w,i+w^^^+,.. 

is  the  function  associated  with  the  series 

which  is  therefore  summable;  and  its  sum  is  equal  to  that  of 

0  +  Wq+w^+W2+  ,..  (Art.  101). 

Hence  w  =  uv. 

If  we  multiply  similarly  the  absolutely  summable  series 

we  can  establish  the  convergence  of 

r  e-t\W"(i)\di=r  e-f\w'ii)\di. 
Jo  Jo 

Continuing  the  process,  we  can  prove  that 


I 


0 

converges  for  any  integral  value  of  X;  and  accordingly  the 
series  w  is  absolutely  summable. 

By  combining  the  foregoing  results  with  the  obvious  theorem 
on  the  addition  of  absolutely  summable  series,  we  obtain  the 
following : 

If  P(u,  V,  w,,,,)  is  a  polyno7nicd  in  UyV,  tt;, ... ,  any  finite 
number  of  absolutely  summahle  series,  we  can  obtain  its  value 
by  combining  the  series  as  if  they  were  convergent;  the  result- 
ing series  will  be  absolutely  summahle,  and  its  sum  will  be 
equal  to  the  value  of  P. 
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107.  Examides  of  multiplication  of  absolntely  summablo 


L  (i-i  +  i-i  +  ...)2=i_2+3-4+..., 

(1-14.1-14....)S=1_34.C-10+.... 
Of  course  these  results  agree  with  the  examples  of  Art.  103. 

Bz.  X  Write   C=l+cose+eo8  2d+cos30+..., 

iS=O+sin0-rsinif?+sm30+...; 

then  C+j5=l+f"*+^-"'+^H.-.. 

Hence  (C+KSr)s  =  l  +  2***+3/>^''+4f*'+... 

or  C--.S-  =  l+2cose+3co820+4co830+..., 

2CS=O  +  2sine+3sin20+4sm3d+.... 

By  using  the  values  of  C  and  S  found  in  Art.  103,  it  is  easy 
to  deduce  that 

O+cos0+2cos20  +  3cos30+...=  -|co8ec*(i0), 

O+8in0+2sin20+3sin30+...  =  O, 
agreeing  with  the  results  found  in  Art.  110  below. 

Ex.  3.  Another  exercise  in  multiplication  is  given  by  squaring 
C  and  S  directly ;  this  yields 

C*=Jcosec0(sin0-f  8in20+    sin3e+...) 

+  J(l  +  2co8  0+3cos20+...), 

S^  =  \  cosec  0(sin  0+  sin  20+    sin  30+ ...) 

-i(l +  2  cos  0+3  cos  20+...). 

These  obviously  agree  with  the  value  of  C^-^S^  found  above. 
We  can  also  find  C'^+S^  by  multiplying  {C+iS)x(C"iS); 
and  we  can  find  CS  directly. 

108.  Multiplication  of  non-absolutely  summable  series. 

Hardy  (p.  43  of  his  second  paper)  has  given  two  theorems,  which  are  the 
extensions  to  suinmable  series  of  the  theorems  of  Mertens  (Ai't.  35)  and 
Abel  (Art.  34).    The  second  of  these  extensions  will  be  found  in  Art.  111. 

The  first  theorem  is  that  it  is  s\ificient  to  suppose  one  of  the  series  u^v  to  be 
absolutely  summable ;  then  w  will  be  summable  and  its  sum  will  be  equal 
to  uv.  We  suppose  that  u  is  absolutely  summable,  while  v  is  summable 
but  not  absolutely. 

On  reference  to  Art.  106  it  is  plain  that  the  diifei«nce  between  the 
double  integrals  over  the  areas  OACy  OABC  is 


Z>=  /  e~*u{x)dx  I      e~*v(jf)dy. 
Jo  Jk-x 
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Now  write 
and  then 


\Jk-x 

J>\^  r<t>(^H(x)cb: 

Jo 


•0) 


C^ 1® 

O  X  A  ^ 


Fio.  32. 

Since  the  integral    /   e~*v{y)dy  is  supposed  to  be  convergent,  ^(j?)  has 

a  finite  upper  limit  H  for  all  values  of  x  and  \ ;    further  we  can  find 

ft  so  that 

Vr(jr)<€,      if  A-or^/x, 

where  c  may  be  arbitrarily  small. 

Now  divide  the  integral  (1)  into  two  parts,  from  0  to  A-/i  and  from 
A  -  /x  to  A ;  in  the  former  V^(-r)  is  less  than  c,  in  the  latter  V^(.r)  does  not 
exceed  H.    Thus,  since  <^(.r)  is  positive,  we  find 

\D\<€  r~'"if>(x)<lv  +  I/  [^    <t>(x)cLr, 
Jo  Ja-m 

Now  /  <f>(x)dx  converges  to  some  value  (7^  and  so  if  we  take  the  limit 
of  the  last  inequality  as  A  tends  to  infinity,  we  find 

]mi\D\^€U, 

A->oo 

But  €  is  arbitrarily  small,  and  so  (see  Note  (6),  p.  5)  the  last  inequality 


cannot  be  true  unless  lim  |  /)  |  is  zero. 

Thus  lim  D=0 ;  and  so  the  integral  over  the  square  OABC  may  again 

A-»>ao 

be  replaced  by  the  integial  over  the  triangle  OAC, 
Hence,  as  in  Art.  106,  we  may  write 


uv= 


=  lim  /  /e""+*>tt(.r)i;(y)cLFdfy, 


the  integral  being  taken  over  the  triangle  OAC. 

After  this  stage  the  proof  follows  exactly  the  same  lines  as  before. 

Thus  M«  series  Wq+Wi  +  W2+,,,  is  summahle,  and  has  the  sum  uv,  provided 
that  one  of  the  series  u^  v  is  absoluteb/  summahle. 

It  can  be  shewn  that  any  series  {ra+2^a+i  +  ^a+2+*--  is  summable  under 
the  above  hypothesis. 

The  series  given  at  the  end  of  Art.  105  is  an  example  of  the  possibility 
that  Wa+ti7a+i  +  tCa+3+...  may  be  summable  for  any  value  of  a,  without 
being  absoltUdy  summable. 
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109.  Continuity,  differentiation  and  integration  of  a  sum- 
mable  series. 

Suppose  that  the  terms  of  the  summable  series  are  functions 
of  a  variable  a,  so  that  we  may  write 

then,  in  agreement  with  the  previous  use  of  the  word  unifomi, 

X 

we  shall  say  that:  The  fteries  ^Un(^)  i^  uniformly  summable 

0 

until  respect  to  a  in  an  interval  ()8,  yXprovided  that  the  integral 

I    e'^u(x,  a)dx  converges  uniformly  in  that  interval. 
Jo 

Thus,  in  particular  (Art.  171,  Appendix),  the  series  is  certainly 

uniformly  summable,  if  we  can  find  a  positive  function  M(x\ 

independent  of  a,  such  that 

\u{x,a)\<M{x\     ifi^a^y) 

while    I    e~'M(x)dx  is  convergent. 
Jo 

Then  the  following  theorems  are  true: 

(i)  If  all  the  tenns  UJ^(a)  are   continuous  and  the   series 

00  * 

(^Un{a)  is  uniformly  siannuible,  and  ^Un(a)x*^/n\  is  uni- 

0  .  ^  .       . 

formly  convergent  for  any  finite  value  of  x,  when  a  lies  in 

the  interval  (jS,  y),  the  sum  (p^u^{a)  is  a  continuous  functicni 

of  a  in  the  same  interval. 

For  then,  if  qq  is  any  particular  value  of  a  in  the  interval 

lim  (^u^{a)  =  \im  I   e-'u{x,  a)dx=  I   e''^\im[u{x,  a)]dx, 

«->«o      0  a-^a^JQ  Jq  a->ao 

this  transformation  being  justified  by  the  uniform  convergence 
of  the  integral  (Appendix,  Art.  172). 


x""     ^      .    .aj* 


Next    lim  [u{x,  a)]  =  lim  2  M^)  Ti  =  S  ^^X^^o)  -,  =  '?^(^,  cl^I 

because   u,^{a)   is  a   continuous   function   of   a,  and   the  series 
converges  unifonnly  (Art.  45). 

Thus       lim  J^'aja)=^  {  e-^u{x,  a^)dx=  ^\i^{a^\ 

a-*-ao     0  JO  0 

which  shews  that  the   sum  is  a   continuous   function  of  a  at 
any  point  of  the  interval  (^,  y). 


109,  110]        DIFFERENTIATION  AND  INTEGRATION.  28T 

(ii)  Under  the  same  conditions  of  uniforTnity  as  in  (i),  the 
equation 

r  [  J^^*„(«)]  da=3^  f\„(a)  da 

will  he  correct 

This  follows  by  an  argument  exactly  similar  to  that  of  (i). 

(iii)  If  the  same   conditions  of  unifomiity   apply   to    the 

series  <^u^{a\  then  the  equation 


0 

d  "  00 


aa      0  0 

vriU  be  correct 

This  theorem  is  also  an  easy  deduction  from  Arts.  46,  172. 

110.  Applications  of  Art.  109. 


00 


Ex,  1.  If  we  consider  the  series   cS^x^,  where  ic  is  a  complex 

0 

number  of  absolute  value  not  less  than  1,  we  find  that 

CO  poo  1 

q5^x"=      e-'e^'dt^^-^ , 

0  Jo  1-a; 

where  we  assume  that  the  real  part  of  x  is  less  than   I. 

It  may  be  observed  that  |  <?^'  |  =  e^^  where  p  is  the  real  part 
of  a;,  and  consequently,  if  /5=l--a,  where  a  is  arbitrarily  small 


00 


but  positive,  the   integral  for   q5^x"    will   converge   uniformly 

0  QO 

with  respect  to  x,  because  |e-<^-'>'|^e-'*';  thus  the  sum  q^^.c** 

0 

is  a  continuous  function  of  x  within  the  region  specified  by 
/5  =  1— a,  afi  is  obvious  from  the  value  of  the  sum. 

2.  If  in  (1)  we  write  x  =  e'^,  we  find  that 


dP 
and  so  ^^(^'*)  =  (^^)''^" 

Thus,  the  integral  function  associated  with 

=0    dP 

is  Up(xt)  =  iP^nP^  =  iPe''[(xt)P+A^(xt)P''^  +  ...  +  Ap.,(xt)l 


288         NON-(X)NVERGENT  AND  ASYMPTOTIC  SERIES.  [CH.  XI. 
because  we  have  the  algebraical  identity 

where  Ai,  A^,... ,  -4p-i  are  certain  coefficients  which  depend  on 
p  but  not  on  n  (compare  Exa  4,  5,  p.  170). 

Hence     \tip(xt)\^^^^{tP'\-\A^\tP-^+,..'^\Ap.^\t), 

and  therefore  the  integral 

e~'Up(xt)dt 

converges  uniformly  if  cos  0^1— a. 

Thus  we  may  differentiate  the  series  found  in  Art.  103  for 


/•QO 

Jo 


OO  CO 


e5^cos7i0,  (25^ sin  710,  as  often  as  we  please,  provided  that  6  is 

not  a  multiple  of  27r. 

Hence  we  find,  for  instance, 

<3^n^  cos  nO  =  0,       ^71**+'  sin  nO  =  0. 
1  1 

Taking   6  =  ^   in  the   first   equation   and  Jtt  in  the  second, 
we  find  the  results: 

18«-.2«'+3^-...=0,    12-+i-3«'+^  +  5^»-...=0. 
Again, 

c>(-ir»72.^sin7i0  =  (-iy^(itanJ0), 

^(-l)«-^7i^+^cos7i0  =  (-iy|^^(JtanJ0), 

provided  that  6  is  not  an  odd  multiple  of  tt. 
Thus,  since 

itanJ0  =  ^2!    5,0  +  -^^5,0»+..., 
we  find 

[Art.  126,  Ex.  5} 
Thus  in  particular* 

l-.2  +  3-...  =  l        (Art.  103), 
1  —  2  +o  —  ...=  —  g^, 
1-.2H3*-...  =  1. 


l2.+i_2'-+»  +  3'-+»-...  =(-!)' -,r—o-5.+i> 


*The  second  and  third  of  these  may  alao  be  obtained  by  means  of  devices 
similar  to  those  used  in  Art  103.     See  also  Art.  126,  Exs.  2-A, 
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In  like  manner  the  series 

cos  0— cos  30+CO8  50— . ..  =  i  sec  0 

leads  to  the  result 

where  E,  is  Euler's  number  (Ch.  X.,  Ex.  C,  38).         [CEsiRO.] 
Hence  in  particular 

Ex.  3.  As  examples  of  integration  we  may  take  the  series 

sin  d+sin  3d+sin  50+ ...  =  ^cosec  0, 

sin  20+sin  40+sin  60+ ...  =  Jcot  0, 

which  (as  in  2)  are  uniformly  summable  in  an  interval  (<J,  ^ir) 
where  0<^<|x. 
Thus  we  have 


Now 


-^dd  =  2^\    0sin(27i  +  l)0.d0. 
jj  sin  (7  0  Js 


and  therefore  the  series  on  the  right  is  convergent;  also, 

2  cos  (271 + 1)^/(2?^ + 1)  =  J  log  (cot  J5),    (see  Ex.  4,  p.  290) 

and  2sin(2n+l)^/(2n+l)* 

converges  uniformly  by  Weierstrass's  test. 

XT  V     v^Rcos(2ti+l)a     sin(27i  +  l)5n     ^ 

Hence        J™  21—2^+1^--    (2-.+TrJ  =  «' 

and  therefore 

Jo  8inO''""^V'(2n+l/* 
In  like  manner  we  prove  that 

OcotOrfO=2<2?^      0sin27i0.d0, 
J«  1  Ji 


and  hence 

I.S.  T 
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4.  As  other  examples  of  integration,  we  note  that  we  may 
integrate  the  first  series  in  Ex.  3  from  0  to  Jtt,  and  so  obtain 

cos  0+icos 30+ico8  50+ ...  =  Jlogcot  je,       (0  <  0  <  tt) 

where  the  resulting  series  converges.     This  series  is  summed 
independently  in  Art.  90,  Ex.  2,  and  Ex.  A,  43,  Ch.  VIII. 
Similarly  from  the  series 

cos6+cos2d+eos3e+...  =  —  ^, 

sin0  +  8in20  +  sin30+...  =  icotJ0, 

we  find,  by  integration  from  0  to  x,  the  results 

sind+Jsin20+Jsin30+...  =  J(7r-0) 
and  -(l+cos0)+Kl-cos20)-J(l+cos30)+... 

=  log  sin  J0. 

These  series  converge,  and  the  second  one  leads  to  the  simpler 

form 

cos  0+  J  cos  20+  J  cos  30+ ...  =  -  Jlog(4  sm^e). 

All  these  series  agree  with  the  results  of  Art.  65.     Similarly 
we  can  establish  the  results 

sin  0  —  J  sin  30+-J^ sin  50— . . .  =  ilog(sec  0+tan  0) 

(-Jx<0<^i7r) 
and     sin  0+ J  sin  30+isin  50+ ...  =i^7r  (0  <  0 <  tt). 

T*  ^co8a;(a  +  n7r) 

Ex.  5.  If  u  =  2  /^,"^2  J-ii 


(O<0<2ipr) 


^(a-\-nirf  +  b^' 


dhi 


00 


we  get       —  -=-^ + hhi  =  cos  aa;  [1  +  2  qJ^cos  {mrx)]  =  0. 

Thus  u^A^+Be'^      (0^a;S2). 

The  values  of  u  for  x  =  0,  x  =  2  are  found  in  Ex.  C,  31, 
Ch.  X.  (p.  259);   from  these  it  follows  that 

_  1  /  cosh  hx  sinh  26       •  k  ^  \ 
""  5  Vcosh  26 — fcos  2a  / ' 

For  other  applications,  leading  to  the  values  of  some  interest- 
ing definite  integrals,  and  for  the  investigation  of  conditions 
under  which  the  equation 

r  [^^n(«)]^«= c^r'^n(«)^« 

JjS       0  0    J/3 

is   true,  we   must    refer    to   the   latter   part  of    Hardy's   first 
paper  (see  the  references  given  in  Art.  96). 
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111.  Analogue  of  Abel's  theorem.    (Art,  51.) 

00 

Suppose  that  (^u^  is  summable,  and  consider  the  possibility 

of  summing  ^f  Un^,  where  t  is  real  and  lies  between  0  and  1. 

o' 

We  have  then,  by  definition, 

Qo  r^ 

0  Jo 

and    so,   changing    the    independent    variable    from    x    to   xt 
{  =  y,  say),  we  find 

^t4„<»=y     e-yl'u{y)dy. 

0  ^Jo 

Thus,  if  1/^  =  1  +  0,  so  that  B  is  real  and  positive,  we  have 

0  Jo 

Now,  by  hypothesis,  the  integral 

e-yu{y)dy 


Jo 


0 

is  convergent;  and  consequently  (from  Art.  171,  Ex.  2,  of  the 
Appendix)  the  integral 


i»ao 

1  *■ 

Jo 


e-ya+«)u(2/)dy 

0 

converges  uniformly  with  respect  to  Q,  in  any  interval  (0,  a), 
where  a  is  any  positive  number. 


GO 


Hence  <S^u^^  can  be  summed  uniformly  with  respect  to  ^  in 

0 

the  interval  (0,  1). 

Thus  in  particular  we  have  the  result 

00  X 

lim  (  ^Xlrff")  =  <^Un* 
(->1        0  0 

Further,  provided  that  the  series 

00 

is  summable  for  every  integral  value  of  X,  the  series  (S^Uyf^  is 

0 

also  absolutely  summable  for  all  positive  values  of  i  less  than  1 ; 

for  then  we  have 

lim[g-*u^(ic)]  =  0,       (X^O). 


Z->oo 
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Thos  we  can  find  a  constant  A,  such  that 

Now  j'e"^[u(xt)]dx=t^-'  p-'%^(»)dy, 

so  that  f'c-*  ,^[tt(a^)]  '■  dx  <  At^-^  {^W^f^y^dy 

<At^/(l-t). 

Thus,  since  the  integrand  is  positive,  the  integral  taken  up 
to   00   must   converge   (Art.   166);    and  so  the  conditions    of 

absolute  summability  are  satisfied  by  the  series  ^nj^, 

0 

Thus  we  have  the  theorem:* 


00  00 


If  (^Un  is  auTTiTnable,  then  <S^uJl^  is  uniformly  summable 

0  0 

for  all  values  of  t  in  the  interval  (0,  1);    and  if  further, 

00 

(^Un+K  is  suTamable  for  all  positive  integral  values  of  X,  theTi 

0 

00 

(^uJ3^  is  ahscluteLy  summable  for  any  value  of  t  between  0 

0 

and  1. 

An  immediate  consequence  from  this  result  is  Hardy's  second 
theorem  on  multiplication  of  series: 

If  neither  u  nor  v  is  absolutely  summable  the  equalion 
uv=w  is  still  correct  (using  the  notation  of  Art,  106),  provided 
that  w  is  suTnmahle, 


00  00 


For   then   the    three    series    <S^u4^,    <^t;n^",    <£^v)^^  are 

0  0  0 

absolutely  summable,  and  therefore  (Art.  106) 

(  J^t^nO .  (  ^^nf")  =  Q^^l^n^"      (0  <  <  <  1). 
0  0  0 

Hence,  taking  the  limit  as  t  approaches  1,  we  have 

(^ttn).(^i;n)=(J^^n. 
0  0  0 


•  Due  in  part  to  Phragnien  [Comptea  Bendua,  t.  132,   1901,  p.   1396)  and  to 
Hardy  (p.  44  of  his  second  paper). 
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112.  An  important  class  of  sonunable  power-series. 

Suppose  that  v^=x*\  f(i)i^  d^, 

Jo 

where  /(^)  is  such  that  I   |/(^)  |  d^  is  convergent,  so  that  the 

integral  for  Un  is  also  absolutely  convergent. 
Then,  applying  test  A,  Art.  175,  we  have 

because  the  series  for  e^  converges  uniformly  with  respect  to  f, 

and  I   \f(i)\d^  is  convergent. 
Jo 

Thus  Borel's  integral  for  the  series  is 

re-'u{t)dt={  e-'dt  [e'^f(^)di. 
Jo  Jo  Jo 

From  Art.  177,  it  follows  that  the  order  of  integration  can 

be  inverted  in  this  integral,  provided  that  the  real  part  of  x 

is  not  greater  than   a   fixed   number  k  (<1);    for  then   the 

integral  is  seen  to  be  absolutely  convergent  by  comparing  it 

with  the  integral 

Jo  Jo 

Thus  BoreFs  integral  reduces  to 

r  fi^di      (real  part  of  cc^ A; <  1). 
Jo  1  ~~Xq 

It  is  evident  that  the  last  integral  will  be  convergent  for 
all  values  of  a,  except  real  values  which  are  greater  than  1 ; 
thus  the  last  integral  gives  a  larger  region  of  summability 
than  Borel's  integral.  We  could,  of  course,  have  adopted  this 
as  a  definition  of  the  "sum"  of  2u„,  by  making  another 
application  of  Hardy's  principle  (see  Art.  99  above);  but  it 
would  not  have  been  evident  to  what  extent  the  new  defimtion 
could  be  deduced  from  BoreFs. 

Le  Boy  has  given  a  number  of  applications  of  this  integral 
in  the  paper  quoted  above  (Art.  96),  and  the  method  has  been 
extended  by  Hardy,*  by  the  aid  of  contOur-integrals. 

•  Proc,  L(md,  Math.  Soc,  (2),  vol.  3,  1905,  p.  381. 
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Ex.  1.     We  have     ^^=  f'e-"'^->rf«-  f  5"-*[log(l/f)]'-»rff,      (p>0), 

W  Jq  Jq 


and  accordingly  the  series 


can  be  summed ;  and  its  sum  is  expressed  by  the  integral 
Ex.  2.    Again,     -J--  =  [  «-"* gin  tdt=  T  f-i  sin[log(l/f)] df , 

"'  "Ti     Jq  tt     Jq 

80  that  the  series 


1     +,^.^.... 


1  +  1«^1+2V  1+3* 
is  sumn^ed  by  means  of  the  integral 

r^Bin[log(l/^)]^ 

Ex.  3.     If  6  >  a  >  0,  we  have 

6(6+1)... (6+«-l)     r(a)r(6-a)Jo  *         ^^    '^         **' 
HO  that  the  series 

^  +  6"^+ 6(6+1)^  +6(6+l)(6+2)'^+- 
can  be  summed  by  the  integral 

rWTXft^^io  i-^g ^^-  [Hadamard.] 

In  particular,  if  &=1,  the  integral  can  be  evaluated  by  writing 

^'=^(l-^)/(l-a 

which  gives  ""(°^)      ^        f  t>"-'rfi^^      1 

TT      (l-xyj^     1+v      (l-;r)«" 

If  X  is  complex  the  last  transformation  requires  a  little  justification,  which 
is  beyond  our  range,  as  it  depends  on  the  theory  of  contour  integration. 

Ex.  4.     Consider  similarly  the  general  binomial  series 

where  v  is  contained  between  two  integers  m  and  m  +  l ;  then,  if  m^O,  we 
can  apply  the  method  of  Ex.  3  to  the  series  obtained  by  omitting  the  first 
(w  +  1)  terms,  and  so  prove  that  the  original  series  is  summable  by  applying 
Art.  101. 


112,  113] 


CASE  OF  POWER-SERIES. 
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113.  Application  of   Borers   process   to    power-series    in 
l^eneral. 

As  a  first  example,  consider  the  series 

l+x+x^+a?+ 

We  find  by  BoreFs  method 

u{x,t)  =  e'*, 

1 


so  that 


00  r* 

0  Jo 


^e^dt  = 


and  this  integral  converges,  provided  that  the  real  part  of  x 
is  less  than  1. 

Similarly,  by  considering  the  series 

«  /^  .  B     C 


we  find  the  sum 


Aa       Bb        Cc_ 
a  —  xb—xc^x' 


provided  that  the  real  parts  of  x/a,  x/b,  x/c  are  all  less  than  1. 
The  regions  of  summability  in  these  two  examples  are  as 
indicated  below;  the  region  to  be  excluded  is  shaded  and  the 
circles  indicate  the  circles  of  convergence  of  the  power-series. 


Fio.  33. 


Fig.  34. 


Similarly,  the  special  series  examined  in  the  last  article  are 
summable  in  the  region  indicated  in  figure  33. 
These   special   cases  lead   to   the   conjecture   that: 
The  region  of  suviinability  is  bounded  by  straight  lines  d/rawn 
at  right  angles  to  the  radii  from  the  origin  to  the  singularities 
of  the  power-series. 

For  suppose  any  point  P  taken  in  this  region  ;  then  the  circle  drawn  on 
■OP  as  diameter  has  no  singularity  of  the  power-series  within  or  on  the 
<;irci  I  inference.  It  is  therefore  possible  to  draw  a  concentric  circle  of  radius 
r,  say,  which  encloses  0,  P  and  still  excludes  the  singularities. 
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Let  /(:r)=2a,^  be  the  series;  then  it  follows  from  Art.  82  that  if  k 
is  the  mid-point  of  OPy  and  x  is  any  point  within  the  second  circle, 

/(:r)=aK|5^(ft, 

where  the  mean  value  is  taken  round  the  circle  \(~k\=r. 

Thus  «,=iK(^-'t)/(^/^*', 

and  so  we  get 

u(x,  0=2a.(g:=aW^/(^exp(|), 

where  the  interchange  of  summation  and  integration  is  permissible  because 
the  series  converges  uniformly  at  all  points  on  the  circle  since 

|^|>r-|it|>0. 

Hence  the  integral   /    |tt^(j:,  t)\e~*dt  converges,  provided  that  the  real 

Jo 

part  of  ($-JP)/(=l-Jc/$  is  positive  at  all  points  c  on  the  circle;  now 
this  is  satisfied  when  x  is  at  P,  because  OP  subtends  an  acute  angle  0  at 
all  points  $  of  the  circle,  and  so  (^-J')/f =/)«**,  where  p  is  real  and  positive. 

Thus  the  series  is  absolutely  siimmuble  at  any  point  within  the  polygon 
specified. 

By  the  aid  of  complex  integrals  and  a  slight  modification  of  the  method 
of  Art.  Ill,  it  may  be  proved  that  if  a  power-series  is  absolutely  summable 
at  P,  it  can  have  no  singularity  within  the  circle  described  on  OP  as 
diameter.'*    This  is  the  converse  of  the  last  theorem. 

It  will  be  evident  that,  whenever  the  number  of  singular 
points  is  finite,  the  method  of  summation  enables  the  value 
of  the  power-series  to  be  found  at  points  belonging  to  certain 
regions  outside  the  circle  of  convergence;  and  we  have  thus 
a  process  for  finding  an  analytical  continuation  for  the  power- 
seriea 

It  follows  from  Art.  Ill  that  the  power-series  is  uniformly 
surainable  within  any  area  inside  tfie  polygon  of  swinTnabUity. 
This  property  completes  the  analogy  with  the  circle  of  con- 
vergence. 

Borel  has  also  proved  in  a  later  paper  t  that  if  F(xt)  is  the 
integral  function  associated  with  the  given  power-series,  then 
the  straight  lines  (drawn  as  above)  determine  on  each  radius 
through  0,  the  limit  of  the  points  x  for  which 

lime''F(xt)  =  0. 


*  Borel,  Le^nSf  p.  108. 

t  Borel,  Math,  Afmalen,  Bd.  55,  1902,  p.  74. 


J 
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OTHER  METHODS  OF  SUMMATION. 

114.  Borers  primary  definition  of  the  sum  of  an  oscillatory 
series. 

Write  s^^Uq+u^  +  u^+.-.+u^, 

and  then  consider  the  expression 

Hence  (1)  e-'('^8^^)-s^=[e-'u'(x)dx. 

\    Q         Tii/  Jo 

Thus,  since  the  integral   I  e~^v/{x)dx  is  associated  with  the 

Jo 
series  « 


00 


we  see  that  if  the  series  (^n^  is  summable,  then  the  limit 

1 


lim[e-*(28.^)-«J 


exists  and  is  equal  to  the  sum  q/  Un- 

1 

00 

But  we  have  proved  that  if  ^u^  can  be  summed,  so  also  can 

00  I  '-o 

(S^u^  (see  Art.  101);  and  since  ^^  =  ^^0'  w®  ^^®  ^^^  when  c^u^ 

0  1 

is  8U7nmable,  the  equation 

(2)  )im\e-4±sjf)\  =  c3^u, 

x-^ooL  N*^       '<  i/ J  0 


00  QO 


is  true ;  and  conversely ^  when  the  limit  exists,  (^u^  and  <^u 

I  0 

are  both  summable^  and  the  equation  (2)  is  true. 

For  the  existence  of  the  limit   implies   the   convergence   of 

I  e''^u{x)dx,  and  this  again  leads  to  equation  (2). 

The  limit  just  obtained  was  the  original  definition  suggested 
by  Borel;*  but,  as  pointed  out  by  Hardy,  the  integral  definition 

*  Of  course  this  method  can  be  applied  to  numerical  calculation,  whereas  the 
other  cannot  (at  least  not  directly).     Taking  the  series  for  (l+0^>  ^^^  writing 

<=2,  Borel  has  calculated  e~*2*»«— »   *"*^  verified   that   this  expression  gives 

n ! 

^/3  to  three  decimals ;   the  work  shews  that  it  is  possible  to  use  the  limiting 

process  to  obtain  numerical  values  for  oscillatory  series,  even  though  the  labour 

is  considerable.     The  details  of  the  calculation  are  given  by  Borel  {LiouvUle^a 

Journal  (5),  t.  2,  1896,  p.  119).     See  also  Ex.  2,  Art.  121. 
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(deduced  by  Borel  from  this  limit)  can  be  applied  to  cases  in 
which  the  limiting  process  gives  no  definite  value  (see  for 
instance  the  example  of  Art.  101). 

It  is  almost  evident  from  Art.  100  that  the  limit  is  equal  to 
the   sum,  if  the  original   series   is  convergent;    but   a  direct 

proof  is  easy.      For  if   ^u^  converges  to  a  sum  8,  we  can 

u 

choose  m  so  that 

;«.— 8  <C,€,      if  n^vu 

Hence  we  find 

and  therefore 

where  H  is  the  upper  limit  of  .8,^— 8|  as  ti  ranges  from  0  to  m—  1. 

Now  lim(e-»2j)=<^' 

and  so  we  see  that 

lim;'e-'2«n'^-«  =^' 

But  €  is  arbitrarily  small,  and  so  (see  Note  (6),  p.  5)  this 
maximum  limit  must  be  zero,  and  therefore 

It  is  easy  to  modify  the  argument  so  as  to  prove  that  when 
H^tin  is  divergent,  /        ^      ^n^ 

limU-*S%-i)  =  «^- 

Ex.     If  iiQ+Ui  +  ti^  +  ...  =  l-t  +  t^-t^+,.., 

we  have  «„=[!+( -l)"r+*]/(l  +  0. 

and  e-'h«$-~^l+te-'^'^'>), 

giving  Jh«(e-'|.„-J)  =  ^,      ifO-1. 

The  reader  will  find  it  a  good  exercise  to  discuss  similarly  the  other 
aperies  given  in  Art.  103. 
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115.  Le  Roy's  extension  of  Borel's  definition. 

Le    Roy   has    given    an    extension   of    Borel's   integral    by 
modifying  the  series  in  the  form 

Uo+0  +  0+...  +  0+t^i  +  0  +  0+...  +  0  +  t^2  +  0+..., 

where  (p—l)  zero  terms  are  placed  between  u^  and  u^+i- 
The  analytical  formula  for  the  sum  is  then 


1*00 

Jo 


e-^Up(x)dx, 


where  ^^<-)=2^)-r 

The  object  of  using  this  definition  is  to  extend  BoreFs  integral 
to  cases  in  which  the  series  u{x)  could  never  converge:  such 
cases  are  illustrated  by  the  example 

l-(2!)2+(3!)2-(4!)2+.... 

Of  course  if  2u^  is  convergent,  its  value  is  equal  to  that  of 
the  modified  series,  and  so  Le  Roy's  extension  obviously  satisfies 
the  condition  of  consistency  (in  virtue  of  Art.  100). 

116.  Le  Roy's  independent  definition. 

The  expression  here  taken  for  the  sum  of  an  oscillatory 
series  Uq+u^  +  U2+,..  ^^  ^^^  limit 

Now,  assuming  that  the  series  used  in  this  definition  is 
absolutely  convergent,  we  can  write 

V  r(7i-f-i)  ~  Jo     \v  '^2^  ^ 

For  rL-«!^|c/^=l.^„l  rCj^m) 


lua:"' 


nl 


djc 


and  tberefoi*e  the  series         ^  / 

is  convergent,  so  that  the  test  B  of  Art.  176,  Appendix,  can  be  applied  to 
justify  the  inversion  of  the  order  of  integration  and  summation. 

Hence  v  f  f,-.  l^"  ^)  =  r(e-p--^-)cU. 
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This  integral  is  the  same  as 

Jo 
and  so  Le  Roy  s  definition  becomes 

1  f  * 

lim-  I    x^f^'^exp('-x^^^)u(x)dx 
t-^i  t  Jq 

=iimr 


0 

•CO 

ic«exp  (^x^-^'^)u(x)  dx. 


If  Borel's  limit  exists,  this  definition  gives  the  same  value; 
for  the  function 

decreases*  as  x  increases,  if  a:  >  1  and  a  >  0,  and  is  equal  to  1 
for  x  =  l;  and  we  can  therefore  apply  AbeFs  test  for  uniform 
convergence  given  in  Art.  171  of  the  Appendix,  which  gives 

lim  I  x'^ex-p(x  —  x^+'^).e~^u{x)dx=\    e-*u(x)dx, 

a-^-OJl  Ji 

because  the  latter  integral  converges. 
Further, 

lim  I  oc^ex'p(x--x^-^'^).e-'tc{x)dx=:\  e'^u(x)dXy 

a-»-oJo  Jo 

because  the  range  of  integration  is  finite. 

Hence  Le  Roy's  definition  coincides  with  BoreFs,  whenever 
the  latter  is  convergent. 

117.  Borers  third  method. 

This  method  of  summing  differs  from  the  first  method  in 
the  fact  that  the  terms  are  arranged  in  groups  of  k  before 
applying  the  method.  It  is  however  of  less  importance  than 
the  other  methods,  at  any  rate  from  the  arithmetical  point 
of  view. 


QO 


Thus  we  obtain  from  ^u^  the  integral 


1 


0 

ao 


e'^Ui^(x)dXy 

0 


*  Becaase  the  logarithmic  derivate  Is 

1  -  (1  +tt)x*+a/x=  -  (X*-  1)  -  a(A*  -  1/x), 
which  is  plainly  negative  when  x>l  and  a>0. 


i 


/ 
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where 


x' 


+('^+'^+1+  •••+'^a-i)  21  +  •••  • 

If  2t6^  is  convergent,  this  process  of  grouping  cannot  alter 
its  sum,  and  consequently  (Art.  101)  this  integral  will  also 
<5onverge  to  the  sum. 

But  in  general  the  value  obtained  depends  on  k ;  for  example, 
1-1  +  1-1  +  ...  gives  0  +  0  +  0+.. .(  =  0)  if  A  is  2  or  any  even 
number,  but  1  — 1  +  1  — ...(  =  i)  if  k  is  odd. 

As  another  example,  take  1-2+3-4-f...,  which  has  the  sum  J  by  the 
foregoing  methods.  ^ 

With  it=2  we  get  -1-1-1-1-...,  which  diverges  to  - oo  ;  while  k=Z 
gives  2  -  5  +  8  - ... ,  which  is  the  same  as 

3(1 -2  +  3-4  +  . ..)-(! -1  +  1-1 +  ...)=i-i=i- 

118.  A  ftirther  extension  of  the  method  of  summation. 

Suppose  that  <l>{x)  is  a  positive  function,  which  steadily 
decreases  to  0  as  aj  tends  to  oo,  in  such  a  way  that  all  the 
integrals  r« 

are  convergent.     Then  if  we  consider  the  equation 


)x'^dx 


Jo  ^0     ^n       ^ 


+  '^2  •    •  •  •  > 


it  is  easily  seen  to  be  correct   when   Su^  is   absolutely  con- 
vergent. 


.00 

For  then  /    \<h(x)-- x^ ,dx=\ u 


n  I) 


because  </)(x)  and  of*  are  positive ;  and  accordingly  the  test  B  of  Art.  176, 
Appendix,  can  be  applied  to  justify  the  inversion  of  the  order  of  summation 
and  integration.    Thus 

Jo      ^  0  C„       /  0   \.'q  c„  / 

Hence,  if  2'M'„^"  is  convergent  within  the  interval  (  —  1,  +1), 
we  have 
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Now,  because  <l>{x/t)  steadily  decreases  as  x  increases, 
we  have,  by  applying  Abel's  theorem  for  definite  integrals 
(Appendix,  Art.  171), 

!l°;£*(f)(?l"'-)'^=j>«(?t"')<^- 

provided  that  the  latter  integral  converges. 

Thus,  provided  that  ^tin^^  converges  absolutely  within  the 
interval  (  —  1,  +1),  we  have 


lim  2u„#»=  r  <l>ix)(y\^x^\  dx, 
r->i  Jo  \       c^     / 


provided  that  the  latter  integral  is  convergent. 

Thus,  if  for  two  different  functions  0,  yfr  we  can  prove  that 
the  corresponding  integrals  are  convergent,  we  can  infer  that 
their  values  are  equal.  In  particular,  if  we  can  shew  that  BoreVs 
integral  is  convergent y  we  can  obtain  its  value  {when  more 
convenient)  by  means  of  any  integral  of  the  form       • 


r^(.)(25x-)ci.. 


^^ 


0 

which  also  converges. 

Ex.     Consider  the  series  of  Ex.  3,  Art.  112  (with  6=1). 

We  know  that  this  series  is  summable  by  means  of  BorePs  integral,  if  the 
real  part  of  t  is  less  than  1 ;   so  to  find  its  value  we  could  take 

<f)(x)=^e-*af-\  c„  =  r(a  +  n). 

Then  ^ti„(.rO"^    1     ^ 

Cn         r(a) 

and  -=L_  [  e"x^-^e^dx=^j^.  f    e-^'-'^'af'-^dx^jT^^- 

r(a)Jo  l(ct)Jo  (1-0 

119.  Euler*s  method  for  summing  oscillatory  series. 

Euler  (Inst  Calc,  Diff.,  Pars  II.  can^^  I.)  employed  his 
transformation  (already  given  in  Art.  24)  Tor  summing  oscilla- 
tory series.  This  method  is  in  many  cases  the  most  rapid 
in  practice ;  and  we  shall  apply  it  to  some  of  the  examples  of 
Art.  103,  before  examininor  its  theoretical  foundation. 
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[Ex8.  2,  4,  Art.  103.] 


» 


1.  l-t  +  t^-fi  +  ,.,. 

From  the  coefficients  1,  1,  1,  1,... 

we  get  the  series  of  differences    0,  0,  0,    ..., 
and  so  the  transformation  gives  simply 

1 

TVt 

Ex.  2.  1-2+3-4  +  5-.... 

From  the  coefficients         1,      2,      3,      4,      5,  ... 
we  get  the  differences  —1,  —1,  —1,  —1,    ... 

0,     0,     0, 

and  so  the  transformation  gives 

J-J=i.  [Ex.  3,  Art.  103.] 

Ex.  3.  l-22+32-4*+52-.... 

Here  the  coefficients  are     1,      4,      9,      16,      25,  .. 
and  the  differences  are  -3,-5,-7,    -9, 

^,     ^,     ^j  ... 

0,      0, 

Hence  the  sum  is  i-|+S=0.  [Ex.  2,  Art.  110.] 

Ez  4.  As  easy  examples  for  practice  we  may  give  the  following,  taken 
from  Euler  for  the  most  part : 

1-3+5-7  +  9-.. .      =     0 

1-3+6-10+15-.. .  =J 


l-23+33-43+53-...=  -U  ^^    jj^^ 

l-2*  +  3*-4*  +  5*-...=     of       ^  '  ■" 


It  will  be  seen  that  in  all  these  cases  the  results  found  from 
BoreFs  integral  agree  with  those  obtained  by  using  Eulers 
transformation.  This  fact  suggests  the  conjecture  that  a 
general  relation  can  be  obtained  between  the  two  methods; 
and  we  shall  investigate  this  point  in  the  following  article. 

120.  Connexion  between  Euler's  transformation  and  Borera 
integral. 

Suppose  that  t//,»  =  a„^'',  where  a^  is  real  and  positive,  while  t 
is  real  and  less  than  1.  Then,  as  in  Art.  24,  we  introduce  the 
coefficients 

h  =  ^o> 

b^  =  aQ  —  Sa^  +  Sa^  —  a^  =  I)^aQy  etc. 
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From  these  equations,  we  find  at  <Hice 

n^  =  6^— 6j  =  Db^ 

a3=6o-36i+36,-63=2>*6^  etc 
Thus,  in  Borels  integral  we  have 

u{x)=  2m.  —  =  2a, — fy 
^  '  n,  nl 

or,  expressed  in  terms  of  6^,  6j,  K,  ..., 

u(x)=      6o 

+(6o-  bi)xt 

+(6,-26,+  6^^-^ 

*^^  •  •  •  • 

We  can  obtain  the  value  of  u(x)  by  summing  this  series 
according  to  columns,  pro\'ided  that  the  series  converges 
absolutely. 

Thus,  provided  that  the  series 

converges,  we  find  the  equation 
Hence,  Borel's  integral  is 

poo  <•» 

I    e-*u(x)cZaj=  I    c-'<»-'»[6^^-6i(icO+...]cir. 

If  we  integrate  this  series  terni-by-term,  we  obtain  Euler's 
series 

^0  Kt  bj''    _J/_. 

as  equivalent  to  Borels  integral;  although  of  course  we  have 
still  to  consider  the  validity  of  the  transformations. 


Ui 


i 
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Now,  if  Euler  8  series  converges,  we  can  repeat  the  argument 
of  Art.  100  (with  a  few  obvious  changes)  to  prove  that  then 
the  series  .     2 

is  absolutely  convergent,  and  that  Borel's  integral  is  equal 
to  the  sum  of  Euler's  series.  Thus  we  have  obtained  the 
theorem : 

If  Euler  8  aeries  is  convergent,  the  series  Sa^f*  is  suTYvmable 
by  BoreUs  method  if  t  is  real  and  less  than  1,  and  the  two 
sums  are  equal* 

It  is  natural  to  enquire  if  this  result  holds  for  complex 
values  of  t;  but  it  does  not  seem  po&sible  to  apply  the  same 
method,  owing  to  the  fact  that  the  lemma  of  Art.  80  leads 
to  a  difficulty  here. 

Thus  we  should  have  to  take 

f,=(-l)"6„(i-:^x,       A,=|\-*O-0g(l-0"'<ir, 

and  to  consider  the  continuity  of  ^VnKi  as  k-^oo. 

The  lemma  requires  the  convergence  of  2i;„  and  of  2 1  A«  -  \n+i  I ;  now  here 
we  have  \n+in     /\n+i 

A,-A..,^e-x(.-0^  (ii-oi 

by  direct  integration. 

Now  if  t=r+%s,  |e-Mi-0|  =  e-x(i-r),  and  1 1-f  |«=(1 -r)*+<2, 
thus  2|An-An+i|=e-A(i-r)(e\!i-<I-i) 

where  8=|  l-^|-(l-r). 

Now  8  is  positive^  at  least  when  s  is  not  zero,  and  consequently  the  sum 
2|  A„-A„+i|-^ao  with  A.  Thus  we  cannot  use  the  lemma  to  infer  the 
continuity  of  ^Vnkn  from  that  of  2v„. 

On  the  other  hand,  if  we  assume  that  the  series  2|6n|/>*  is 
convergent,  where  p='\t\j{\—r)  (r  being  the  real  part  of  t), 
we  can  apply  test  B  of  Art.  176,  Appendix.  For  since  2|  fe„!/>* 
is  convergent,  it  follows  that 

(xty 


2(-l)"*-   nl 


*  It  should  be  noted  that  if  t  is  negative,  no  restriction  is  implied  on  its 
magnitude. 

IS.  U 
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converges  absolutely  and  uniformly  with  respect  to  re  in  any 
finite  interval     We  can  now  infer  from  our  test  that 


r«-'<-«[2(-l).6.<|?]dx 


6  f* 
converges  to  the  same  sum  as  2(  — I)*...    \\,+^' 

We  have  in  fact 

r  e-'H-fffc^C^"  dx<\K\.\t\'  Te-'^-'^^dx, 
Jo  n:    .  J 9  n: 

and  the  last  expression  reduces  to  |6«|p"/(l  ~^)* 
Thus  the  series  V  f  e-'^-*'b^^^dx 

is  convergent,  because  ^|6.|p"  converges.    Consequently,  in  virtue  of  the 
article  quoted,  we  can  write 

Jo  L  0  n !  J  0  Jo  nl 

-^^     ^(l-O"*'" 

From  Art.  50,  we  see  that  the  series  2|6,  |/>"  converges  if 
/>  <  Z,  say ;  thus  Borel's  and  Euler's  sums  are  equal  if 
|^|<;Z(1— r),  that  is  to  say  at  all  points*  within  a  conic  of 
eccentricity  i,  whose  focus  is  at  the  origin  and  whose  directrix 
is  the  line  r=l. 

Euler  s  series  will  converge  in  an  area  bounded  by  the  circle 
U|  =  i|  1  — ^|,  which  is  the  auxiliary  circle  of  the  conic;  if  i<;  1,' 
the  area  is  within  the  circle  because  ^  =  0  is  inside  the  circle; 
if  i>l,  the  area  is  outside  the  circle  because  ^  =  0  is  so. 
If  i  =  l,  the  boundary  is  a  straight  line  (r=  J)  and  the  area  is 
to  the  left  of  the  line  in  the  ordinary  form  of  diagram ;  and  then 
of  course  the  conic  is  a  parabola. 

By  appealing  to  the  Theory  of  Functions,  we  can  now  see 
that  BoreVa  integral  and  Eider* 8  series  m\Lst  he  equal  at  all 
points  where  both  converge.  But  there  is  no  obvious  means 
of  determining  the  region  of  convergence  of  one  from  that 
of  the  other,  as  will  appear  from  the  two  simple  examples 
given  below. 

*  In  case  />  1,  the  conic  is  a  hyperbola,  and  we  must  take  only  points  within 
one  branch ;  that  is,  the  branch  for  which  r  <  1,  and  this  is  the  l^-hand  branch 
in  the  ordinary  way  of  drawing  the  diagram  (with  r  =  l  to  the  right  of  the  origin). 


120] 


EULER'S  SERIES  AND  BOREL'S  INTEGRAJj. 


307 


L  TakeaH=l/2":   this  gives  Z)an=an-a,+,  =  l/2*+\ 

Thus  00=1,   />ao=i»  ^<h=h  e^> 

and  so  Eulei^s  series  is 

I't  ^(1-0*  *0-0'   "■' 

which  converges  if  |^|<2|1~^|;  that  is,  in  the  region  outside  the  circle 
whose  diameter  is  the  line  joining  the  two  points  §,  2. 
But  Borel's  integral  gives 

and  so  the  integral  is  convergent,  when  the  real  part  of  ^  is  less  than  2. 


Fig.  35. 

In  the  diagram,  the  region  of  convergence  of  Euler's  series  is  the  area 
outside  the  cifcle ;  and  that  of  Borel's  integral  is  the  space  to  the  left  of 
the  line  AB,  The  area  in  which  they  are  proved  to  be  equal  by  the 
method  given  above  is  the  area  to  the  left  of  the  hyperbola 

U|<2(l-r). 

The  area  in  which  the  two  are  actually  equal  is  the  area  which  lies  to 
the  left  of  ^^  and  is  outside  the  circle.  In  this  case  one  or  other  of 
the  methods  can  be  applied  for  every  [yaXiiQ  of  ^,  except  t=2. 

The  original  series  ^n^  converges  within  the  circle  |^|  =  2,  which  is  not 
drawn. 

Ex.  2.  Consider  next  the  case  an=Z\ 
Then  Z>aH=a^-a«+i= -2x3",    />*a„=2«x3*,  etc. 

Thus  «o=l>   Z>ao=""2,   />2ao=+4,  etc., 

and  so  Euler's  series  is 


+ 


2t 


vi.+- 


1-^(1-0' '(1-0'"*"'"' 

which  converges  if  |^|<^|1-^|,  that  is  in  the  area  inside  the  circle  whose 
diameter  is  the  line  joining  the  points  },  -1. 
But  in  BorePs  integral  we  have 

and  so  the  integral  converges  when  the  real  part  of  t  is  less  than  J. 
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In  the  diagram,  the  interior  of  the  circle  represents  the  area  of  con- 
vergence for  EuleHs  series ;  and  BorePs  integral  converges  in  the  space 
to  the  left  of  AB,    The  two  expressions  have  been  proved  to  be  equal  in 


Fio.  36. 

the  area  within  the  ellipse  (\t\<i{l-r));  but  they  are  actually  equal 
at  all  points  within  the  circle. 
The  original  series  converges  within  the  circle  I  ^|=jt,  which  is  not  drawn. 

Ttr   3.  The  reader  may  examine  similarly  any  example  such  as 

an=l*  or  n)t* 

where  ir  is  a  positive  constant. 

In  particular,  if  On^l  or  rty  Euler's  series  terminates  for  any  value  of 
t :  BorePs  integral  converges  only  if  the  real  part  of  t  is  less  than  1. 

121.  Numerical  examples  of  Euler's  transformation. 

Euler's    transformation  lends    itself    very   naturally  to   the 
numerical  evaluation  of  non-convergent  series. 


1.  As  an  example  let  us  take  the  series 
-(«+i^+i^+...)    [which  is  equal  to  \og{l-t\  if  U|<1] 
and  write  <=  -2. 

We  obtain  2-i.2'+J.23-J.2*+...;  and  we  shall  utilise  the  calculations 
already  made  in  Art.  24 ;  thus  we  sum  the  firat  eight  terms  -separately, 
which  give  - 19*314286,  to  six  decimals.  The  remainder  can  be  put  in 
the  form  q9^, 

j[io+Pi+(8)'6,+  -]. 

where  6o,  ftj,  tj, ...  are  the  differences  given  in  Ex.  2,  Art.  24. 

But  we  can  obtain  a  general  formula  for  these  differences,  and  so  establish 
the  convergence  of  the  transformed  series. 

1 


For 


n  1        1 

zya„ = On  -  a«+i = - - 


B^^Don-Dan+i^ 


n    n  +  l 
1 


n(n+iy 
1 


1.2 


n(n+l)    (n  +  l)(/t+2)     »(«  +  l)(n  +  2y 
and  so  on  ;  leading  to 

2)'an=/)l/[«(«+l)(»+2)...(n+p)] 


! 


0 
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Clearly  this  expression  is  always  less  than  I,  and  so  the  transformed 
series  certainly  converges,  since  U  |  / 1 1  -  ^  |  =  §• 

With  the  differences  found  previously  we  find  the  values 

6o=-llllll 


3"]  — 

898 

(ifh= 

150 

Qyb,= 

31 

{m,= 

7 

(ifK= 

2 

a 
■ 

119606 

If  we  apply  the  formula  given  above,  we  see  that  the  remainder  lies 
between  /^  and  ^  of  the  last  term  retained,  so  that  we  can  take 

Now  —(-119607)  =  20-4129,  and  so  the  series  should  be 
3 

20-4129  - 19-3143=  1-0986, 
which  agrees  with  log  3  to  the  last  figure. 


2.  As  a  second  example,  for  comparison   with  (Borel's   numerical 
work,*  let  us  take 

i-i'-^<'-2^<*--[=(i-o*  if  \t{<n 

and  again  write  t=  -2. 

The  sum    of  the    first    three    terms    is   1-5 ;    and   we  shall  apply  the 
transformation  to  the  following  terms. 
We  have 

_  1.3...  (27t-3)     1.3...  (2n- 1)_      1 .3...(27i-3) 

Dan-an-a„^i^  "2 .  4  ...  2n         2.4...  (2n+'2)""^  '2.4  ...  (2w  +  2y 

and  proceeding  thus  we  find 

^p        1.3...(2?i-3).1.3...(2jt?-H) 
^  ^-  2.4.6...(2w4-2p) 

Thus,  putting  7i=3, 

,  _J_     3.5...(2/>4-l) 
''"'16  ■  8.10...(2jo+6)' 

It  follows  that  bp  decreases  as  p  incroasea,  so  that  Euler's  series  converges ; 
and  consequently  the  integral  of  Borel's  method  is  also  convergent ;  this 
deserves  mention  because  Borel  himself  does  not  seem  to-  have  succeeded 
in  proving  this  directly  (I.e.  p.  118).  We  have,  however,  already  established 
the  convergence  in  Art.   112,  Ex.  4: 


♦  Lioui'ilh's  Journal  (5),  t.  2,  1896,  p.  119. 


V 
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In  oar  case,  we  have 

^3  =*  (Sa  ^3  ~  3  •  12  ^2  =  1  ff  ^8  » 

and  so  on. 

Then  the  series  is  l'6  +  J.2'(C()+Ci+(j2+...). 

The  numerical  values  given  by  these  formulae  have  been  checked  by 
direct  calculation  of  a^y  a^,  ^^^s)***  ^nd  their  differences;  we  have  then 


c,  =  062600 

(V= -000192 

C2=  16626 

C8=    96 

Cs=   5208 

C9=    60 

C4=   2026 

Cio=    26 

c^=        868 

^1=    H 

Cg=    398 

•000378 

•086624 

378 

•087002 

A  rough  estimate  of  the  remainder  gives  ^Cn,  so  that  we  get 

01+02+63+...  = -087021, 

the  approximation  being  probably  in  excess  of  the  true  value.  « 

Thus  we  find  for  the  sum  of  the  original  series 

1-5  + -232056  =  1-732056. 

Now  <^3= 1-7320508..., 

80  that  our  approximation  is  a  very  good  one  ;   it  is  closer  than  Borel's, 
although  he  works  to  7  figures  and  uses  34  terms  of  the  series. 

Ez«  3.  Euler  calculates  in  this  way  the  value  of  the  series  j 

logio2-  Iog,o3  +  logio4- ... ,  . 

starting  to  take  differences  at  log  ^o  10.     He  obtains  0^0980601.    (Compai^e        \ 
Ex,  10,  p.  351.) 

Euler  also  attempts  to  evaluate  l!-2!  +  3!-4!  +  ...  by  this  method, 
and  he  obtains  '4008...,  but  although  the  first  and  second  figures  agree 
with  those  found  in  Arts.  98  and  132  (1),  yet  it  does  not  appear  that 
his  method  rests  on  a  satisfactory  basis  here. 

122.  Ceskro's  method  of  simunation. 

It  has  been  proved  (Art.  34)  that  when  two  convergent  series 
are  multiplied  together,  the  product-series  is  at  nnost  simply 
indeterminqie.  That  is,  if  «„  denotes  the  sum  to  (t^+I)  terms, 
the  limit 

(1)  Hm  (8o+8i+S2+...  +  Sn)/('^  +  l) 

n->oo 
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exists  and  is  finite.     We  have  also  seen  that  this  mean-value 
appears  in  the  theorem  of  Frobenius  (Art.  51)  on 

lim  (Su^oj*). 

Ces&ro  has  proposed  to  adopt  the  limit  (1),  if  it  exists,  as  the 
definition  of  the  sum  of  a  non-convergent  series;  or,  more 
generally,  he  defines  the  sum  as 

(2)  lim  {S„'->M„<->}. 

where 

Q(r)_      I  ,  r(r+l)  r(r+l)...(r+7i  — 1) 

and  ^/>={(r+l)(r+2)...(r+n)}/7i!. 

Of  course  the  limit  (1)  is  the  special  case  of  (2)  which  is 
given  by  putting  r=l. 

With  these  definitions,  it  is  evident  that* 

and  2^/te»  =  (l-a:)-t^+»^ 

Now  (l^x)-^^'^=(l+x+a^+,..)(l-x)-'', 

and  by  equating  coefiicients  of  cc"  we  see  that 

A  (r)-i+^4.!<!:+l)4.       ,r(r+l)...(r+^>-l) 

Thus  the  denominator  is  equal  to  the  sum  of  the  coefficients 
in  the  numerator  of  SJ^'^An^^^;  and  so,  in  particular,  if 

O/v  ^^  Oi   ^^  Oq  — ~   •  •  •   ~""  fif^  "— "   •  •  •    , 

■we  see  that  they  are  all  equal  to  /Si,''''/4„''''. 

Further,  since 

2:8„x»=(l +a;+a;2+ ...)(2tt„a;»), 

we  have  2S„"-'a;"=(l-x)-<'-+"(2tt„x''); 

And  consequently 

.  (r+l)(r+2)...(r+Ti) 


•For  (i_,)-,=  i+nc  +  ':i^.-  +  '-"-+I\<'--±^):^+li. 

If  this  series  is  multiplied  by  S^aX"  (by  the  ordinary  rule)  the  coefficient  of 
jf*  is  seen  to  be  SJ^^  by  inspection. 
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Thtw  we  eaa  write  also 

*'     *  •     r+n^     (r+iii  — l)(r+ri)^ 


(r+lXr+2)...(r+r«) 

From  the  last  expression  it  is  evident  that  the  effect  of 
increasing  r  is  to  give  more  weight  to  the  comparatively  early 
terms  of  the  series  Ztt.;  it  is  therefore  ob\noas  that  by  increasing 
r  we  may  hope  to  coonteract  the  oscillatory  character  of  the 
series  Zu.,  and  so  to  replace  the  series  by  a  conveigent  limit. 

Now,  since 

we  have  2,S'/-^'^x-=(l+x+x2+...)2;5/^x-, 

and  similarly, 

By  equating  coefficients  of  cc",  we  have 

Conse^iuently,  from  Stolz's  theorem  (Appendix,  Art.  152,  II.), 
if  lim  [>V/y^n^''>]  exists,  so  also  does  Km  \S^'''^'yA^''^'^']\  and 


tt-^eo  n— >-oo 


the  second  limit  is  equal  to  the  first.  Thus  if  the  lunit  (2) 
ej:vitff  for  any  value  of  r,  it  exists  also  for  any  higher  value 
of  r. 

If  r  =  A;  is  the  least  value  of  r  for  which  the  limit  (2)  exists, 
Ceskro  calls  the  series  2u„  k-ply  indeterminate, 

123.  Extension  of  Frobenius's  theorem. 

We  have  tacitly  assumed  that  the  power-series  used  in  the 
last  article  would  converge  absolutely.  This  is,  however, 
capable  of  easy  proof  whenever  S^^^jA^^^  tends  to  a  finite 
limit  l\  for  then  we  can  fix  an  upper  limit  C  to  the  absolute 
value  of  this  quotient.  Thus  XS^^^'^x^  will  converge  absolutely 
when  ZilJ'**x'*  =  (l— cc)"^*"*"^^  does  so;  that  is  to  say,  for  values- 
of  X  such  that  | aj |<  1.  Since  Xu^x^  and  Ssn^"  can  be  derived 
from  Zfif^^^'^cc**  by  multiplying  this  series  by  (l—a;)'"^^  and 
(1— a;)*"  respectively,  we  infer  that  Su^a;**  and  JlSn^^  are  also 
convergent  for  | aj |<  1. 
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Again,  by  Art.  51,  we  see  that 

YSl  ^'*»T»  SI  *'■> 

.  YA  ('•)rr»'*         A  <»•)"" 

-R  X  IS/^x^  _ (1  - a;)-^'-+^^2u^a;"  _  ^       „ 

so  that  lim2u^ic*  =  Z, 

which  is  the  extenaion  of  Frohenius^s  theorem. 

Illustrations  of  this  theorem  are  afforded  by  Exs.  3-5,  Art.  126. 

This  result  appears  to  be  novel ;  but  a  closely  related  theorem  has  been 
given  by  Holder  {Math,  Annalen,  Bd.  20,  p.  535).     Let  us  write 


then  if  lim  TJ^^=lt  Holder  has  proved  that  lira  Sw„.p"  =  ^.     It  seems  likely 

that  the  means  found  by  Cesaro's  method  and  by  Holder's  process  must 
be  the  same,  and  this  has  been  proved  up  to  r—2.  For  higher  values  of  r, 
Knopp*  has  proved  that  whenever  Holder's  method  gives  a  limit,  Ceskro's 
will  give  the  same  limit. 

It  is  usually  better  to  apply  Ceskro's  method  than  Holder's  to  evaluate 
a  given  series  on  account  of  its  greater  simplicity. 

124.  Inferences  from  Cesaro's  definition. 

If  2u^  is  r-ply  indeterminate  and  has  the  sum  /,  in  Cesaro'a 
sense,  it  follows  from  the  definition  that 

iim{s!r'M!r'}=^. 

Thus  we  can  write 

where  /)(x)=2/D„a;"  is  a  power-series  such  that 

(1)  liin{p„/j';'}=0. 

Hence,  remembering  the  identities  of  Art.  122,  we  have  now 
the  identity 

(2)  (1  -  xy^'-^'^lu^x^  =  1(1  -  x)-<'-+*» +p(xl 


K.  Knopp,  Inauguraldustrtatimi  (Berlin,  1907)t  P-   19. 
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where  the  ooeffidents  in  pix)  are  sabject  to  condition  (1)  given 
above.  And,  conversely,  if  (2)  holds,  the  series  Zu^  is  cU  Tnost 
r-ply  indeterminate  and  has  the  sum  /. 

It  ig  to  be  noticed  that  (2)  does  not  allow  us  to  write 

(1  -xr^H^=l{\  -x)-'+S(r^, 
where  limlo-,  J]p*'}=0. 

Fot  we  have         o-^=pm-pm-i  *iMi  ^Z~^ ~^u  ~ ^T-i^ 

and  8o  if  p^j<€A^__^  and  'p.  <cj;p, 

we  can  onlj  deduce  that      o-.  <€{Jjl,+il|f } 

or  '<r.j;-"   <€{l+(2nr)>. 

Thus,  owing  to  the  presence  of  n  in  the  factor  moltipljing  c,  it  cannot 
be  inferred  that  ,5^  j^^  ^^r-.. j  ^^^ 

if  we  know  nothing  more  than  that  the  condition  (1)  is  satisfied. 
A  simple  example  is  given  bj  taking  r=2  and 

p(x)=l-2j-+ar*-.... 
Then  o'(x)=l  —  Slt+o.!-*— ..., 

so  that  o-./J'^'  oscillates  between  —2  and  +2. 

In  particular,  if  we  have  an  identity 

(3)  (l-a;)-«•^+»>2^t„J:"  =  /(l-Jr)-<'^^^  +  P(x)(l-x)-^ 

where  Pix)  is  a  polynomial  not  divisible  by  l—x,  the  series 
^Un  is  at  most  r-pIy  indeterminate,  and  has  the  sum  {. 

For  if  there  are  p  terms  in  PCr),  and  if  Mia  the  greatest  of  the  absolute 
values  of  the  coefficients  of  P{.r\  it  is  clear  that  the  coefficient  of  .r"  in 
P(jr)(l-jcy  is  less  than  Afvi^"^^ 

and  the  quotient  of  this  by  An^  is 

which  tends  to  zero  as  n  tends  to  ao. 

In  practice  the  most  common  form  of  identity  is 

(4)  (1  -  x)-t'-+»>2t^„a:«  =  l{l-  xy^'+'^-\-P,(x)(l  -x  V» 
from  which  we  can  deduce  the  same  results  as  from  (3). 

126.  Oeskro's  theorem  on  the  multiplication  of  series. 

The  following  lemma  will  be  needed: 

If^^iny  S^n  ^''^  two  mriea  such  that  \Un\IA^^^  has  a  finite 
npjjer  liynit,  while  Vn/A^^^  t^'nd^  to  zero,  then  the  quotient 

if  mis  to  zero.  It  may  be  noticed  that  either  (or  both)  of  r,  s 
may  be  zero  here. 
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For,  under  the  given  conditions,  we  can  find  C  and  m  auch  that 

I  Wn  I  <  OA  ;;"\    I  v„  I  <  CA ;;',    for  an  values  of  w, 
and  |v,|<€^J^',      if  n>m. 

Then        |f««-,i;,.|  <(7«4'»{^i"+ j;"+...+^;'j}  =  C«4l"ili;+" 

and  |2«-r«v|<C«{<''^«+ilL'!..^l"  +  ...+.lJ,''^I;'}  =  <7*5„,  say. 

Now  Bn  is  the  coefficient  of  of"  in  (1  -x)'^'^^^  x  (1  - ^)- <•+''= (1  -^)-"'+'-^% 
and  so  Bn  is  equal  to  A^^'^''^^\ 

Hence  |  tun-yVv  |  <  C^A^;^A':;'^  +  C€A^;^'-^\ 

now  .4;:'m;:+'+*'  ^  ^L'V^r' -'■/(«+'•+ 1)» 

80  that  lim  {^!^'Mir''^''}=0. 


Consequently,  lim  1 2 «  _  i?  \/A <'-+*+^' ^  Cc, 


-   n-v   V 


and,  since  c  can  be  taken  as  small  as  we  please,  it  follows  that 

lim  (uqV„  4-  u^Vn^i  + . . .  +  UnVo)  A  /J.^"^'"^**  ==  0. 

We  proceed  now  to  the  proof  of  CesJtro's  theorem. 
Suppose  that  2u„  and  2v„  are  r-ply  and  «-ply  indeterminate 
respectively,  and  that  their  sums  are  Uy  F,  so  that  we  can  write 

(1  -ic)-t'+»)(2t^,x'»)=  F(l  -x)-^'-^'^+(r(x\ 
where  p(x)  =  ^pnX^,  (T(x)  =  X(rnX^  are  such  that 

lim  {p„M!:^}  =  0,     lim  {o-nMSr^}  =  0. 

Then  (XUnX"")  X  (St'n^")  =  2it',^X^ 

where  'lVn  =  UQVn  +  U{i)n-i+  •  •  •  +'^n^o- 

Hence    (1  ^xy^'-^"-^^^  2ii;,,t«=  [/'F(1  -xy^'-^'+'^+R{x), 

where  i?(x)=  f/'(l  -a;)-<''+'»(7(ic)+  F(l  -'xy^'-^'^p{x)+p(x)<rix). 

To  each  of  the  terms  in  R(x)  we  can  apply  the  lemma 
given  above;  for  instance,  in  11(1  — xy^""^^^  the  coefficient  of  a;** 
is  UA^"^,  and  so  if 

U{  1  -  xy^'-^M^) = 2;x,,aj», 

we  have  lim  {Z,»/^l:+-^'^}  =  0. 

Similarly  for  the  two  other  terms  in  /?,i(c/'),  and  so  if 

R(x)  =  I.RnX'\ 
we  have  lim  {Rn/A^n'^''^'^)  =  0. 
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Thus  we  see  from  (1)  and  (2)  of  the  last  article  that  the 
degree  of  indeterminacy  of  Stt^n  is  not  higher  than  (r+s+1), 
and  that  its  sum  is  equal  to  W* 

This  leads  to  the  theorem :  Tlie  product  of  a  series  (whose 
degree  of  indeterminacy  is  r)  hy  a  series  (whose  degree  is  s) 
can  be  fonned  cw  if  the  seiries  were  convergent.     The  degree  of 

indeterminacy  of  the  resulting  series  cannot  exceed  (r+8+1). 

« 

126.  Examples  of  Ceskro's  method. 

Ex.  1.  The  series  1-1  +  1-14-1-1  +  .. .  is  timply  iDdeterminate  and 
has  the  suui  ^. 

Ex  2.  The  series  1-2  +  3-4  +  5-6  +  .. .  is  douhly  indeterminate  and 
has  the  sum  J.  For  here  we  find  «o=li  *i=-Ii  «2  =  2,  «3=-2, ... ;  and 
if  we  write  r=2  in  the  formula  of  Art.  122,  we  have  to  evaluate 

jjm  Sn  +  2g„-i  +  :K-a  +  . . .  +  (n  + 1)^0 
n-i-x  ^(;i  +  l)(n  +  2) 

Now  (7i+l)«o+w«i=l,    (7i-l)<2  +  (M  — 2)«3=2,    etc. 

Thus,  when  n  is  even  (  =  2m),  we  have 

(»  + l)*o+«JJi  +  .. .+*„=! +2  +  3  +  . ..+w  +  (w  +  l)=i(w  +  l)(m  +  2). 
When  n  is  odd  (  =  2m  +  l),  we  have  again 

(w  +  l)«o  +  yWi +  ...+*«=! +  2  +  3+. ..+wi  +  (m  +  l)  =  |(wi  +  l)(w+2). 

Thus  the  fraction  has  the  limiting  value  ^. 
It  will  be  observed  that 

1 -2  +  3-4  +  5-6+. ..=(l-l  +  l-l+...)2, 

and,  according  to  Cesaro's  theorem  of  the  last  article,  (1  —  1  +  1-1  +  ...)^ 
should  be  at  most  trebly  indeterminate ;  and  this  of  course  is  verified  here. 

Ex.  3.  The  series  1 -2*  +  3*-42+...  is  trehli/  indeterminate,  for  we  have 
1 -22a?  +  32ar2- 42^,-3 4-...  =^[;r(l +:r)-2]=(i -^)(H-a:)-3. 

Hence  (1  '-x)-^{\-^I^x-^2:^.v^-'A:^x^-^,..)  =  {\-a^)-\ 

which  obviously  satisfies  the  condition  (3)  of  Art.  124  and  gives 

1 -22+32-42+. ..=0. 

Ex.  4.  In  like  manner,  we  find 

l-23r+3'^a;2_43<p3  4.  ,  =,(,p2_4p^.i)(i4.^)-4. 

y2  _  Ay.  A.  ] 

Now  '-— 3—  has  the  value  —  i  for  a:=l,  so  that  we  have 

(l+.r)*  ^  ' 

x^-Ax-\-l_     .,     (l-.r)/^(.r) 
{\-\-xY    "     «"^     {l+xY    ' 

where  P{x)  is  a  polynomial  of  degree  3. 


*The  render  will  probably  find  it  instructive  to  use  this  method  to  ef^tablish  v| 

the  theorem  for  r  =  0,  «  =  0,  already  established  in  Art.  34.     Ces^ro's  treatment  of 
the  general  case  is  on  the  same  lines  as  the  proof  given  in  Art.  34* 


k— r 


Art.  93. 
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Hence  we  find 

(1  -  x)-^{l  -  23^ + 3»a;«  -  4=^j^  + . . .  4-  J) = P(x){l  -  ^)-*, 
and  80  l-23+33-4»  +  ...=  -J,  Art.  124,  (4) 

this  series  being  quadruple  indeterminate. 

Hy   5.  It  is  not  difficult  to  see  that  in  general  the  series 

l-2^-*  +  3'-^-4''-*  +  ... 
is  r-ply  indeterminate,  because 

Thus  l-2*-^ar+3'"-^:r3-...  is  of  the  form  P(x)/(14-^)',  where  P{jc)  is  a 
polynomial  of  degree  (r-2).    Thus,  proceeding  as  above,  we  find 

(1  -  ^)-(''+i'[(l  -  2'-^^;+ 3'-*jr»  -...)-  ;]= C  W(l  -  ^)- 

where  §(a?)  is  a  polynomial  of  degree  (r-1);  and 

?=lijnr^(-^')l=(2='"-l)-",  if  r=2w, 

or  =0,  if  r  is  odd. 

Hence  the  sum  of  the  series  is  I  by  (4)  of  Art,  124.  [Cesaro.] 

Ez«  6.  The  reader  will  have  little  difficulty  in  verifying  Exs.  3-5  by 
multiplication.     For  instance  we  find 

(1 -1  +  1-1  +  . ..)(l-2+-3 -4  +  ...)=  1-3  +  6 -10+... 
or  1_34.6-10  +  ...  =  J. 

But     l-22  +  3«-4«+...  =  2(l-3  +  6-10+...)-(l-2+3-4  +  ...), 
and  so  l_2H32-42  +  ...  =  |-}  =  0. 

Ex.  7.  The  following  series  are  all  simpltf  indeterminate : 

l+cos^+cos2^  +  cos3^+...  =  J, 

sin  ^+sin  2^+sin  3^+ ...  =i  cot  J^, 

CO8^  +  CO8  3^  +  CO85^+...  =  0, 

sin  ^+sin  3^  +  6in  56^  + ...  =  J  cosec  6. 

These  results  agree  with  those  found  by  Borel's  method  (Art.  103). 

It  is  of  some  historical  interest  to  liote  the  first  of  these  series  was 
evaluated  by  d'Alembert  (using  the  mean- value  process),  Opuscvla  Math,^ 
t.  4,  Paris,  1768. 

127.  Limitations  of  Cesaro's  method. 

The  mean-value  process  has  rather  narrow  limits  of  useful- 
ness; to  see  this,  let  us  determine  the  general  type  of  series 
which  can  be  summed  in  this  way.     We  have  seen  that 

S/SlV = (1  -  xy^-^\ijii^x^\ 

so  that  2u«x» = (1  -  x)'-+^  [SSL'^aJ"], 

which  gives 

u,=Siri-(r+l)S<;l,+^-^t^SlV-..  to  (r+2)  terms. 
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Now  if  SirV^lT*  approaches  a  definite  limit  I,  we  can  find  & 
value  p  such  that  when  v'^-p  —  r,  all  the  terms  SiTV-^lT^  lie 
between  (l  —  e)  and  (i+e). 

Thus      \u,\<(l+ e)[AT + ^f^-  ^i-i, + . . .] 

-(^-e)[(..+  i)^';i.+<'-+^>3f-^>^!rU+...].     {n>p). 

The  coefficient  of  I  in  this  expression  is  easily  seen  to  be  zero 
in  virtue  of  the  fact  that 

(l-a;y+>[24!:'x"]  =  l, 
so  that  ^r-(r+lM«i,+^-^x"^!ri,-...=0. 

Thus       |^,j<e^(;)[i+(r+i)+(!:±p'+.^  (n>p). 

That  is,  \v.^\<€, 2'^^;,''^      (71  >p), 

and  so  lim  u^/ilS^^rrO. 


n— ►» 

(r) 


But  ^;,'''  =  (7^+r)!/7i!r!, 

so  that  lim  J[l:V/«''=l/r!. 

Thus,  we  have  the  result 

lim  (ujn^)  =  0 ; 


n-^00 


which  gives  a  necessary  condition  that  the  series  2tt^  may  he 
r-ply  indeterminate. 

There   are   many   series   summable   by   the   former  methods 
which  do  not  satisfy  this  condition ;  in  fact  the  simplest  of  all, 

does  not  satisfy  it,  and  is  therefore  not  summable  in  Cesaro's 
sense. 

128.  BoreFs  original  method  contrasted  with  OesarO'S. 

We  may  regard  the  most  general  form  of  mean  amongst 
«o,  «!,  «2»  •••  ^  given  by 

*^0'%   '   *^l'^l  "1"  •  •  •    I   "^n^n   I    •  •  • 
*^0    '   "^1    I    •  •  •    •   ^''n    I    •  •  • 


1 


127,  128,  129]   BOKEUS  SUM  AND  CESARCyS  MEAN.  319 

where  x^  is  never  negative,  and  the  series  2cc»,  ScCn^n  *re  con- 
vergent. 

Here  we  may  either  (i)  fix  every  factor  x^  once  for  all,  or 
(ii)  fix  a;,t  as  a  function  of  a  variable  x  which  is  then  made  to 
tend  to  some  definite  limit.  For  a  variety  of  reasons,  the  first 
alternative  may  be  ruled  out;  and  so  we  are  left  with  the 
second. 

Cesiro's  first  and  second  means  (for  series  of  simple  and 
double  indeterminacy)  come  under  case  (ii)  by  taking 

x^=\y  if  n'^Xy        Xn^O,    if  7i>£c; 

or  Xn=^x  +  l'~n,     if  n:^x,        3:^  =  0,    if  7i>aj; 

where  x  is  afterwards  made  to  tend  to  oo  (through  integral 
values).  And  the  other  means  are  given  by  similar,  but  more 
complicated,  formulae.  In  these  cases  the  oscillation  of  the 
sequence  (s^)  is  converted  into  convergence  by  the  decreasing 
character  of  the  factors  {x,^\  so  that  little  weight  is  attached 
to  the  terms  with  high  indices,  which  are  the  very  terms  that 
are  of  importance  in  studying  the  series. 

To  meet  this  difficulty,  Borel  chooses  the  factors  cc„  so  as  to 
increase  at  first  to  a  maximum  (whose  position  varies  with  x\ 
and  afterwards  to  steadily  decrease.  The  position  of  the 
maximum  recedes  as  x  increases,  which  ensures  that  the  terms 
with  high  indices  play  an  important  part  in  determining  the 
mean. 

The  most  natural  type  of  function  ic„  satisfying  these  con- 
ditions is  x'^/nl,  which  increases  so  long  as  n<ix,  and  finally 
decreases  very  rapidly. 

This  gives  as  the  mean 

which  is  the  definition  discussed  in  Art.  114. 

129.  Oonnexion  between  BoreFs  sum  and  Ceskro's  mean 
for  a  given  series  Zun. 

We  have  proved  (Art.  123)  that  if   Cesaro's   mean  gives   a 

limit  ly  then 

lim  (liint'')  =  /. 
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Further,  we  have  proved  (Art.  Ill)  that 

lim  (S^Unf^)  =  I   e-'tt{x)  dx, 
£-►1  Jo 

provided  that  the  latter  converges.     Thus,  when  Cesd/ro^s  mean 

exists,  it  gives  the  value  of  BoreVs  integral,  provided  that  the 

latter    is    convergent]    the    integral    may,    however,    oscillate 

between  extreme  limits  which  include  Cesiro's  mean  *    Obviously 

the   same   result  is  true   for  any   mode  of   summation  given 

by  the  integral  of  Art.  118, 

Hardy  has  proved  in  his  second  paper  (see  also  the  small 
type  below)  that  if  r=l,  and  if  a  further  condition  is  satisiSed, 
the  convergence  of  Borel's  integral  will  follow  from  the 
existence  of  Cesiro's  mean.  In  general,  with  higher  values 
for  r,  it  seems  likely  that  the  same  condition  will  suffice  to 
deduce  the  convergence  of  the  integral  from  the  existence 
of  the  mean.  However,  the  algebraical  difficulties  involved 
seem  at  present  too  formidable  to  make  it  worth  while  to 
write  out  a  rigorous  proof,  except  for  the  case  r  =  l. 

We  have  seen  (Art.  114)  that  the  existence  of  the  limit 

implies  the  existence  of  Borel's  integral,  and  that  the  two  expressions  are 
equal ;  and  we  shall  prove  now  that  if 

lim(«o+«i4-...+«H)/(?i+l)=^ 

then  ii-iW^-3]  =  ^: 

subject  to   Hardy's   condition.     It  is  then  obvious  from   Art.   114  that 
Borel's  integral  must  also  be  equal  to  I, 

Now  suppose  that  H,  h  are  the  upper  and  lower  limits  of 

o-»i  =  («o  +  «i +  •••+*")/('*  +  !) 
as  n  ranges  from  0  to  oo,  while  /f«,  h^  are  those  of  (r„,  0*^+],  o-m+S)*"  ^ 
then,  from  Art.  153  of  the  Appendix,  we  see  that 

1^0  + *'l  +  i'2 +  •••  +  *'« 


*  It  is  of  course  understood  that  Cesitro's  mean  exists.  If  we  are  dealing  with 
series  in  general,  the  mean  may  oscillate  though  the  integral  converges  (see 
Art.   127). 
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lies  between  H^ + (^^->^)mg^+(^^-A^);n;p 

and  A„.    ^^~  ^"^^^^"^  "*"  ^^"^  ~  ^"*)^V 

where  Vr=af^/r\  and  v,  is  the  maximum  term.  Here  p  must  be  equal  to 
the  integral  part  of  x;  and  on  making  n  tend  to  oo,  Vo4-Vi4-...4-»n  bas 
the  limit  ^,  and  so  we  get 

^^i^'S)  <  ^"•+''-'[(*»-*)(-^.+(^-'-*»)(^iy!] 

and  >A„-«-x[(F-F.)^-^-j^,+(^„-A.)^-^^,]. 
Now,  corresponding  to  any  value  of  m,  we  can  write 

where  c^-^O  as  m  increases.    And  there  is  a  constant  A  such  that 
thus  we  find 

I  "-'(^S)  -^  <  ^+^-'[^  (;£iT!+^(-pVi)!} 

Next,  if  we  use  Stirling's  formula  (Appendix,  Art.  179),  we  see  that 

where  P  tends  to  0  as  p->ao. 

Now  j?(log:r-log/>)=p  log  ( 1 A ^  1  =x-p-\-P', 

where  P'  also  tends  to  0,  because  x^p  <  1. 
Thus  l<>«[«"'(7Z^]=il«g(£)  +  A,      ^here  P,-^, 

e-'^^^<AWp, 

where  K  denotes  a  number  not  necessarily  the  same  in  all  inequalities 
but  always  contained  between  certain  fixed  limits,  such  as  '0001  and  10000. 
Similarly,  we  can  prove  that  if  we  take  m  as  the  integral  part  of  ^p. 


—X 


</l 


(!)v 


Hence,  if  m  is  the  integral  part  of  ^;r,  we  have 

Thus  we  have  liml  c-*(2«„^  M=^, 

provided  that  the  condition        lira  (€«V^)=^ 

is  satisfied, 
I.S. 
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Hardy  remarks  that  the  condition  lim(€«Vm)=0  is  by  no  means  necessary 
for  the  truth  of  the  theorem  ;  in  fact,  it  is  not  satisfied  by  the  following 
convergent  series  (which  has  the  sum  0  and  is  thei^fore  sunimable  in 
virtue  of  Art  100). 

Let  <o=^»     5„  =  7i-*,       (0<a<^) 

and  then  ^n=iSx-  »)/(«  + 1 ). 

Thus  by  Art  11,  we  see  that 

^""^  r^L(7r+i)»"7i4-iJ' 

so  that  lim  (c„v^7i)  ="  00 ,  although  limcn=0. 

But  Hardy  shews  by  another  example  {l.c,  p.  41)  that  if  the  condition 
lim(€„<^7i)=0  is  broken,  the  series  ^u„  may  not  be  summable ;  so  that  the 
condition  is  not  merely  a  consequence  of  the  special  presentation  of  the 
argument. 

ASYMPTOTIC  SERIES. 
130.  Euler's  use  of  asymptotic  series. 

One  of  the  most  instructive  examples  of  the  application  of 
non-convergent  series  was  given  by  Euler  in  using  his  formula 
of  summation  (Art.  95)  for  the  calculation  of  certain  finite 
sums.* 

Thus,  taking /(a5)  =  l/a;,  a  =  I,  h  =  n,  Euler  finds 

H-|+g+...+i=log7Z+i^-A+A_A+...+con8t. 

Now  this  series,  if  continued  to  infinity,  does  not  converge, 
because  we  have  (Art.  92) 

Br 2r(2r-l )  __n^ .  , 


„2r->! 


I 


but,  if  r>3,  2^2<l/(l-|4)  (see  Art.  7),  and  2^,>1, 

so  that  -A.  ^-1         ^15(r~l)^  4 

hence  the  terms  in  the  series  steadily  increase  in  numerical 
value  after  a  certain  value  of  r  (depending  on  n).  It  does  not 
appear  whether  Euler  realised  that  the  series  could  never  con- 
verge ;  but  he  was  certainly  aware  of  the  fact  that  it  does  not  i 

i 


*Insf.  Cole.  Diff,,  1755  (Pars  Posterior),  cap.  vi. 
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converge  for  7i=l.      He    employed   the   series   for   rt  =  10   to 
calculate  the  constant  {Eider 8  constant*  Art.  11), 

0=0-5772156649015325 ..., 

which  he  regarded  as  the  "  sum  "  of  the  series 

2*^2       4  "^6      •"• 

The  reason  why  this  series  can  be  used,  although  not  con- 
vergent, is  that  the  error  in  the  value  obtained  by  stopping  at 
any  particular  stage  in  the  series,  is  less  than  the  next  term  in 
the  series.  The  truth  of  this  statement  follows  at  once  from 
the  general  theorem  proved  below  (see  Art.  131)  by  observing 
that/''(aj)  is  of  constant  sign  and  has  the  same  sign  as/^"^^(a;). 

This  fact  enables  us  to  see  at  once  that  all  of  Euler's  results 
are  correct,  after  making  a  few  unimportant  changes. 

We  quote  a  few  of  Euler's  results  for  verification : 

Ex.  1.  1 +^  +  ...+-  =  7-48547,        if  n  =  1000, 

=  14-39273,      if  w  =  1000000. 
Euler  gives  the  values  to  13  decimals. 

Ex.  2.     Shew  that 

and  find  formulae  for 

2^3     4^"-^2«-l     2«' 

Ex.  3.     Prove  that 

log3  =  l  +  J-5+J+*-?  +  H*-|  +  ..., 

log4=l  +  §  +  i-?4-t  +  i  +  f-S  +  J  +  ..., 
and  so  on. 

In  fact  the  sum  to  Sn  terms  of  the  first  series  is 

=(C+log3w4-/?s„)-(C+logw+An), 
where  R^ny  Rn  tend  to  zero. 


*  Writing  n=500  and  1000  in  this  series,  J.  C.  Adams  has  calculated  C  to  260 
places  {Proc.  Roy.  Soc.,  vol.  27,  1878;  and  Math.  PaperB,  vol.  1,  p.  459).  This 
requires  a  knowledge  ot  ^i,  ^a,  ...,  B^  which  had  been  previously  tabulated  by 
Adams  {Math.  Papers,  vol.  1,  pp.  453,  455). 
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Ez.  4.     Taking  /(jr)=  1  ^,  prove  sinjilariT  that 

and  deduce  that  ^=1-6449940668. 

Ex.  5.     Shew  i»irniIarlT  that 

1 +^*Ji-i -r...  =  l-aC«0569u32. 

Euler  obtained  io  thLs  manDer  the  numerical  values  of  ^1  n'  from  r=2  to 
16,  each  calculated  to  IS  decimals  {I.e.  p.  456) ;  Stieltjes  has  carried  on  the 
calculations  to  32  decimals  from  r=2  to  70  (Acta  Math.,  Bd.  10,  p.  299). 
The  values  to  10  decimals  (for  r=2  to  9)  are  given  in  Clirvstal's  Algebniu, 
voL  2,  p.  367. 

6l     If /^jr)=l  (Z'+jr^),  prove  that 

1  1  1 


^l/x_^\     in 1     \  y  ^|8iD"^sin2^    i^8in*^8in4^ 

where  tao^=/  n ;  the  constant  is  determined  bv  allowing  n  to  tend  to  oo 
and  using  the  series  found  at  the  end  of  Art.  92. 

Ex.  7.     In  particular,  by  writing  l=n  (in  £z.  6X  we  find 

/     1         1_  1      \     1         4y 

"*"  17^2  -  372^7^ + 6724^.^0  "  772r^  "*"••  * 
Bj  writing  9t=5,  Euler  calculates  the  value  of  ?r  to  15  decimals. 

Ex.  8.     If /(x)=logj:,  we  obtain  Stii'ling's  series 

log(n!)=(a+J)log«-«  +  Jlog(2,r)+y^-^,+  ..., 
which  is  found  differently  in  Art.  132  below. 

131.  The  remainder  in  Eoler's  formula. 

In  virtue  of  the  results  of  Art.  95  (small  type),  we  can  write 

J  a 

+^[f'ib)  -/'(a)]  -  J  [f"'(b)  -f"(a)] 

+  •••+(- 1  )"(2^r  2) ;  ir'-\b)-f'-\a)]  +R„ 
where 

■R« "  - (2^1  \l<l>u(t)U*Xa + 1)  +f'(a +t+l)+...  +f(b +t-l)]dt. 


4 


<! 
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Now  M,  -  fl.+.  =  (  -  ir '(-^.  [f-\b)  -f-\a)] 

in  virtue  of  the  results  found  in  that  article;  and  in  the  integrals 
-K^+i,  Rn,  the  polynomials  02,»(O»  ^n+2(0  ^^^  '^^''^  ^^  constant 
sign  (Art.  94),  but  their  signs  are  opposite.  Thus  if  we  assume 
that  the  signs  of  f^xX  f^^^'^\x)  are  the  saine  and  that  their 
common  sign  remxiins  constant  for  all  vcdives  of  x  froTn  a  to  b, 
the  integrals  i^n+i,  R^  have  opposite  signs. 

Hence       \R,\<\R^-R„^,\<  J^^-,  ■r'-Kb)-f-\a)  \. 

Thus  the  error  involved  in  omitting  R^  from  the  eqvxvtion 
(I)  i«  nv/mericaUy  less  than  the  n£xt  term,  and  lias  the  same 
sign;  that  is,  the  series  so  obtained  has  the  same  property 
as  a  convergent  series  of  decreasing  terms  which  have  alternate 
signs.  Theoretically,  however,  the  convergent  series  can  be 
pushed  to  an  arbitrary  degree  of  approximation,  while  (I) 
cannot;  but  in  practice  the  series  (1)  usually  gives  quite  as 
good  an  approximation  as  is  necessary  tor  ordinary  calculations. 

132.  Farther  examples  of  asymptotic  series. 

(1)  The  logarithmic  integral. 

The  integral*  I  e"*— 

is  often  denoted  by  the  symbol      —  li(e"*). 

In  many  problems,  it  is  important  to  calculate  the  value  of 
this  integral  for  large  values  of  x.     Now  we  can  write  t 

^1      II  1  05*     1  cc*     1  a?* 

=  -C-log|a;|+a:-2  2J  +  3  3J-j^  +  ..., 

where  C  is  Euler's  constant  (see  Appendix,  Art.  178). 

^  If  X  is  negative,  the  principal  value  of  the  integral  is  to  be  taken  (see  Art.  164). 
The  symbol  **li"  denotes  logarithmic  integral;  the  meaning  of  this  terminology 

is  evident  on  writing  u=e~^,  y=«"'»  and  then  li(y)=  /    du/logu. 

fWhen  X  is  negative  ail  these  integrals   are   convergent   except    /  ^,  of 
which  we  must  take  the  principal  value ;  that  is  Ji 

=log(-a;)  =  logjx|. 
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But  this  expansion,  although  convergent  for  all  values  of  x, 
is  unsuitable  for  calculation  when  |a;{  is  large,  just  as  the 
exponential  series  is  not  convenient  for  calculating  high  powers 
of  e.     To  meet  this  difficulty  we  proceed  as  follows: 

K  «  is  positive,  we  write  t=x(l+u),  and  then  we  have 

I   --cK  =  e-*l    -— — du 

Jz    t  Jo  1+16 

=  e-*r[  {l-u+u*-...+(-l)»-*u"-'}«-*»di^ 

This  gives       .-[l-i,+?i-?]+...+(-l)-(!^ 

where  |i2„|<n!cc-<*+". 

This  result  can  also  be  found  by  integration  by  parts. 

When  X  is  large,  the  terms  of  this  series  at  first  decrease 
very  rapidly.  Thus,  tip  to  a  certain  degree  of  (vccwrncy,  this 
series  is  very  convenient  for  numerical  work  when  x  is  large; 
but  we  cannot  get  beyond  a  certain  approximation,  because  the 
terms  finally  increase  beyond  all  limits. 

For  example,  with  jr=10,  the  estimated  limits  for  iZ^,  Ryf^  are  equal  and 
are  less  than  any  other  remainder.  And  the  ratio  of  their  common  value 
to  the  first  term  in  the  series  is  about  1  :  2500.  To  get  this  degree  of 
accuracy  from  the  first  series  we  should  need  35  terms.  Again,  with 
;r=20,  the  ratio  of  H^^  to  the  first  term  is  less  than  1  :  10^ ;  but  80  terms  of 
the  ascending  series  do  not  suffice  to  obtain  this  degree  of  approximation. 

When  X  is  negative,  we  write 

a;=— f  and   <  =  a;(l  — u)  =  ^(u— 1); 
then  we  find 

=  e^\[  {\+u+u^+  ,,,+u'^-')e-'^dii+p\  y^"^-^^} 

where  P  denotes  the  principal  value  of  the  integi*al  (Appendix, 
Art.  164).     Thus 

-1 dAJU, 

0   1  — u 
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Stieltjes*  has  proved  by  an  elaborate  discussion,  which  is  too 
lengthy  to  be  given  here,  that  in  this  case  also  we  get  the  best 
approximation  by  taking  n  equal  to  the  integral  part  of  ^, 
and  that  the  value  of  i2„  is  then  of  the  order  6-^(27r/^)* 

It  ia  not  without  interest  to  note  that  according  to  Lacroix  {Calctil.  Biff, 
€t  Int.,  Paris,  1819,  t.  3,  p.  517)  these  two  expansions  were  utilised  by 
Mascheroni  to  find  Euler's  constant  C. 

Another  application  is  to  be  found  in  the  "summation"  of 

l!-21  +  3!-4!  +  ..., 
taking  the  value  of  (7  as  known  (Art.  130  above). 

If  we  write  x=l  and  equate  the  series  on  pp.  325,  326,  we  have 

"^"*'(^"2^:'^3^!"-)='^"'(^"^-"*'^--^'"*"-^' 

which  gives 

Lacroix  gives  the  value  07965996  as  the  value  of  the  series  in  round 
brackets,  which  yields  the  "  sura " 

1 !  - 2!  4- 3!  - 4!  + ...  =  '4036526, 
agreeing  with  the  result  found  from  Euler's  continued  fraction  in  Art.  98. 

Lacroix  (Lc.  p.  389)  gives  another  calculation  of  this  oscillatory  series  by 
using  the  method  of  approximate  quadrature  to  evaluate  the  integral 

which  gives   the  sum   '403628 Lacroix   attributes    the  calculation   to 

Euler,  but    without   a    reference ;   and  he    also  suggests  the  application 
of  approximate  quadrature  to  the  integral 

1  /•!  _  dv 

eJo  l-logt'* 

which  is  found  by  writing  v=e^~\  but  he  gives  no  numerical  results. 

(2)  FremieUs  integrals. 
Consider  the  two  integrals 

which  are  met  with  in  the  theory  of  Physical  Optics,  and  also 
in  the  theory  of  deep-water  waves.t 


*  Annates  da  VEcde  NormcUt  Stip^rienre  (3),  t.  3,  1886,  p.  201. 

t  Historically  the  hydrodynamical  application  seems  to  have  occurred  first 
<8ee  Lamb,  Proe.  Lond.  Math,  Soc.  (2),  vol.  2,  1904,  p.  371) ;  and  the  chief 
properties  of  the  integrals  were  worked  out  by  Poisson  and  Caiichy  in  connection 
«vith  this  problem  (for  references  and  details  see  Lamb's  paper). 
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We  have  r+  i  r=  f  ^^  A, 

no  that  if  t=x(l  +  u)  we  have 

f"  ^'^  I    r"  1     ^ 

Now  I   -c?t£=— — +  1   —  -i*/u 

by  applying  the  process  of  integration  by  parts.     Continuing 
thuB,  we  have 

f 


^      ,    _i       1       1.3. i     1.3.5     I.3.5.7r  e^du 


0(1 +  u)^  ^     ^        ^^         ^•'^  ^-^     Jo(l+u) 

and  the  process  can  be  continued  as  far  as  we  please.  A 
moment's  consideration  shews  that  the  remainder  integral  at 
any  stage  is  less  in  absolute  value  than  the  last  term  of  the 
series ;  and  thus  for  any  value  of  x  we  can  determine  the  stage 
at  which  it  is  best  to  stop  in  numerical  work. 

We  are  thus  led  to  the  asymptotic  equation  (see  Art.  133) 

'^-^-(-^-il^)»  say. 
The  series  for  X^iY  can  be  "summed"  by  observing  that 

1.3.5...(2?i-l)=2»r(n  +  i)/r(i). 

rvu                1.3.5...(2n-l)       1    r     ,  ,  t  , 
Thus  ^ i==—j-\    e-^'v^'-^dvy  •     . 

and  so,  applying  Art.  118,  we  see  that  if  the  series  X—iY  can 
be  summed  in  Borers  way,  its  sum  is  given  by 

^''""-^X^v-tj-V      (-«  ^-  ^3«)- 


jTrJo  V^  +  X^Jv  JwJo 


e'^v    dv 


1  1 

and         U=    .'(--Xsmx+Ycosx),    F=— ^-(Z cos 05+ F since). 

V  *^  /^X 


> 


Ji. 
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Of  course  we  have  not  given  a  complete  proof  that  these  expressions 
are  equal  to  the  original  integrals ;  but  it  is  easy  to  complete  the  proof  by 
differentiating  with  respect  to  x.     We  have,  in  fact, 

Thus  we  must  have      ^ f^ {X - iY)\  =  - ^. 
Hence  we  find  the  condition 


^ix-iY)^{i-Lyx-ir)=i 


»"•  :7:r-^+y=0,     -^---x=-l. 


da; 

dx'     2jc  '        d:v     2.r 

It  is  easy  to  verify  that  these  equations  are  satisfied  by  the  last  pair  of 
integrals  for  X,  Y  and  that  these  integrals  tend  to  1,  0  respectively  as 
x^^co ;  thus  we  may  infer  that  £/,  V  and  X,  Y  are  actually  related  in  the 
manner  suggested  by  the  foregoing  work.  The  integrals  X,  Fseem  to  be 
due  to  Cauchy,  and  the  asymptotic  expansion  to  Poisson  (see  Lamb's  paper,, 
already  quoted). 

It  is  perhaps  worth  while  to  make  the  additional  remark 
that  the  relations  between  X,  Y  and  Z7,  V  are  most  naturally 
suggested  by  the  use  of  the  asymptotic  expansion. 

(3)  Stirling  8  series. 

It  can  be  proved  (Appendix,  Art.  180)  that 

where  V^(^)  =  (^  +  i)  log  ^—^  +  h  ^^g  (^tt). 

Now  (Art.  6-t),  we  have 

arc  tan {vjx)  =  {vjx)  —  \  (v/xf  +  \{vjxf  — . . . 

where  \Rn\<  ct^i  (v/xf^+K 

Hence  (Appendix,  Art.  176,  Ex.  3),  we  have 

rarctan(t;/a;)  ,         A  ^2     ,     -^3 

Jo      e^^-^l  1.2aj     3. 4^8  "^5.63;^     •" 

^^     ')     (271-1). 271. aj^-i^^**' 

where  R^'  is  numerically  less  than  the  first  term  omitted  from 
the  series. 
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If  we  take  the  quotient  of  two  consecutive  terms  and  remark 
that  (compare  Art.  130) 

Bn^^/B,  =  (2n  4-  l)(2n+ 2)Q;4x*, 

where  Q  is  a  factor  slightly  less  than  1,  we  see  tliat  the  least 
value  for  the  remainder  is  given  by  taking  n  equal  to  the 
integral  part  of  irx;  but  the  first  two  terms  give  a  degree 
of  accuracy  which  is  ample  for  ordinary  calculations.* 

(4)  The  reader  may  discuss,  by  methods  analogous  to  those 
of  (1)  and  (2)  above,  the  following  integrals: 


rs*'  i:t'*  c^<«. 


the   first  of   which   is  related   to   the  error-function,  while  the 
second  and  third  are  the  cosine-  and  sine-integrals. 

133.  Poincare's  theory  of  asymptotic  series. 

All  the  investigations  of  Arts.  130-132  resemble  one  another 
to  the  following  extent: 

Starting  from  some  function  J(x\  we  develop  it  formally 
in  a  series 

^       X       X^      3^       

This  series  is  not  convergent,  but  yet  the  sum  of  the  first 
{?i-f-l)  terras  gives  an  approximation  to  J{x)  which  differs  from 
J(x)  by  less  than  /rn/^"+\  where  Kn  depends  only  on  n  and 
not  on  X, 

Thus,  if  Sn  denotes  the  sum  of  the  first  (n+1)  terms,  we  have 

limaj''(J"-S«)  =  0. 


X— >■» 


In   all  such  cases,  we  say  that  the  series  is  asymptotic   to 
the  function ;  and  the  I'elation  may  be  denoted  by  the  symbol 


^        ^      X     x^ 


Such  series  were  called  semiconvergent  by  the  older  writers. 


*  An  elementary  treatment  of  this  approximation  will  be  found  (for  the  case 
when  X  is  an  integer)  in  a  paper  by  the  author  {Meastnger  of  Maths, ,  vol.  36, 
J  906,  p.  81). 


} 
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It  is  to  be  noticed,  however,  that  the  same  series  raay  be 
asymptotic  to  more  than  one  function ;   for  example,  since 

lim(x"e-^)  =  0, 

x->co 

the  same  series  will  represent  J{yt)  and  J(x)-\-Ae~^, 

It  follows  from  the  definition  that  we  can  (uld  and  subtract 

asynnptotic  aeries  as  if  they  were  converyeut. 

Next,  take  the  product  of  two  asymptotic  series,  assuming 

that  the  rule  of  Art.  34  still  applies.     We  then  find,  if 

J(x)a»ao+-^  +  -|+...  and  ATt)'\>6o+- +-!+••• , 

^  ^      X       X"  X      x^ 

c      c 
the  formal  product    11(x)  =  Cq+~^-\ — |  + . . . , 

X       X 

where  Cn  =  ajb^  -f  (iiK-\  +  •  •  •  +  <^'n^o- 

Let  Sn,  Tny  S«  denote  the  sums  of  the  first  (?i  +  l)  terms  in  these  three 
series,  then  we  have,  saj 

^(x) = S„  +  p/.i",       A'(.r)  =  Tn + cr/^", 
where  p,  a-  are  functions  of  x  which  tend  to  zero  a«  .i*->x . 

Now,  bj  definition  i)„  coincides  with  the  product  SnTn  up  to  and  including 
the  terms  in  l/.r"  ;  thus  SnT„  —  '2n  contains  terms  from  l/.r""^^  to  l/.i-^". 
We  can  therefoi-e  write 

where  P„  is  a  polynomial  in  .r,  whose  highest  term  is  of  degree  {ii  -  1). 

Thus  [^(.r)  - 1,]  [k(.v)  -  -^J  =  3„  +  P,,  .r  " 

or  X" [J(x) .  K{x)  -  :C«]  =  pK{.r) + (rJ{x)  +  (I\  -  /xr)/a-«. 

Now,  a8;F->x,  J{.r)-^a(„    A'(.r)^6y,    p-^-O,    (t->0, 

and  accordingly 

lira  A-" [^(a;) .  K{x)  -  "!„]  =  1  im  PJx"  =  0. 


Thus  the  product  J(x).K(x)  is  represented  asymptotically 
by  Il(x);  or  asyviptotic  series  can  be  midtiplied  together  as 
if  they  were  convergent:  and  in  particular  we  can  obtain  any 
power  of  an  asymptotic  series  by  the  ordinary  rules. 

Let    us    now    consider    the    possibility    of    substituting    an 

asymptotic   series   in   a   power-series.      In   the   first   place,   we 

may  evidently  write  J{x)  =  aQ-\-J^{x)  and  substitute  a^+Ji  for 

J  in  the  series* 

/(J)  =  Co  +  r/+  c^^  +  c^.P  + . . .  , 

♦Of  course  c^  no  longer  represents  ^o^i»+'"  +  o'„')q. 


\ 
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and  reanrancre  in  powers  of  Jj,  provided  that    a^l  is  less  titan 
the  r»idiui<  nf  cnf^rffenr^  <Art.  ^4);  because  limJj=0,  and  we 
can  therefore  take  x  large  enough  to  satisfy  the  restriction  that 
n^  4-  Ji    is  to  be  less  than  the  radius  of  convergence. 

This  havincr  been  done,  we  mav  consider  the  substitution  of 
the  asymptotic  series 

X      X'       JT 

for  J^  in  the  series 

Let  US  make  a  formal  substitution,  as  if  the  series  for  J^ 
were  convergent;  then  we  obtain  some  new  series 

where 

Z)o  =  C;,  Z),  =  Q(i,Z)j  =  CV'.+Ca,^Z)5  =  Ci«3+2aaia2+C'3ai»,etc. 

Let  us  denote  by  Sn  and  Z.  the  sum  of  the  terms  up  to  I  a*"  in  J^  and 
w  respectively. 

Now,  if  ^,'=Co+r,5,+(vv+...+c,5.", 

2/  and  2,  agree  up  to  terms  in   1  j^,  and  consequently  2„'-2„  is  a 
polynomial  in  l,.r,  ranging  from  terms  in  (1  jr)"**  to  (1  >)"';  thus 

(1)  lim.?-(lV-20=0. 


Next,  if  r,  =  (7o+Ci./,  +  (Vi«+...  +  6V,", 

we  have,  since  <S„  represents  t/,  asymptotically,  \\mx^(J{—Sn)'=Oy  and 

therefore 

(2)  limx»(7;-2H')=0. 

Finally,  /'-  Tn^C^^^J^*^^^Cn^.J,*^^+,..  ; 

thus,  since  F{J^  is  convergent, 

where  JfaT  is  a  constant. 
Hence,  we  find 

(3)  lim  ar"(^-  7;)=0, 
because                           lim  (:r",/i»+0==lim  (ai*+V-^)=0. 


By  combining  (1),  (2)  and  (3),  we  see  now  that 

lim  j:"(/^-2„)=0. 
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Thus  the  series  2  represents  F{J{)  asymptotically;  and 
consequently  an  dsymptotic  series  Tnay  be  substituted  in  a 
power-series  and  rearranged  {just  as  if  convergent),  provided 
that  its  first  temn  is  numerically  less  than  the  radiits  of 
^convergence. 

Further,  a  reference  to  the  foregoing  proof  shews  that  we  use 
the  convergence  of  the  series  f{J)  in  two  places  only,  first  in 
order  to  rearrange  in  powers  of  Jj,  and  secondly  to  establish 
the  inequality  \F'-Tn\<MJ^'^\ 

Now  this  inequality  is  satisfied  if  the  series 

is  asymptotic  to  F{J^]  and  then  we  must  suppose  that  a^  is 
zero  in  order  to  get  any  result  at  all,  so  that  J=J^  and  we  can 
entirely  avoid  the  restriction  that  f{J)  is  convergent.  Thus, 
an  asymptotic  series  whose  first  term  is  zero  m/xy  be  s^ibstituted 
in  another  asymptotic  series,  and  the  result  may  be  rean^anged 
just  as  if  both  series  were  conveiyent. 

An  application  of  the  former  result  is  to  establish  the  rule 
for  division  (assuming  that  a^  is  not  zero).     For  we  can  write 

J(x)  =  a,(l+Z), 

where  iT'Vi — ^-] — ^+ 

Then  [J(x)y^  =  a^-^l-K+K''--K^+,,.), 

and  we  can  thus  construct  an  asymptotic  series  for  [Jix)]'^ 
by  exactly  the  same  rule  as  if  the  series  for  J{x)  were  con- 
vergent. Thus,  applying  the  rule  for  multiplication,  we  see  that 
we  can  divide  any  asymptotic  series  by  any  other  asymptotic 
series y  just  as  if  they  were  convergent 

Finally,  let  us  consider  the  integration  of  an  asymptotic 
series  (in  which  ao  =  0,  a^  =  0). 

If  J(a;)^^2  +  ^3^.«4+..., 

'       X^      XT      X* 

we  have  |'/— 'S„|<€/ic",       if  x'^Xq, 

Thus      '\/^-]^^n<^^  <ir^}j^u      ifa;>a;,. 

poo 

SO  that  I  Jdx  is  represented  asymptotically  by 

J  X 
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But,  on  the  other  hand,  an  asymptotic  aeries  cannot  safely 
he  differentiated  without  additional  investigation,  for  the 
existence  of  an  asymptotic  series  for  J{x)  does  not  imply 
the  existence  of  one  for  J'(x). 

Thus  c~'6in(^)  has  an  asymptotic  series 

But  its  differential  coefl&cient  is  -  e~' si n(€*)+ 003(6*),  which  oscillates  as  .r 
tends  to  oo  ;  and  consequently  the  differential  coefficient  has  no  asymptotic 
expansion. 

On  the  other  hand,  if  we  know  that  JXx)  has  an  asymptotic 
expansion,  it  must  be  the  series  obtained  by  the  ordinary  rule 
for  term-by-term  differentiation. 

This  follows  by  applying  the  theorem  on  integitition  to  J'{x);  but  a  direct 
proof  is  quite  as  simple,  and  perhaps  more  instructive.  We  make  use  of  the 
theorem  that  if  <j>{a')  has  a  dejinite  finite  limit  as  x  tends  to  oo ,  then  <^'(-'*) 
either  oscillates  or  tends  to  zero  as  a  limit* 

If  J(.v)  ^v  ao + ^il-^  +  (^J-^  + . . . ,  we  have 

lim.r"^»[./(.t)-^S,(.r)]=a„+,. 

Thus  the  differential  coefficient 

x-^'[JXx)  -  Sn'(r)]Hn  +  l).r"[^(.r)  -  5„  W], 
if  it  has  a  definite  limit,  must  tend  to  zero.     But  .i^[J{x)  -  S„(x)]  does  tend 

to  zero,  so  that  limA'"'^^[«/'(j')-*S„'(^')]>  ^^  i^  exists,  is  zero. 
That  is,  if  J'{x)  has  an  asymptotic  series,  it  is 

-  ajAa-^  —  2a2.r'  -  Sa^'a"^  —  . . . . 

It  is  instructive  to  contrast  the  rules  for  transforming  and 
combining  asymptotic  series  with  those  previously  established 
for  convergent  series.  Thus  any  two  asymptotic  series  can  be 
multiplied  together:  whereas  the  product  of  two  convergent 
series  need  not  give  a  convergent  series  (see  Arts.  34,  35). 
Similarly  any  asymptotic  series  may  be  integrated  term-by-term^ 
although  not  every  convergent  series  can  be  integrated  (Art.  45). 


*  In  fact  if  0(x)  tends  to  a  definite  limit  we  can  find  Xq  so  that 

\<P{x)-</>{Xq)\<€,        i(x>XQ, 

Thus,  since  0 (^) ji^j^  ^^,^^^^     ^^^^^^  x  >  ^  >  Xq . 

X  —  Xq 

we  find  1 0'(^)  I  <  c/ix  -  Xq). 

So  <f>\x)  cauuol  approach  any  definite  limit  other  than  zero ;  but  the  last 
inequality  does  not  exclude  OHciUation,  since  ^  may  not  take  all  values  greater 
than  Xq  as  x  tends  to  oc . 
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On  the  other  hai3d,  as  we  have  just  explained,  we  cannot 
differentiate  any  asymptotic  series  unless  we  know  from  in- 
dependent reasoning  that  the  corresponding'  derivate  has  an 
asymptotic  expansion ;  although,  in  dealing  with  a  convergent 
series,  we  can  apply  the  test  for  uniform  convergence  directly 
to  the  differentiated  series,  and  so  infer  that  tlie  derived 
function  has  an  expansion  (Art.  46). 

These  contrasts,  however,  are  not  to  be  regarded  as  surprising. 
In  a  convergent  series,  the  parameter  with  respect  to  which 
we  differentiate  or  integrate  is  strictly  an  auxiliary  variable^ 
and  in  no  way  enters  into  the  definition  of  the  convergence 
of  the  series;  but  in  an  asymptotic  series,  the  very  definition 
depends  on  the  parameter  x.  The  contrast  may  be  illustrated 
in  an  even  more  fundamental  way;  any  coefficients  whatever 
may  define  a  perfectly  good  asymptotic  series.  Indeed  an 
asymptotic  series  is  not  a  completed  w^hole  in  the  same  sense 
as  a  convergent  seriea 

It  is  sometimes  convenient  to  extend  our  definition  and  say 
that  J  is  represented  asymptotically  by  the  series 


*  +  («o+5+S+"> 


when  -  ^—  is  represented  by  a^-] — ^  +  -2+-.,  where  ^,  ^  are 

two  suitably  chosen  functions  of  x. 

Thus,  for  example,  we  can  deduce  from  Stirling's  series  the 
asymptotic  formula 

T(x+l)rK,e-^x^{2irx)Hl+^  +  ^l+.,). 

\  X        X  / 

where  ^1  =  V  ""  12' 

2~     12"^  8"~     5760' 

Hitherto  x  has  been  supposed  to  tend  to  oc  through  realy 
positive  values;  but  the  theory  remains  unaltered  if  x  is 
complex  and  tends  to  oo  in  any  other  definite  direction.  But 
a  non -convergent  series  cannot  represent  asymptotically  the 
same  one-vahted  analytic  function  J  for  all  arguments  of  x. 
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In  fact,  if  we  can  determine  constants  Jlf,  R,  such  that 


T  ^1 

J— a^ — ^ 


it  follows  from  elementary  theorems  in  the  theory  of  functions 
that  J{x)  is  a  regular  function  of  I/a:,  and  consequently  the 
asymptotic  series  is  convergent. 

For  different  ranges  of  variation  of  the  argument  of  x,  we  may 
have  different  asymptotic  representations  of  the  same  function 
which  between  them  give  complete  information  as  to  its  nature. 
A  good  illustration  of  this  phenomenon  is  afforded  by  the  Bessel 
functions  which  have  been  discussed  at  length  by  Stokes.* 

134.  Applications  of  Poincar^'s  theory. 

An  important  application  of  Poincard's  theory  is  to  the 
solution  of  differential  equations.!  The  method  may  be  summed 
up  in  the  following  steps: 

1st.  A  formal  solution  is  obtained  by  means  of  a  non-con- 
vergent series. 

2nd.  It  is  shewn,  by  independent  reasoning,  that  a  solution 
exists  which  is  capable  of  asymptotic  representation.  Thus  we 
may  either,  as  has  been  done  in  Arts.  131,  132  above,  deduce  a 
definite  integral  from  the  series  first  calculated;  or  we  may 
find  a  solution  as  a  definite  integral  directly,  and  then  identify 
it  with  the  series. 

3rd.  The  region  is  determined  in  which  the  asymptotic 
representation  is  valid. 

Poincar^  has  in  fact  proved  J  that  every  linear  differential 
equation  which  has  polynomial  coefficients  may  be  solved  by 
asymptotic  series;  but  his  work  is  restricted  to  the  case  in 
which  the  independent  variable  tends  to  oo    along  a  specified 


*Camh.  FhU,  Tram,,  vol.  9,  1850,  vol.  10,  1857,  p.  105,  and  vol.  11,  1868, 
p.  412;  Math,  aiid  Phya.  Papers,  vol.  2,  p.  360,  vol.  4,  pp.  77,  283.  See 
also  Acta  MathemaXica,  vol.  26,  1902,  p.  393,  and  Papers,  vol.  5,  p.  283.  Stokes 
remarks  that  in  the  asymptotic  series  examined  by  him,  the  change  in  represeo- 
tatiou  occurs  at  a  value  of  the  argument  which  gives  the  same  sign  to  all  the 
terms  of  the  divergent  series. 

t  Some  interesting  remarks  on  the  sense  in  which  an  asymptotic  series  gives  a 
solution  of  a  differential  equation,  have  been  made  by  Stokes  {Papers,  vol.  2, 

p.  337). 

*Acta  Mathematical  t.  8,  1886,  p.  303. 
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direction,  and  the  regions  are  not  determined.  This  gap  has 
been  filled  by  Horn  in  a  number  of  special  cases;*  and  we 
may  refer  to  a  detailed  discussion  of  a  special  differential 
equation  by  Jacobsthal  in  the  paper  quoted  below  in  Art.  139. 
Other  applications  of  Poincard's  theory  have  been  made  by 
Barnes  and  Hardy  in  constructing  the  asymptotic  representation 
of  functions  given  by  power-series.  A  convenient  summary 
with  very  full  references  is  given  by  Barnes  ;t  the  method 
adopted  by  Barnes  is  beyond  the  limits  of  this  book,  as  it 
depends  on  the  theory  of  contour  integration.  We  give,  how- 
ever, in  the  following  article  a  simple  method  due  to  Stokes, 
which  can  be  used  in  dealing  with  certain  types  of  reaZ  series. 

136.  Stokes*  asymptotic  expression  for  the  series 

^r(7l  +  a,  +  l)...r(7l  +  ar+l)     ,_vxr 

^T(7i+6,+l)...r(7i  +  6,+l)     "      ""' 
where  x  is  real  and  «>r.t 

Write   8''r=fx,    26  — 2a  =  X,    and   consider    the   term    X^^, 
where  t  is  large,  and  p  is  not  of  higher  order  than  ^Jt. 

We  find,  neglecting  terms  of  order  1/^^^, 

log  Xe+p  =  (^ +J^)log  a;  - /i  [(^  +  i)log  ^  +  i  log(27r)  - «] 

-(PAi+X)log^-i/xj9V^ 
(see  Art  180,  Appendix). 

It  is  convenient  to  suppose  that  a;  is  of  the  form  f^  where 

t  is  an  integer  (a  restriction  which  can  be  removed  by  using 

more  elaborate  methods);   and  then   X^  is  the  greatest  term 

because  logx  =  fi\ogt,  and  so 

log  Xt+p  =^id''ii/jL  log(2xO  -  X  log  ^  -  i/fPV^> 
or  Z,+p  =  ——5:  exp  (  -  h/^pyt). 

This  gives  the  asymptotic  expression 


{2irt) 


*  See  a  series  of  papers  in  the  McUhemalUchf  Anncden^  from  Bd.  49  onwards,  and 
some  papers  in  GreUe^s  Journal.  A  good  summary  of  the  theory  with  many 
refefences  is  given  in  Horn's  Oewdhrdiche  Differeniialgltichungen^  Abschnitt  VII. 

•fPhil.  Trans.,  series  A,  vol.  206,  1906,  p.  249  ;  see  also  Quarterly  Journal,  vol. 
38,  1907,  pp.  108,  116. 

XProe.  Camb.  Phil.  80c. ,  vol.  6,  1889 ;  McUh,  and  Phys.  Papers,  vol.  6,  p.  221. 
LS.  Y 
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where  q  =  e'^^\  Making  use  of  Art.  61,  Ex.  3,  we  see  that  (since 
q  approaches  the  limit  1)  the  series  in  brackets  is  represented 

approximately  by  7r*(l— 5')"^  or  by  (2irt/fi)^. 
Thus  the  asymptotic  expression  is 

—I n — TT",  where  t  =  xt^. 

Hardy*  has  proved,  somewhat  in  the  same  way,  that  if 

/(a;)  =  2-,,, 

f(x)  is  represented  asymptotically  by  A(f/(2Trx)^,  where 

A  =  l  +  2(q+q^+q9+..,),  and  9  =  6-*. 

SUMMATION  OF  ASYMPTOTIC  SERIES. 

136.  Extension  of  Borers  definition  of  summable  series. 

In  the  foregoing  work  (Arts.  130-135)  we  have  shewn  how 
to  obtain  asymptotic  expansions  of  certain  given  functions,  and 
we  have  established  rules  of  calculation  for  these  expansions. 
We  are  now  led  to  consider  the  converse  problem  of  summing 
a  given  asymptotic  series ;  and  the  natural  method  is  to  apply 
Borel's  integral.  But  on  trial,  it  appears  that  Borel's  method 
is-  not  sufficiently  powerful  to  sum  even  the  simplest  asymptotic 
series,  such  as  (Arts.  98, 132) 

r     2'     3^ 

If  we  apply  Borel^s  method  of  summation  to  this  series  we 

are  led  to  use  the  associated  function 

t     t^ 
u(^,a;)  =  l--  +  -2-... 

which  converges  only  if  t<^x.  Thus  the  results  of  Arts.  99- 
113  no  longer  apply,  but  we  shall  now  proceed  to  modify  the 
definition  so  as  to  obtain  corresponding  results  for  such  series. 

We  have  u(t,x)=x/(x+t),      if  t<^x, 

and  this  defines  a  function  which  is  regular,  as  t  ranges  from 
0  to  cx).     Thus  we  can  agree  to  take  the  integral 


J 


CO  .f 


X  +  t 


*Proc,  Lond,  Math,  Soc,  (2),  vol.  2,  1904,  p.  339. 
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as  defining   the  sum   of   the  series  above.     But  we  can  also 
write  t=xv  in  this  integral,  and  so  obtain  a  second  definition 


Jo  l+v' 


X 

Jo 

The  reader  will  recognize  that  the  former  integral  agrees  with  Euler's, 
which  was  given  in  Art.  98. 

The  two  integrals  are  exactly  equivalent  so  long  as  ^  is  real  and  positive  ; 
but  if  ^  is  complex  the  former  is  convergent  except  when  a:  is  real  and 
negative,  whereas  the  latter  converges  only  if  the  real  part  of  x  is  positive. 

It  is  not  difficult  to  shew  that  the  former  integral  defines  an  analytic 
function  in  the  part  of  the  plane  for  which  the  least  distance  from  the 
negative  real  axis  is  any  positive  number  L  This  part  of  the  plane  is 
bounded  by  two  parallel  lines  joined  by  a  semicircle,  as  in  the  figure. 


^i,  ....  I..  i.,,.,i..i.>i.r.i..,ni  ■  I 


Fio.  37. 


To  establish  this  property,  we  note  that 

IdxKx+tJ 


and  that  the  integral   /    ^e~^dt  converges,  so  that  the  test  of  Art.  174 

(Appendix)  can  be  used. 

In  like  manner  the  second  integral  can  be  proved  to  define  an  analytic 
function  in  the  part  of  the  plane  for  which  the  real  part  of  x  is  greater  than 
I ;  this  region  is  bounded  by  a  line  parallel  to  the  imaginary  axis. 

The  method  applied  in  this  example  suggests  a  general  process 
for  summing  an  asymptotic  series. 
Suppose  that 

is  an  asymptotic  series  such  that  the  associated  series 

/(t;)=ao+ait;+a2|j+a3gj+... 

converges  for  certain  positive  values  of  v,  and  that  the  function 
f{v)  defined  by  the  series  for  these  values  of  v  is  continuous 
from  v  =  0  to  cx). 

Then  we  define  the  sum  of  the  series  by  the  integral 


i'-'fO^''  ^^>«>- 
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To  make  any  practical  use  of  this  definition  we  must,  how- 
ever^ assv/me  further  that  a  po9itive  number  I  can  he  fowrvd 
such  that  lime-'*/*(iO  =  0, 

where  n  is  any  index  of  differentiation. 

It  is  evident  that  then  the  integral  defines  a  function  which  is  analytic 
within  the  region  indicated  in  the  figure. 

137.  Roles  for  calcnlation. 

It  is  easy  to  see  that  the  aeries  of  the  last  article  represents 
the  integral  osyTaptoticaUy,  x  being  real  and  positive. 
For,  if  we  integrate  by  parts  we  have 

because  f{0)  =  aQ.     We  continue  this  process,  and  we  obtain 

Now,  by  hypothesis,  we  can  find  the  positive  constants  i,  A 
so  that  \f''^\v)  I  <  A^\ 

and  therefore    I JL  f  g-«/n+i  (!l) dt  I  <   ,/    ,,. 

Consequently, 

l^m[x-{j(.)-(a,+J+...+5)}]=0, 

which  establishes  the  asymptotic  property. 

It  will  be  remembered  (see  Art.  133)  that  the  differentiation 
of  an  asymptotic  series  requires  special  consideration;  but 
this  special  type  of  asymptotic  series  may  be  differentiated 
any  number  of  times.     For 

the   difierentiation   under   the   integral   sign  being  permissible 
(if  x^l),  because 

\te'*f(t/x)\<Ate-^'-'^\ 

1*00 

and  the  integral  I    te~^'^~^^^dt  is  convergent. 

Jo 


* 


J 
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Now,  within  the  interval  of  convergence  of  f{v)  we  have 

vf{v) = a^v + 2a2  ^^ + Sag  g-, + . . . , 
so  that  J\x)  is  represented  asymptotically  by  the  series 

_l/a,    2^    §^        y 
x\x      x^      or         J 

or  by  ^?^-?^2_3a3_ 

which  is  the  series  derived  from  the  original  series  for  J{x)  by 
formal  differentiation,  as  could  be  anticipated  from  Art.  133. 
Clearly  the  operation  may  be   repeated  any  number  of  times. 

The  reader  who  is  acquainted  with  the  elements  of  function-theory  will 
have  no  difficulty  in  proving  that  these  results  are  valid  within  the  part  of 
the  ^-plane  indicated  by  the  diagram  of  Art.  136. 

Let  us  consider  next  the  algebraic  operations;  it  follows 
from  Poincar^'s  theory  that  two  asymptotic  series  may  be  added 
and  multiplied  as  if  convergent.  But  we  must  also  prove  that 
the  product  can  be  represented  by  an  integral  of  the  type 
considered  above. 

We  have  proved  that 

^^^x^x'^'" 
is  the  asymptotic  series  corresponding  to  the  product,  if 

Now  if  both       f{t)  =  2a„  ^,,       g{t)  =  26n  f  , 

converge  under  the  condition  |^|  =  r,  we  can  find  a  constant  M 
such  that  |an|r*<if .?i!,     \hn\r^<M ,n\. 

Thus      |Cnr*|<if«[7i!  +  (7i-l)l+('^-2)!.2!+...+n!] 

c  v** 
and  consequently  2-^  will  converge  if  l^l^n    Next,  as  in 

Art.  106  above,  we  have 

2c«  (;^, = J/(v  -  t)9it)  dt,     ii\v\<T, 
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and  consequently  by  differentiation  we  find 

2cn  J=a«9r(^)+  \'f(v-t)g(t)dt. 

Ill  JQ 

Thus  Borel's  associated  function  for  the  product-series  is 

F(v)^a^(v)+  [f(v^t)g(t)dt 

Jo 

and  \Fiv)\^\a,\.\g{v)\+[\f(v-t)\.\g(t)\dt 

JO 

But,  by  hypothesis,  we  can  find  the  positive  constants  A  and 
I  such  that 

\f(t)\<A^,       \g(t)\<A(f*. 
Hence  \F{v)\<\ao\A^'+Ah)^', 

and  consequently  we  find 

lim  [e-^'F{v)]=0. 


»->« 


Similarly,  we  can  prove  that 


9->ao 


Thus  F(v)  satisfies  all  the  necessary  conditions 
By  combining  these  results,  we  have  the  following  rule :  If 
a  polynomial  expression  contains  a  certain  numher  of 
asymptotic  series*  (of  the  present  type)  and  their  derivates,  the 
value  of  the  polynomial  is  expressible  asymptotically  by  a 
series  (of  the  same  type),  obtained  by  applying  the  ordinxvry 
rules  of  calcvlationy  as  if  the  series  were  all  convergent 
And  the  resvlt  cannot  be  identically  zero,  unless  the  terms  of 
the  resulting  series  are  zero. 

The  reader  who  is  familiar  with  elementary  function-theory  will  have  no 
difticulty  in  extending  these  results  to  the  complex  variable,  in  a  suitably 
restricted  area. 


*0f  course  some  of  the  functions  may  have  ordinary  convergent  expansions 
in  l/x. 
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138.  Another  integral  for  an  asymptotic  series. 

There  are  a  number  of  interesting  examples  which  do  not 
come  immediately  under  the  foregoing  method,  but  can  be 
treated  very  easily  by  making  a  slight  change  in  the  definition. 
If  we  suppose  0(a;)  to  be  a  function  such  as  is  specified  in 
Art.  118,  it  is  readily  seen  that  the  previous  results  are  still 
true  for  the  integral 

J{x)  =  f  ^(e)/g)  dt,    where  f{v)  =  S  ?  '^. 

provided  that  the  series  f{v)  has  a  non-zero  radius  of  conver- 
gence p,  and  that  certain  restrictions  are  satisfied  as  to  the 
rate  of  increase  of  |/**('y)|  with  v. 

In  particular,  if  we  can  find  a  function  V^(^)  such  that 

j?=(-i)»fV(#)r<i^, 

^n  Jo 

we  shall  have  the  equation 

For  this  is  easily  proved  to  be  true  when  |  v  |  <C  p,  and  we  can 
take  this  integral  as  the  definition  of  f{v)  for  larger  values  of  v. 

Then,  \f{v)\<^  \^l.{i)\di 

JO 

and  \fiv) |<  f V I ^ii) I di. 

Jo 

That  the  integral  is  in  fact  represented  asymptotically  by  the 
series  follows  at  once  by  observing  that 

/(f)= 
£v'(f)[i-v^+v*^+...+(-i)"-'^»-'r-'+(-i)"r^] 


71 


n 


V 


where  |  i2^  K 

Hence 

«/(^)=J"^(o/(|)d<=«o+5+-+^;+^„', 

where  |iJ„'|<|a„|/x». 
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Again*  J'(x)=  -0,  ^(0/©  dt, 


and,  as  previously,  this  can  be  shewn  to  give  the  asymptotic 
series  obtained  by  the  ordinary  rule  for  differentiation. 
A  special  type  is  given  by  taking 

<t>(t)  =  e-H^'\      (X>0), 

and  then  c„  =  r(72+X). 

Thus  our  definition  becomes 


'^<^>=D-'/(l)^^-''" 


where  f(^)=^T^^)''- 

It  is  easy  to  repeat  the  previous  argument  (with  small 
changes)  to  establish  the  corresponding  theorems  for  operating 
with  this  integral. 

As  an  example  of  the  last  method,  we  may  point  out  that  in  Ex.  2, 
Art.  132,  we  could  infer  the  differential  equations  for  X,  V  by  simply 
operating  on  the  asymptotic  series. 

Another  example  is  given  by  the  series 

T{k)-T(l  +  X.)l+T(i+X.)^-... 

which  leads  to  f(v)=l/{l+v)f  so  that  the  series  represents  asymptotically 
the  integral  />»    ^ 

Jo   t-\-x 

139.  Differential  equations. 

We  shall  conclude  by  giving  a  few  examples  of  the  way  in 
which  asymptotic  series  present  themselves  in  the  solution  of 
differential  equations;  and  we  shall  illustrate  the  methods  of 
Arts.  186-138  by  summing  these  series. 

1.  Let  us  try  to  solve  the  differential  equationf 


1-2+6,,      (6>0X 


*  Differentiation  under  the  integral  sign  is  justified,  hecayse  we  suppose 

l/W^)l</^l^(^)|de 
and  /     t<p(t)cU  converges. 

Thus  the  test  of  Art.  172  (3)  applies. 

fThis  is  the  simplest  case  of  a  general  type  of  equations  examined  by  Borel 
{Annales  de  VEcole  Normale  Stip^rieure  (3),  t.  16,  1890,  p.  96). 
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by  means  of  an  asymptotic  series 

On  substitution,  we  iind 

x^      a?       x^      '""x^^K^^^l^^x^^"')' 
This  gives 

A    ^0         A     —  _^  A     _        ^1_^ 

. 2^g_  _  1.2a         _     3^3_1.2.3.a 

Thus  we  find  the  formal  solution 

and  by  Art.  136  this  gives  the  equivalent  integral 


-a 


fQ  t+bx* 

and  it  is  easy  to  verify  directly  that  this  integral  does  satisfy 
the  given  equation,  as  of  course  must  be  the  case  in  virtue 
of  Art.  137. 

2.  Consider  the  modified  Bessel's  equation 

dx^    X  dx    ^ 
Write  y=«~'a:~^ry,  and  then  we  find 

K  we  Bubstitute  ,y  =  i4.^4.?2+^4.... , 


X       X^      3^ 


we  obtain 


Hence  we  find 

2a,=  -(iy,  2.2a,=  -(t)«a,.   2.3.a,= -(fyo,,..., 

and  BO 

1     1  12.3M  1«.3«.5«    1      .^ 
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Thus  17  is  represented  by  the  series 

1  1      1^3^     1        1^3«.5g     1 

2  4a?"*"  2  .  4  (4r)^      2.4.6    (4^"*" •"• 

That  is,  anVij)     ,^..l^,6,..(2n-l)  ]_ 

*  r(n  +  i)     ^     ^       2.4.6... 2»      2"' 

and  so  if  we  put  c„=:^^^=-^  re-H^-^dt, 

we  have  v  55=  i;* = (1 + ^v)"*. 


c" 


This  leads  to  the  integral  (Art.  138) 


-'  —      e-*dt 


Hence  2/=  t      i» 


which  can  be  proved  directly  to  be  a  solution  of  the  given  equation. 
Similarly,  we  can  obtain  the  solution 

for  the  equation 
3.  In  like  manner  the  differential  equation 

is  satisfied  formally  by  the  asymptotic  power-series  I 

ir       a(l-/?)     a(a-H)(l-/?)(2-ff)         1 
^"oAs        \.x  "^  1.2.0^  '"J' 

which  leads  to  the  integral 

/•oo 

This  equation  has  been  very  fully  discussed  by  W.  Jacobsthal  {McUh, 
AmicUen,  Bd.  66,  1903,  p.  129),  to  whose  paper  we  may  refer  for  details 
as  to  the  various  solutions.  i 

We  have  now  completed  a  tolerably  full  account  of  the 
theory  of  non-convergent  series,  so  far  as  it  has  been  yet 
developed  on  the  "arithmetic"  side.  Its  applications  to  the 
Theory  of  Functions  lie  beyond  the  scope  of  this  book,  and 
'we  have  made  no  attempt  to  give  more  than  a  few  theorems 
whose  proofs  can  be  readily  supplied  by  any  reader  interested 
in  such  developments. 


I 
V 
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EXAMPLES. 

Integration  of  Snnunable  Series. 
1,  We  have  seen  (Art.  103)  that  the  Borel  sum  of  the  series 

8in(a:  +  a)+sin2(A'+a)  +  8in3(.r+a)  +  ... 
is  ^ cot ^(07+ a);  and  so  we  find  the  sum  of  the  series 

2  (cos  jr  sin  a  +  cos  2a^  sin  2a  +  cos  3.r  sin  3a  + . . .) 
to  be  icoti(j:+a)- Jcot^(x  — a)  =  sina/(cosa:-coea). 

This  suggests*     pf'oo^na^.d^  ^^Bmna        (o<„<^), 

Jo  co8.r-co8a         sin  a 

which  is  easily  verified  by  using  the  trigonometrical  identity 

=-; —  [sin  ?ia4-2  co8^sin(w-  l)a4- ...  +2coB(n-  l)jrsin  a]. 


cos  nx  -  cos  na 


cos  X  —  cos  a       sin  a 


2.  Just  as  in  the  last  example  we  get 

2  (sin  :f  cos  a + sin  2a;  cos  2a +  ...)=  -  sin  j:/(co8  a;  -  cos  a)  ; 
and  so  integrating  we  find 

log  4  (cos  jc  —  cos  a)*  =  -  42  -  cos  nx  cos  na, 
the  constant  being  found  by  using  the  value  of  the  series  for  or =^  (Art.  65). 
Thus  /   log  (cos  x  -  cos  a)^  <ir  =  -  27r  log  2, 

/   log  (cos  X  —  cos  a)*  cos  ru:cLc=  -  (^"tr/ii)  cos  na. 


Another  form  of  the  first  integral  is 

ro 
Deduce  that  if  r*  <  1 , 


f^[ofr{a^cos^e  -  b^sin^eyde  =  TT  log  {i  I  a«  -  62 1 }. 

JO 


/••log 4 (cos or- cos a)2  27r   ,      ,,     ^  ,    ov 

j,      l-2rcos^+;^    otr=p-^log(l -2rcosa+Hi). 

3.  Since  we  have 

cot  7war= 2  sin  2mx-{-  2  sin  4w?.r + 2  sin  67/U7+ . . . , 
it  is  suggested  "*  that  if  /x  is  a  multiple  of  m, 

/   sin  2/LU'  cot  iruv  dx  =  ir. 
jo 

This  result  is  easily  verified  independently. 


*The  results  of  Art.   109  do  not  allow  us  to  integrate  over  the  value  x=a 
in  Ex.  1,  nor  over  the  values  x=mrp.m  in  Ex.  3. 
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4.  From  Art.  103(4)  we  see  that 

0 

Thus  ^sm{jr+ 11)6 =i  cos(x-  4)^/8in  J^, 

0 

00 

and  Q^co8(j*+n)^=  -  J  sin  (a:- J)  ^  "sin  i^. 

0 

Hence,  integrating  with  respect  to  6,  we  find 

^sin(x±n)0     1   r'sinCr-l)^  ,^^  .    ,     ,^(-1)" 

0  x-\-n  2J0      sin^^  ^        0  •r+n 

The  series  2( -!)"/(•''+ '0  i*  sometimes  denoted  by  Pi^X  and  can  be 
0 
expressed  by  means  of  the  V^-f unction  (see  Exs.  42-44,  p.  475^  since 

Thus,  if  X  u  rational,  the  series  can  be  summed  in  finite  terras  ;  the  case 
x^\  has  occurred  in  Arts.  65,  90,  so  take  now  jr=j^  as  a  further  example. 

We  get  |cos(^i)^^l  /•'eoseci(9rf^=logcoti(9, 

where  0<^<ir. 

If  Olrr  is  rational  the  series  may  be  expressed  by  means  of  ^-functions ; 
and  so  the  integrals  are  then  expressible  in  the  same  form. 

If  we  allow  6  to  tend  to  0  in  the  sine-series,  we  get 

Jo       Bin  5(7 
[For  lim  i  (-^--\xn(x+n)e=0 

by  Weierstrass's  IT- test,  and 

1 8in(x+n)  ^^  J  (^  _  ^)^^  ^Q_^  gjjj  ^Q  l^g(4  ginJj^.] 

1  w 

« 

Gesaro's  Mean-value  Process. 

5.  A  specially  interesting  example  of  Ceskro's  process  was  given  recently 
by  Fej6r,  who  applied  it  to  the  Fourier-series  for  a  function  f{x)  which 
does  not  satisfy  Dirichlet's  conditions  (Art.  174,  App.  III.)>  so  that  the 
series  need  not  converge. 

In  fact,  if  a„=i  [^ f (6)  cos  nOdO,  6,=-  /"*/ W  sin  n^  rf^, 

and  we  write  tto=«o>  w„  =  a„co8  7wr-f  finsin^u:, 
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we  find  that 

and  that  the  arithmetic  mean  of  Sq,  «i,  ...,  «m-i  is 

By  dividing  this  integral  into  two,  we  find  from  Ex.  7,  Art.  173 
(App.  III.X  that  it  has  the  limit  f{x)  if  the  function  f{x)  is  continuous. 
The  extension  to  cases  when  f(x)  has  a  finite  number  of  ordinary  dis- 
continuities presents  no  fresh  difiiculty  ;  but  the  proof  under  the  single 
restriction  that  f(ai)  must  be  integrable  is  beyond  our  range.* 

6.  Let  us  write  a-n  for  the  arithmetic  mean  used  in  the  last  example, 
then  it  is  easily  seen  that  if  f{x)  is  continuous  the  convergence  of  a-n  to 
its  limit  f(ai)  is  U7iifonn  for  all  values  of  x  from  0  to  27r.    Thus 

lim  rU(.v)-(rnfd.v=0, 

n—*9ijO 


"— ^  n  —  r. 


Since  o-n-i = Oq  +  2 {otr  cos  rx  -{-br  sin  rx)^ 

we  find  that  (paying  attention  to  the  definitions  of  o^,  br) 

Thus  a,*+i^{ar'+K^)(l-Q  <  ^  {fjU{^)Jdx-J,], 

where  m  is  any  number  less  than  n ;   and  so,  taking  the  limit  as  n  tends 
to  00,  we  find 

V+ii(«rHV)^-i-  /""[/Wrcir,  because  limJn=0. 

Thus  the  series  2(«r*+ftr^)  is  convergent  (Art.  7),  and  so  we  may  apply 
Tannery's  theorem  (Art.  49)  to  t/„,  which  gives 

ZTT  Jo  r=l 

[This  result  is  due  to  de  la  Vallee  Poussin  ;  see  also  a  paper  by  Hurwitz 
{Math,  Anncden,  Bd.  57,  1903,  p.  425).] 

7.   We  have  seen  that  2a„2,  ^bj^  are  convergent,  using  the  notation  of 
Exs.  6,  6 ;  thus  (Ex.  15,  Cli.  II.),  we  see  that 

-2 1  On  I  and  -2|6„ 
n  11 

are  convergent. 


*L.  Fej6r,  Math,  Annalen,  Bd.   58,  1904,  p.  61;   Lebesgue,  84ries  Trigono- 
nUtriqwB,  Paris,  1906,  pp.  91^104. 
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Hence  the  series 

is  convergent ;  and  its  sum  is  therefore  equal  to  the  sum  found  by  taking 
the  arithmetic  mean.     But  this  is  equal  to 


lim  I    a-ndx^  I  f{x)cLcy 

n— ♦•Jo  Jq 


because  a-n  converges  uniformly  to  the  value  f(x\ 
[This  result  is  also  due  to  de  la  Valine  Poussin.] 

8.  Consider  the  application  of  Frobenius's  theorem  to  the  series 

where  ^  is  a  complex  number  of  absolute  value  1,  but  is  not  equal  to  ~1> 
and  X  \a  real.     It  is  easily  proved  that 

and  generally    ««={! -(-O'l/O+O,      if  {y-Vf'^n<v^. 

Hence  the  arithmetic  mean  is  found  to  be  1/(1 +^X 
and  thus  lim (1 -:r^+ar*^2_^^_|....)==  1/(1  +  ^) 

or  lim(l  -a:cos^+j;*eos2^-a^cos36'+...)=i, 

as— ♦! 

Iim(a7sin^-^sin2^+a;»sin3^-...)=itan(i^). 
[See  also  Appendix,  Art.  155.] 

9.  Apply  Ceskro's  mean- value  process  to  the  series 

/l-(/l+/2)  +  (/l  +  /8  +  /3)-(/l+/2+/3+/4)+-..» 

where  /»  is  positive  and  decreases  steadily  to  zero,  but  2/n  diverges. 
The  sum  is 

i(/i-/i+/3-/4+'..) 

=  lim  [/,  -(/i+/2).r+(./i+/2+/3)^- ...].  [Hardy.] 

[We  have,  in  fact, 

*1  =/l>    *a  =  "/2  >     *an-l  —f\  -\-fz  +  •  •  •  +^211-1 )    ^Sn  =  —  {f^  +/4  +  •  •  ■  +/»•)» 

and  so  the  arithmetic  mean  of  «i,  «,,  ...,  s^  is 

(^2+^4+---  +  ^2».)A^»^>  where  ^2«=/i-/2+/s-.-.-Af 

Apply  Stolz's  theorem  (Art.  152,  II.),  and  we  find  that  the  limit  of  the 
arithmetic  mean  is  equal  to  ^\\mt^.  Again,  from  Stolz's  theorem  we  see 
that  lim(«3„4.i/n)=lim/3K+i=0,  and  so  the  arithmetic  mean  of  «i,  <9,  ...,  s^^\ 
tends  to  the  same  limit  as  that  of  «|,  b^^  ...,  s^.  The  result  can  also  be 
found  by  applying  Art.  124  to  the  product  (1 -1  +  1 -...)( /©-A +/2 ""•'•)•] 
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10.  Illustrations  of  the  last  example  are  given  by  taking 

i-(i+i)+(i+Hi)-...=ilog2, 

log2-log3+log4-...=ilog(ix). 
[In  the  second  we  use  Wallis's  product  (Art.  70) :    it  is  instructive  to 
notice  also  that,  to  the  base  10,  i  log  (Jtt)  =  "098060  to  6  decimal  places, 
which  verifies  Euler's  calculation  quoted  in  Ex.  3,  Art.  121.] 

11.  It  follows  from  Art.  11  that 

steadOy  decreases,  and  that  its  limit  is  Euler's  constant  (7. 

Thus  the  series   2(  - 1)'-^  [(^  + 1 "♦"  ■  ■  • + ^J  -  ^-  log  n] 

is  convergent  and,  from  the  last  example,  its  sum  is  seen  to  be 

i  log  2  -  i(7+  i  log  (^) = i  (log  Tr-C)= -28376.  [Hardy.] 

I  The  value  of  the  sum  can  be  verified  by  observing  that  the  sum  to 
2n  terms  is 

ABymptotic  Series. 

12.  Establish  the  asymptotic  formula 

^,       /--sinar  ,   ^  (-l)«r        1.2^1.2.3.4        T 
Jnw    ^  TiTT    L       (nTr)*        (nir)*  J 

which  leads  very  easily  to  the  numerical  results 

2;s=--1040,    i;4=  +  -0787,    175= -"0631,    t;e=+-0627, 
and  so  on. 

[CJompare  Art.  132.]  [Glaishkr,] 

13.  Use  the  integral  of  Art.  180  to  shew  that 

'^^'-r[«---(^:)]?. 

and  deduce  the  asymptotic  expansion 

®        1      Of*      «(n+l) 
where  <^(a)  is  the  BernouUian  function  of  Art.  94.  [Sonine.] 

1A  r  «"**  ^       r^^  '    r*    M^  1     2! ^4! 

^*-  l  \^^^l  7  8m(^-/:)rOj-p+p-..., 

the  error  obtained  by  stopping  at  any  stage  being  less  than  the  following 
term  in  the  series.  [Caught  and  Dirichlet.] 

[For  the  first  integral  use  the  identity 

1  j:*" 


For  the  second,  integrate  by  parts;  the  equality  between  the  integrals 
is  suggested  by  the  series  and  can  be  established  directly.] 


th*  *rTT  y^^.Z'Z  i.ri^z.  >«•  thaa  tin*  f:i_':nrr24r  tiirai- 


i^     Tr*^j- 


liu  0<tt*ra;:T.  If  0<#<rl.  we  dM 


•«^— *»  ^,--* 


<£ir  =  r'i-^  ^  I    <-r--  i>  = 


V 


AmI  siniiiAr  exj^^smioia  can  be  given  for 

I dj . 

'      1— -r* 
-  •    »  '  -^ 

17.   Apply  Art.   131   to  the  function  /(y)=x'0-^\  A>a  and 
in  particular  the  form  a  la 

J-A     ifi^A  K/LA    20     1200  ifxlO^  J 


lO" 

Hence  evaloate  the  fium 


2I    3I 


to  6ve  decimal  places. 

I  — a.'* 

•hew  that  u^  -  «,., = Vir^  L  J^2«_z]), 

and  that  «^=  ^Y^[^'''"'*^-^]=^^^/o"^^'• 

IIenc^  prove  that 

and  that  the  value  of  the  remainder  is  approximately  (a'-n+^)/^/(2n). 
In   particular,  for  a»4,  by  taking  16   terms  we  can  infer  that  the 

value  of  the  integral    L  ^dt  lies  between  1149400*6  and  1149400*8. 

[Stirltjes,  Acta  Math,,  Bd.  9,  p.  167.] 
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19.   Obtain  from  Art.  131  the  asymptotic  expansion 

c'-l^e*-l^e»-l^- 
and  deduce  the  behaviour  of  the  series 


as  X  approaches  1,  by  writing  ^=log(l/j7). 

[ScHLOMiLCH,  Compendium  der  hbheren  AnalysU^  II.,  p.  238.] 

20.   From  the  equation 

i,,/;*.-<i^=/;iog(^j(i-x)-rfx, 


we  obtain 


-  y  fl  1.2...(r-l)        1 

„iLr»    r(n+l)(«+2)...(n+r)J' 


Thus 


22-^  — -^^2     Q     „^i     (w+i)(n  +  2)    (/i+l)(»+2)(n  +  3)     '•' * 

[SchlOmilch.] 

.21.   Similarly  prove  that 

log(»!)-ilog(2,r)+(»+i)log«-n-  ^•^+;,(»+|^+2)"- " 

[See  Schl5milch,   Compendium  der  hbheren  Anali/sis,   II.,  pp.   97-100 ; 
Uehungshuch  der  hoheren  Analysis,  II.,  pp.  192-195.] 

22.   Prove  also  that 

the  following  numerators  being  2,  4,  14,  38,.... 

Jx   y/i  J^       L       :p+1     (x'+1)(^+2)         J 

the  following  numerators  being  §,  'flr,  ^^, .... 

[ScuLuMiLCH,  Compendium ... ,  II.,  p.  270.] 
I.S.  Z 
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23.  More  generally  prore  that 

where  r(r- !)...(/ -fn  +  l)=r -r,r^"  +  (7jr-* -..., 

A.=A(A+1)...(A+«~1) 

and     Om— A^  — ^lA«-l+^l^»-l~•••• 
[ScHL^MILCH,  I.e.'] 

24.  It  must  not  be  assumed  that  if  \im(ajb^)=l  and  ^.f*  is  con- 
vergent for  all  valaes  of  jr,  that  the  two  fanctions  Xo^f*,  26.0^  have  the 
same  asymptotic  representations. 

For  example,  consider  the  two  series 

COSX— 1       of  +  ^t      fti  +  "M 


C08X  + 


2!  •  41     6: 
sinhx 


={--i)-S('-D*f:('-y-l(-»-- 


MiBceUaneooB  Applications. 

25.  Shew  that  if  we  attempt  to  find  a  Fourier  sine-series  for  cotx 
from  x=0  to  ar=ir,  we  obtain  the  series 

2  (sin  2j: + sin  4x + sin  6jr  + . . . ), 

which  can  be  proved  to  have  the  sura  cotx  by  using  either  BorePs  integral 
or  Cesiiro's  mean  value  (Arts.  103,  126). 

26.  Hardy  has  extended  the  result  of  the  last  example  as  follows : 

If  f(x)  satisfies  the  conditions  of  Fourier's  expansion  from  x=0  to  2iry 

r  ill  A  A       'I 

except  that  near  ^=a, /(x)-l  -r7~+7~z^  \i'^'"^T~Z^~y*     satisfies  these 

conditions ;    then  f{x)  can   be   expanded   as   a   Fourier  series  which   is 
summable  except  at  x=a. 

In  particular,  if  m  — l,  we  have  the  simple  result 

CO 

/(•^)=«o+  Q5^(a«co8nx+6«sinnxX 

where  Of^^—P  I   f{x)dxy  a„  —  -P  I   f{x)QO&nxdx^ 

1     r** 

bn=~P  I    f{x)  sin  nx  dx ; 
TT     Jo 

and  this  is  easily  extended  to  the  case  in  which  f(x)  has  any  finite  number 
of  such  singular  points.    [Hardy,  Messenger  of  MatJis.^  vol.  33,  1903,  p.  137.] 

27.  Applying  a  method  similar  to  that  of  Ex.  2,  p.  42,  prove  that 

il            1.2        _      _27n  +  l 
2^*^2^(2711-1)     m+1 

or  (2m)I-(2m-l)!.l!+(2m-2)!.2!-...-^?^±^, 

^  '  m  +  1 

while  (2m+l)!-(2w)!.l!  +  (2w-l)!.2!-...=0. 


XL]  EXAMPLES.  356 

Deduce  that  the  product  of  the  two  asymptotic  seriee 

is  represented  by 

31      51      71 

As  a  verification,  observe  that  if  the  first  two  series  are  denoted  by  xu^ 
XV  respectively,  then  term-by-term  differentiation  gives  (compare  Art.  137) 

du_  1     c^  _   _1 

dx^  £   dx  X 

and  so  ,,^ro^  +  _ +_+..., 

which  agrees  with  the  result  deduced  above  from  direct  multiplication. 

28.   Le  Boy's  method  described  in  Art.  115  can  be  applied  to  Stirling's 

series  (Art.  132), 

^  (-l)"gn^i 

«=o(2n  +  l)(2w  +  2)j;»"+i' 

taking  jD  =  2  in  Le  Roy's  formula. 

[We  find  in  fact  U.i^^f^^^, 

a  series  which  converges  absolutely  if  |f  |<2^|^|.    Also  (Art.  176,  Ex.  2) 


?,^i-4(w  +  l)|J 


r«  sin  {^lx)dt 
Jo     f(e»^-l)' 

the  interchange  of  summation  and  integration  being  justifiable  by 
Art.  176,  A,  so  long  as  |f  |<2ir|a;|.  Thus,  in  agreement  with  the  principle 
explained  in  Art.  136,  we  can  agree  to  define  U^(^  as  always  given  by 
the  last  integral.  Then  if  it  is  permissible  to  invert  the  oi'der  of  integra^ 
tion  with  respect  to  ^  and  t,  we  have 

and  we  get  the  sum  2 f  "Cretan (</x)^^ 

Jo  c     '  —  1 

but  this  last  inversion  is  not  particularly  easy  to  justify.] 
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29.  As  examples  of  series  which  can  be  readily  summed  by  means  of 
various  integrals  similar  to  those  of  Art.  136,  we  give  the  following  simple 
cases : 

l-3!ar+5!^-7!;r5+..., 

r(X)-r(i+x)ar+r(2+x)^-..., 

r(A)--r(2  +  A)a;+r(4  +  A.)^--..., 
l-i(2!):r+^(4!)ar»-.... 

SO.   Determine  a  formal  solution  of  the  equation 

in  the  form  e-«>trfl(i  +  _J+_| +...), 

and  express  the  result  as  a  definite  integral 
[The  integral  ie  _r^./Vi(i +  £)'-'.-.*,      if  j>0.] 

31.   Obtain  a  formal  solution  of  the  differential  equation 

g+(2«+l-^)y=0 

inthefonn     e-i-^[l-^-<^^^^^-'fJ<^-'^-...-} 
and  express  the  sum  of  this  series  as  a  definite  integral. 
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In  ExB.  20-23  the  series  are  7iot  asymptotic  hut  convergent ;  they  may  be  used 
instead  of  some  of  the  asymptotic  series  found  in  Arts.  130,  132.  But  the 
law  of  the  coefficients  is  much  simpler  in  the  asymptotic  series ;  and  for  this 
reason  they  are  usually  preferable. 


APPENDIX  I. 

AEITHMETIC  THEORY  OF  IRRATIONAL  NUMBERS 

AND  LIMITS. 

140.  Infinite  decimals. 

If  we  apply  the  ordinary  process  of  division  to  convert  a 
rational  fraction  a/b  to  a  decimal,  it  is  evident  that  either  the 
process  must  terminate  or  else  the  quotients  must  recur  after 
(6  —  1)  divisions  at  most;  for  in  dividing  by  6,  there  are  not 
more  than  (6  —  1)  diflferent  remainders  possible,  (namely  1,  2, 
3,  ...6-1). 

For  instance,  J  =  '125,  terminating  after  three  divisions. 

Again  ^  =  714285,  recurring  after  six  (  =  7-1)  divisions. 

Also  ^  =  '3571428,  recurring  after  seven  divisions. 

And  ^y  = '153846,  recurring  after  six  (=^(13-1))  divisions. 

If  the  decimal  part  is  purely  periodic  and  contains  p  figures,  the  decimal 
can  be  expressed  in  the  form  P/'(10'-l),  by  means  of  the  formula  for 
summing  a  Geometrical  Progression  (Art.  6).  Thus  b  must  be  a  factor  of, 
or  equal  to,  10'  -  1  ;  and  so  b  is  not  divisible  by  either  2  or  5.  Conversely, 
it  follows  from  Euler's  extension  of  Fermat's  theorem  that  when  b  is  not 
divisible  by  either  2  or  5,  an  index  p  can  be  found  so  that  lO''— 1  is 
divisible  by  b ;  thus  a/6  is  of  the  form  P/(10''  — 1)  and  so  can  be  expanded 
as  a  periodic  decimal  with  p  figures  in  the  period. 

But  if  the  decimal  part  is  mixed,  containing  n  non-periodic  and  p  periodic 
figures  (as  for  ^),  b  must  contain  either  2*  or  5"  as  a  factor ;  because 
the  decimal  part  of  (a  x  10")/6  will  be  purely  periodic.  The  relation 
between  p  and  the  other  prime  factors  of  b  cannot  be  discussed  so  simply. 
But  it  is  proved  in  the  Theory  of  Numbers  (see,  for  instance,  Gauss,  Disq. 
Arithnu,  §§83-92,  308-318)  that  if  6=2*5^r^«*^r... ,  where  r,  «,  ^, ...  are 
primes  (not  2  or  6),  then  n  is  the  greater  of  a,  /S,  while  p  is  a.  factor  of 
the  L.C.M.  of  r^-^r-l),  g^-^is-l),  f'-^t-l),  .... 

If  now  we  agree  to  replace  a  terminated  (say  "125)  by  an 
infinite  decimal  '125000 ... ,  it  will  be  evident  that  any  rational 
fractimi  can  he  expressed  as  an  infinite  decimal* 

*  AccordiDg  to  the  rules  of  arithmetic,  we  could  also  replace  '125  by  *124d,  but 
it  is  more  convenient  to  have  a  unique  form,  and  we  shall  adhere  to  '125000 ... . 
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But   we  can   easily   see   that  the   rational   numbers  do  not 
exhaust  aU  infinite  decimals. 
Thus  consider  the  decimal 

•1010010001000010..., 

which  consists  of  unities  separated  by  zeros,  the  number  of  zeros 
increasing  by  one  at  each  stage.     Clearly  this  decimal  neither 
terminates  nor  recurs:  and  it  is  therefore  Tiot  rational. 
Similarly,  we  may  take  a  decimal 

•11101010001010001... 

formed  by  writing  unity  when  the  order  of  the  decimal  place  is 
prime  (1,  2,  3,  5,  7, ...),  and  zero  when  it  is  composite  (4,  6,  8,  9, 
10, ...).  This  cannot  be  rational,  since  the  primes  do  not  form  a 
sequence  which  recurs  (in  rank),  and  their  number  is  infinite,  as 
appears  from  the  Theory  of  Numbers. 

If  the  primes  recun'ed  in  rank  after  a  certain  stage,  it  would  be  possible 
to  find  the  integers  a,  b,  such  that  all  the  numbers 

a,  a  +  6,  a  +  2b,  ... 

would  be  prime.  Now  this  is  impossible,  since  a+ab  is  divisible  by  a ; 
and  therefore  the  primes  do  not  recur. 

If  the  primes  were  finite  in  number,  we  could  denote  them  by  jo,,  p^y 
Psi  '-'iPnl  &nd  then  the  number 

(PlP2P3"'Pn)+l 

would  not  be  divisible  by  any  prime,  which  is  absurd.  Thus  the  number 
of  primes  is  infinite  ;  this  theorem  and  proof  are  Euclid's  (Bk.  ix,  Prop.  20). 

As  an  example  of  a  different  type,  consider  the  infinite  decimal 
obtained  by  applying  the  regular  arithmetic  process  for  ex- 
tracting the  square-root  to  a  non-square  such  as  2 ;  this  process 
gives  a  sequence  of  digits* 

1-414213562373.... 

This  decimal  has  the  property  that,  if  An  denotes  the  value 
of  the  first  n  digits  after  the  point, 

which  gives     2 - uln*  <  3/10«,    since     2An+ 1/10«  <  3. 


*  A  rapid  way  of  finding  the  decimal  ie  to  use  the  series  of  Euler,  Ex.  B.  12, 

€b.  vm. 
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To  see  that  this  decimal  cannot  terminate  or  recur,  we  have 
only  to  prove  that  there  is  no  rational  fraction  whose  squa/re  is 
equal  to  2, 

This  is  nearly  obvious,  but  we  can  give  a  formal  proof  thus  :  Suppose,  if 
possible,  that  (a/6)2=2  ;  we  maj  assume  that  a,  b  are  positive  integers  which 
are  mutually  prime,  and  therefore  at  least  one  of  them  is  odd.  Now 
since  a^=26^,  a  cannot  be  odd\  so  that  h  must  be  odd.  But  if  we  write 
a=2c,  we  get  2c'=&^,  so  that  h  cannot  be  odd;  we  thus  arrive  at  a 
contradiction^ 

141.  The  order  of  the  system  of  infinite  decimals. 

It  is  possible,  and  in  many  ways  it  is  distinctly  best,  to  build 
up  the  whole  theory  of  rational  numbers  on  the  basis  of  order, 
regarding  the  numbers  as  marks  distinguishing  certain  objects 
arranged  in  a  definite  order.  If,  as  usual,  we  place  the  larger 
numbers  to  the  right  of  the  smaller,  along  a  straight  line,  we 
shall  then  regard  the  inequalities  A^ B,  B^C  simply  as 
meaning  that  the  mark  -4  is  to  the  right  of  B  and  the  mark  C 
to  the  left  of  B,  so  that  B  falls  between  A  and  (7. 


I  I  I 

C  B  A 

We  shall  now  prove  that  we  can  obtain  the  sarne  arrangement 
hy  reference  to  the  corresponding  infinite  decimals,  without 
comparing  the  rationed  numbers  directly. 

Suppose  that  we  find 

-^  — ",Q-r j^Q-r^Q2  •  •••  '  ]^Qn  •  •••  > 

■«^  —  t^o  •  2Q  •  2Q2  I"  •  •  •  •"  20»  '  •  •  • ' 

and  that  the  integers  a^,  br  are  the  same  up  to  a  certain  stage  ;* 
say  that  we  find 

^0  =  ^0*    ^1  =  ^,...,    an-i  =  ^n-i,    but  a„>6„. 
Write  Ar^ao+^  +  ^^+...+^,. 

with  a  corresponding  interpretation  for  Br.     Then  we  have 

4.-5,=K-6.)/10«Sl/10». 

*They  cannot  be  always  the  same,  or  A  would  be  equal  to  B.     Note  that  Oq, 
^Q  may  be  negative,  but  that  o^,  o^, ... ,  6},  63, ...  are  all  positive  and  less  than  10. 
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Also  10%B—Bn)  is  a  rational  number,  and  is  less  than  1,  in 
virtue  of  the  method  of  finding  B^  from  B, 

Thus  £<£«+l/10», 

while  A^A^ 

and  ^,^£,+  1/10*. 

Hence  A^  B, 

Thus,  in  order  to  determine  the  relative  position  of  t'wo 
infinite  decimala  (derived  from  rational  fraction^\  we  need 
only  com/pare  their  digits,  until  we  arrive  at  a  stage  where  the 
corresponding  digits  are  different ;  the  relative  value  of  these 
digits  determines  the  relative  position  of  the  two  decimals. 

By  extending  this  rule  to  all  infinite  decimals  (whether 
derived  from  rational  numbers  or  not)  we  can  assign  a  perfectly 
definite  order  to  the  whole  system :  for  example,  the  decimal 
•1010010001  •••  given  in  Art.  140  would  be  placed  between  the 
two  decimals 

•1010000...  (zeros)  and    1011000  ...(zeros), 
and  also  between 

•101001000...  (zeros)  and  -101001100  ...(zeros), 
and  so  on. 

Similarly,  we  may  shew  that  the  infinite  decimal  derived  from  extracting 
the  square  root  of  2  must  be  placed  between  f  f  and  |f.  For,  by  division, 
^e  find  fi^  =  l-411  ...,    fa  =  i.4i46...^ 

so  that,  in  agreement  with  the  rule, 

f^<l-41421...<ff 

It  must  not  be  forgotten  that  at  present  the  new  infinite 
decimala  are  purely  formal  expressions^  although,  as  we  have 
explained,  they  fall  in  perfectly  definite  order  into  the  scheme 
of  infinite  decimals  derived  from  rational  fractions. 

142.  Additional  arithmetical  examples  of  infinite  decimala 
which  are  not  rational. 

Consider  first  the  sequence  of  fractions  (a^),  where 

an  =  l-f2i  +  3i  +  ---+^r 
If  m  is  any  integer,  and  n^niy  we  find 

«"     '''~"(m  +  l)"!"^(m  +  2)r-"^7Tr 
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which  is  less  than 

Thus,  if  n'^m+l,  the  decimal  for  a^  lies  between  the 
decimals  given  by 

a„,.=a.+,-l^,    and    a^+' 
^*  (m  +  1)!  m(77i!) 

In  this  way  we  find  successively  the  limits 

1-66  and  1*75,  m  =  2 

1-708  and  1*720,  m=3 

1-7166  and  1'7188,  wi  =  4 

1-71806  and  1*71834,  m=5 

1-71825  and  1*71829,  m=6 
and  so  on. 

As  m  increases,  these  two  decimals  become  more  and  more 
nearly  equal;  and  we  are  thus  led  to  construct  an  infinite  decimal 
(1  •718281828...),  which  we  regard  as  equivalent  to  the  expression 

(1)  l  +  2"!"^3'!"'"4!"^--^^°^- 

It  will  now  be  proved  that  this  infinite  decimal  cannot  agree 
with  the  one  which  corresponds  to  any  rational  number. 
For  the  decimal  corresponding  to 

must  be  less  than  the  decimal  derived  from 

111  1 


2^2.3^2.3'^^'"^2.3»-«" 
And  the  last  expression  is 

K'-si-.)/(-5)-!(-3-> 

Hence,  no  matter  how  many  terms  we  take  from  o^-f  51+... , 

the  decimal  derived  from  their  sum  will  be  less  than  the  decimal 
•76. 

But  if  c  is  any  integer  greater  than  1, 

1^      _J_      1  1  1^  1 


2!^c+l'    3!^(c+l)(6'  +  2y    4!'^(c  +  l)(c  +  2)(c  +  ;i)' 


t^y±  lEEATIOXAL  XUMBEBS.  [aP.  I. 

aod   ^o  on.     Thva    the  d^eisiai    repreaenring  any  number   of 

1  1  1 

+  -— ; K  + -, r^— T^  +  ... 


moiit  be  l€^s  than  '75. 

Sappotije  now,  if  pa^>dble.  that  1 1  >  coold  lead  to  an  infinite 
decimal  agre^ring  with  the  decimal  derired  from  a  c,  where 
a  and  c  are  positive  int^^rs.     Multiply  by  e!,  and  (1)  becomes 

[(2.3...c)-h«3.4--.c>-h<4.5...c)+...+c+l] 

1  1 

ITie  terms  in  brackets  give  some  integer  /,  say,  and  so  we 
find  that 

that  is,  an  integer  equal  to  a  decimal  which  is  less  than  '75, 
which  is  absunL  Thus  no  fraction  soch  as  a'c  can  give  the 
same  infinite  decimal  as  (1)  doe& 

Consider  next  the  continued  fractions 

hn  =  \  +  T—  YT  TT"'  ^  ^*  terms. 
Here,  we  recall  the  facts  that  if 

then  /^~?^  =1> 

while  bn  lies  between  b^  and  6,^+1  if  n^m+l. 

ThuH  we  find  for  the  successive  values  of  6„, 

'>  2,  2,  5,  5,  -^j  ..,, 
and  HO,  converting  to  decimals,  we  see  that  b^  lies  between 

1 

2 
1-5 

1-67 
1-6 

1-625 
1-615 

1-6191 


a     CI 
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As  7)1  increases,  6^  and  6,„^,  become  more  and  more  nearly 
equal,  and  lead  to  an  infinite  decimal  1*6180340...,  which  can 
be  considered  as  equivalent  to  the  infinite  continued  fraction 

(2)  1  +  1+1+ i  +  T+-^°^- 

This  infinite  decimal  cannot  be  derived  from  a  rational 
fraction  a/c;   for  if  it  were  we  should  have  the  inequality 

p    r  _  1 

so  that  \pc^aq\<^ cjs. 

Since  (pc^-aq)  is  an  integer,  the  last  condition  gives  c'^s; 
but  this  is  obviously  absurd,  because  the  denominator  of  the 
cth  convergent  is  greater  than  c  (if  c  >  5). 

Similarly,  the  continued  fraction 

(^)  1+2T2T2T'" 

can  be  proved  to  lead  to  an  infinite  decimal  which  is  not  rational. 

The  reader  T«^bo  is  familar  with  the  theory  of  continued  fractions  will  see 
that  the  square  of  (3)  converges  to  the  value  2  ;  while  (2)  can  be  interpreted 
in  connexion  with  the  first  geometrical  example  of  Art.  143. 

As  a  somewhat  different  example,  it  is  easy  to  see  that  the 
infinite  decimal 

(4)  logioS  =  -301029995663981  . . . 

cannot  be  rational.  For  if  it  were  equal  to  a/c,  we  should  have 
10^  =  2^;  but  10*  must  end  with  0,  whereas  2^  ends  with  2,  4, 
6  or  8.     Thus  10^  =  2*'  is  impossible. 

Similarly,  we  can  see  that  3,  5,  6,  7,  11, ...  cannot  have  rational 
logarithma 

143.  Oeometrical  examples. 

From  the  examples  given  in  Arts.  140,  142  it  is  evident  that 
the  system  of  rational  numbers  is  by  no  means  sufficient  to 
fulfil  all  the  needs  of  algebra.  We  shall  now  give  an  example 
to  shew  that  it  does  not  suffice  for  geometry. 

Let  a  straight  line  AB  he  divided  at  C  in  "  golden  section  " 
(aa   in   Euclid,  Book  II.,  prop.   11),  so  that  AC:CB  =  AB:AC. 

X       E    b      b  i 
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It  is  then  easy  to  see  that  AC  must  be  greater  than  CB,  but 
less  than  twice  CB*  Cut  oS  AD  equal  to  CB;  it  follows  at 
once  that  AG  i&  divided  at  D  in  the  same  ratio  as  AB  is  divided 
at  C.     For  we  have 

AC :  AD  =  AC  '.CB^AB :  AC, 
and  consequently 

AD:DC=AD\{AC-AD)=AC:{AB^AC)  =  AC:CB, 

Also  AD  IS  less  than  half  of  AB, 

Thus  if  we  repeat  this  process  2n  times,  we  arrive  at  a  line 
AN,  which  is  less  than  the  2"th  part  of  AB. 

Now  suppose,  if  possible,  that  ACjAB  can  be  expressed  as  a 
rational  fraction  r/«;  then  AD/AB  =  CBIAB  is  (8--r)/s,  and 
DC/AB  is  {2r-8)/s.  Hence  AE/AB  is  (2r-8)/8  and  ED/AB 
is  (2s  — 3r)/«.  Continuing  this  argument,  we  see  that  AN/AB 
must  be  some  multiple  of  l/« ;  and  so  cannot  be  less  than  l/s. 
But  we  have  seen  than  AN/AB  is  less  than  1/2",  so  that  we 
are  led  to  a  contradiction,  because  we  can  choose  n  so  that  2* 
exceeds  «.     Thus  the  ratio  ACiAB  cannot  be  rational. 

It  is  not  difficult  to  prove  similarly  that  the  ratio  of  the 
side  to  the  diagonal  of  a  square  is  not  expressible  as  a  rational 
fraction.  In  fact,  let  ABC  in  the  figure  represent  half  a  square 
of  which  AB  is  a  diagonal ;  it  is  at  once  evident  that  AB  is 
greater  than  AC  and  less  than  2 AC     Cut  off  BD  =  BC,  and  erect 


DA^  perpendicular  to  AB  at  D\  then  we  have  ED=DA,  and 
EC=ED,  because  BE\s  a  line  of  symmetry  for  the  quadnlateral 
BCED.  Thus  EG=DA,  If  we  repeat  the  same  construction 
on  the  triangle  ADE,  we  see  in  the  same  way  that 

AF=FG  =  GD. 


*The  first  follows  from  the  definition;  and  so  we  see  that  AB  =  AC+CB  is 
less  than  twice  AC.  Now,  since  AC :  CB  =  AB  :  AC,  it  follows  that  AC  w  less 
than  twice  CB. 


._j 
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Thus  AD{  =  ^FC)  is  less  than  half  AC;  and  similarly,  AF  is 
less  than  half  AD,  Thus,  by  continuing  the  construction,  we 
arrive  at  an  isosceles  triangle  ANP,  such  that  AN  is  less  than 
the  2*th  part  of  AG, 

But  if  AC/AB  is  a  rational  fraction  r/s,  then  AD/AB  is  (s— r)/«, 
so  that  AF/ABis  (3r— 28)/8;  and  continuing  the  process,  we  see 
that  ANjAB  is  not  less  than  1/s,  or  that  AN/ AC  is  not  less 
than  1/r,  which  leads  to  a  contradiction,  as  before. 

Ex.  The  i^eader  may  shew  geometrically  that  the  continued  fraction  (2) 
of  the  last  article  converges  to  the  ratio  AB  :  AC  in  the  golden  section  ;  while 
(3)  converges  to  the  ratio  of  the  diagonal  to  the  side  of  a  square. 

144.  A  special  classiflcation  of  rational  numbers. 

The  examples  of  Arts.  140-3  indicate  the  need  for  developing 
some  theory  of  h^ational  numbers.  But  before  proceeding  to  a 
formal  definition,  which  will  be  found  in  the  next  article,  we 
shall  give  some  considerations  which  shew  how  infinite  decimals 
which  do  not  recur  lead  up  to  Dedekind  s  definition. 

The  infinite  decimal  1*41421 ...  discussed  in  Art.  140  enables 
us  to  divide  all  rational  numbers  into  two  classes: 

(A)  The  lower  clcisSy  which  contains  all  rational  fractions 
(such  as  f4)  less  than  or  equal  to  some  term  of  the 
sequence  of  terminated  decimals 

1-4,    1-41,    1-414,    1-4142,  etc. 

(B)  The  upper  class,  which  contains  all  rational  fractions 
(such  as  ^l)  greater  than  every  term  of  the  sequence. 

It  is  then  clear  that 

(i)  Any  number  in  the  upper  class  is  greater  than  every 

number  in  the  lower  class, 
(ii)  There  is  no  greatest  number  in  the  lower  class;    and 
no  least  number  in  the  upper  class. 

To  see  the  truth  of  the  second  statement,  we  may  observe  that,  if 

; =(4  + 3X0/(3 +  2it), 
we  have  l-k=2{2-k^)/{S-\-2k),    2-l^=={2-J^)j{3  +  2k)K 

Hence,  if  k  is  any  rational  number  of  the  lower  class,  we  have  l>k, 
because  i^<2  ;  and,  for  the  same  reason,  P < 2,  so  that  I  will  also  belong  to 
the  lower  class.     There  is  therefore  no  greatest  number  in  the  lower  class. 

If  now  we  suppose  /I;  to  be  a  rational  number  of  the  upper  class,  we  prove 
by  a  similar  argument  that  I  is  also  a  number  of  the  upper  class,  but  is  less 
than  k. 
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L    Prove  similarly  that  if  lfi<Ny  then  l>ky  l'<Ny  where 
l^iya+bkyib+ai)  and  b^>Na\ 

2.  Establish  inequalities  similar  to  those  of  Ex.  1,  taking 

I = it(3A^+  it*)/(  A^+  3it«).  [Dbdekind.1 

3.  The  formula,  corresponding  to  Ex.  2,  for  the  nth  root  of  ^  is 

Ex.  4.  Utilise  the  last  example  to  find  approximations  to  2* ;  the  first 
two  may  be  taken  as  1,  }. 

The  classification  of  rational  numbers  which  has  been  just 
described  can,  however,  be  obtained  by  a  different  process.  From 
the  arithmetical  process  of  extracting  the  square-root  of  2,  it  ia 
evident  that 

(1-4)2,    (1-41)2,    (1-414)2,    (1-4142)2,... 

are  all  less  than  2;  but  the  sequence  contains  numbers  which 
are  as  close  to  2  as  we  please.  Thus  the  lower  class  contains 
every  positive  rational  number  whose  square  is  less  than  2 ;  and 
it  also  contains  all  negative  rational  numbers.  Since  the  two 
classes  together  contain  all  rational  numbers,  it  follows  that 
the  upper  class  must  contain  every  positive  rational  number 
whose  square  is  greater  than  2. 

Thus  the  same  classification  is  made  by  putting, 

(A)  In  the  lower  class,  all  negative  numbers  and  all  positive 
numbers  whose  square  is  less  than  2. 

(B)  In  the  upper  class,  all  positive  numbers  whose  square 
is  greater  than  2. 

145.  Dedekind's  definition  of  irrational  numbers. 

Suppose  that  some  i-ule  has  been  chosen  which  separates  all 
rational  numbers  into  two  classes,  such  that  any  number  in 
the  upper  class  is  greater  than  every  number  in  the  lower  class. 
Thus,  if  a  number  k  belongs  to  the  upper  class,  so  also  does- 
every  rational  number  greater  than  k. 

There  are  then  three  mutually  exclusive  possibilities : 

(1)  There  may  be  a  number  g  in  the  lower  class  which  is 

greater  than  every  other  number  in  that  class. 

(2)  There  may  be  a  number  I  in  the  upper  class  which  is 

less  than  every  other  number  in  that  class. 

(3)  Neither  g  nor  I  may  exist. 
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The  cases  (1),  (2)  lend  themselves  very  readily  to  geometrical  interpretation^ 
by  representing  any  rational  number  by  a  point  on  a  line.    Thus  OP  will 


1 r 

0  P 


represent  the  fraction  m/n,  if  the  length  OP  i^m  times  the  nth  part  of  the 
unit  of  length. 

In  case  (1),  the  upper  class  consists  of  all  rational  points  to  the  right  of  g 


I 
9 


on  the  line  ;  and  the  lower  class  consists  of  g  and  all  rational  points  to  the 
left  of  g. 

Similarly,  we  can  illustrate  case  (2).    It  might  be  thought  at  first  sight 
that  g  and  I  might  exist  simultaneously ;  but  this  is  excluded  by  the  hypothesis 


that  all  rational  numbers  are  to  be  classed.     Now  ^(g+T)  is  rational  and 
falls  between  g  and  I ;  and  this  would  escape  classification. 

That  there  are  cases  in  which  neither  g  nor  I  can  exist  is  clear 
from  the  example  given  in  the  last  article,  where  it  was  proved 
that  there  could  be  no  greatest  number  in  the  lower  class,  and 
no  least  number  in  the  upper  class. 

For  example,  let  us  illustrate  on  a  straight  line  the  approximations  to  ^^2^ 
which  are  derived  from  the  convergent*  to  the  continued  fraction 

^2+  2+  2+'"' 
The  convergents  of  the  lower  class  are  seen  to  be 

^  >     it  2  9 )  •  •  •  > 

while  t,  \l,  ^, ... 

are  those  of  the  upper  class. 

It  may  be  observed  that  if  £  is  a  convergent  of  either  class,  the  next 

convergent  of  the  same  class  is  -^"r -^,  while  the  intermediate  convergent  of 

©  +  2a  2p  +  3^ 

the  other  class  is  ^— !__». 

p+q 

Their  representative  points  are  as  shewn  in  the  diagrams,  the  second 

figure  being  a  large-scale  reproduction  of  the  segment  of  the  first  which 

falls  between  \  and  §. 


0 

1 

1 

i 
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It  is  clear  that  in  case  (3)  the  rule  gives  a  cleavage  or  section 
in  the  rational  numbers ;  and  to  fill  up  the  gap  so  caused  in  our 
number-system,  we  agree  to  regard  every  such  section  as 
defining  a  new  number.  This  constitutes  Dedekind^s  definition 
of  irrational  nu/mbers*  For  it  is  clear  from  what  has  been 
said  that  these  new  numbers  cannot  be  rational. 

On  the  other  hand,  in  cases  (1),  (2)  there  is  no  section,  and 
so  no  new  number  is  introduced. 

146.  Definitions  of  equal,  greater,  less ;  deductions. 

For  the  present  we  use  the  following  notation: 
An  irrational  number  is  denoted  by  a  Greek  letter,  such  as 
a,  fi;  the  numbers  of  the  corresponding  lower  class  by  small 
italics,  as  a,  6 ;  those  of  the  upper  class  by  capital  italics,  as 
A,  B,  The  classes  themselves  may  be  denoted  by  adding 
brackets,  as  (a),  {A). 

These  definitions  may  be  indicated  graphically  thus 


I  I  I 

a  a  A 

It  is  an  obvious  extension  of  the  ordinary  use  of  the  symbols 
<;,>►,  to  write 

In  particular,  we  say  that  a  is  positive  when  0  belongs  to 
(a);   a  is  negative  when  0  belongs  to  {A). 

Two  irrational  numbers  are  equal,  if  their  classes  are  the 
same;  in  symbols  we  write  a  =  ^  if  (a)  =  (6)  and  {A)  =  {B). 

The  reader  who  is  acquainted  with  Euclid's  theory  of  ratio  will  recoprnise 
that  this  definition  of  equality  is  exactly  the  same  as  that  which  he  adopts 
in  his  Elements.  Euclid  in  fact  says  that  A  :B=C:Dy  provided  that 
the  inequalities  niA^nB  are  accompanied  by  mC^nD,  for  any  values  of  i 

m,  n  whatever.     In  Dedekind's  theory,  the  inequality  mA  >  nB  implies  that  , 

nim  is  in  the  lower  class  defining  A  :  B ;    thus  Euclid's  definition  implies 
that  A  :  B  and  C :  D  have  the  same  lower  class  and  the  same  upper  class. 

On  the  other  hand,  the  number  a  is  less  than  the  number  j8, 
when  part  of  the  upper  class  {A)  belongs  to  the  lower  class 
(6),  so  that  at  least  one  rational  number  r  belongs  both  to  (A) 
and  to  (6). 

This  definition  of  inequality  also  coincides  with  Euclid's. 


Other  definitions  have  been  framed  by  M^ray,  Weierstrass  and  G.  Cantor. 
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It  follows  at  once  from  the  definition  that  if  a  <  /8  and  ^  <  y, 
then  a  <  y. 

Again,  if  aK.^,  an  infinite  number  of  rational  nurnhera  fall 
between  a  and  j8.  For  at  least  one  rational  number  r  exists 
such  that  aK,r<^^.  Now  there  is  no  greatest  number  in  the 
class  (6),  so  that  we  can  find  another  rational  number  8  which 
belongs  to  (6)  and  is  greater  than  r.     Thus 

a<r<8<^. 
Then  if  x,  y  are  any  two  positive  integers,  we  have 

^  x+y    ^ 
so  that  all  these  rational  numbers  lie  between  a  and  j8. 

147.  Deductions  firom  the  definitions. 

Any  irrational  number  (a)  can  be  expressed  as  an  infinite 
decimal. 

For  there  will  be  some  integer  n^  (positive  or  negative)  such 
that  7?Q  belongs  to  the  lower  class  (a)  and  ^0+^  belongs  to 
the  upper  class  {A).     Then  consider  the  rational  fractions 

'^o>   '^Q'^ii^i   '^'o"'"TTr»   '^o"'"iir»  ••• »   '^o'^uj*   '^^o"I"Ij 
some  of  these  belong  to  class  (a),  the  rest  to  class  {A),     Suppose 
that  tJq+tIi/IO  is  the  greatest  in  class  (a),  so  that  we  have 

Continuing  this  process,  we  arrive  at  the  result 

^     10     10^  lO*"  10     10^  10*"  * 

If  we  call  these  two  decimal  fractions  a^,  Ar,  it  is  plain  that 
^^  — ar(  =  l/10'*)  can  be  made  less  than  any  prescribed  rational 
fraction  merely  by  taking  r  to  be  sufficiently  great;  and  if 
we  continue  the  process  indefinitely  we  see  that  a  is  the 
number  defined  by  the  infinite  decimal  TiQU^n^n^  — 

The  argument  just  given  shews  also  that  we  can  always 
determine  numbers  A,  a  belonging  to  the  two  classes  auch  that 
A^a  is  less  than  an  arbitrarily  small  rational  fraction. 

It  is  useful  to  note  further  that  a^  can  be  chosen  so  as  to 

exceed  any  prescribed  number  a'  of  the  lower  class.     For  let 
i.s.  2  a 
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a"  be  another  number  of  the  lower  class  which  is  greater  than 
a';  and  then  choose  r  so  that  lO*'^  l/(a"  — a').     Then 

Ar  —  ar<ia''  —  a\   or   ay—o!^ Ar—(i'* 
But  -4^>a",  so  that  ar^a\ 

Modified  form  of  Dedekind's  definition. 

Suppose  that  a  classification  of  the  rational  numbers  has  the 
following  properties: 

(1)  if  a  belongs  to  the  lower  class,  so  does  every  rational 

number  less  than  a; 

(2)  if  A  belongs  to  the  upper  class,  so  does  every  rational 

number  greater  than  A ; 

(3)  every  number  a  is  less  than  any  number  A  ; 

(4)  numbers  A,  a  can  be  found  in  the  two  classes  such 

that  A  —  a  is  less  than  an  arbitrary  rational  fraction. 

Such  a  cldssificatioii  defines  a  single  number,  rational  or 
irrational. 

For  any  rational  number  r  which  does  not  belong  to  either 
class  must  lie  between  the  two  classes,  since  any  number 
less  than  a  number  of  the  lower  class  must  also  belong  to 
the  lower  class;  and  therefore  r  must  exceed  every  number 
of  the  lower  class :  similarly,  r  must  be  less  than  every  number 
of  the  upper  class.  Hence,  if  a,  A  are  any  two  numbei-s  of 
the  two  classes  a<Cr<^A. 

Suppose  now  that  8  is  a  second  rational  number  which  belongs 
to  neither  class;  then  a<is<CA.  Hence  |r— s|  must  be  less 
than  A —a]  but  this  is  impossible,  since  by  hypothesis  A^  a  can 
be  chosen  so  that  A  — a  is  less  than  any  assigned  rational  fraction. 

Consequently,  not  more  than  one  rational  number  can  escape 
classification ;  if  there  is  one  such  number,  the  classification  may 
be  regarded  as  defining  that  number ;  but  if  there  is  no  rational 
number  which  escapes  classification,  we  have  obtained  a  Dedekind 
section,  and  have  therefore  defined  an  irrational  number. 

148.  Algebraic  operations  with  irrational  numbers. 

The  negative  of  an  irrational  number  a  is  defined  by  means 
of  the  lower  class  —A  and  the  upper  class  —  a  ;  and  it  is  denoted 
by  -a. 

The  reciprocal  of  an  irrational  number  a  is  defined  most 
easily  by  restricting  the  classes  at  first  to  contain  only  terms 
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of  one  sign ;  and  then  the  reciprocal  1/a  is  defined  by  the  lower 
class  1/A  and  the  upper  class  1/a.  Thus  if  the  number  a  is 
positive,  the  complete  specification  of  the  classes  for  1/a  will 
be  given  by  putting  the  whole  of  1/A  in  the  lower  class, 
together  with  all  negative  numbers,  while  the  upper  class  will 
contain  only  the  positive  part  of  1/a;  and  a  corresponding 
definition  is  easily  framed  for  1/a  when  a  is  negative. 

The  absolute  value  of  an  irratiaaal  number  a  is  always 
positive  and  is  equal  to  a  or  —a,  according  as  a  is  positive  or 
negative;   it  is  denoted  by  |a|. 

Addition  of  two  irrationals. 

Suppose  a,  j8  to  be  the  two  given  irrationals,  so  that 
a<ia<iA,b<^P<iB,  Then  classify  the  rational  numbers  by 
making  a+6  a  typical  member  of  the  lower  class  and  ^  +  JB  of 
the  upper  class.  This  rule  obviously  satisfies  conditions  (l)-(3) 
of  Art.  147.  To  prove  that  it  satisfies  condition  (4)  and  so 
defines  a  single  number,  we  note  that 

(^  +  JB)-(a+6)  =  (il-a)+(JB-6), 

and,  as  explained  at  the  beginning  of  Art.  147,  we  can  find 
a,  A  and  6,  JB  so  as  to  make  A --a  and  B—b  each  less  than  ^e\ 
and  then  {A+B)  —  {a  +  b)  is  less  than  e.  Hence  our  classifica- 
tion defines  a  number  which  may  be  rational  or  irrational ;  this 
number  is  called  the  sum  a-h^. 

It  follows  at  once  that  a-|-(  — a)  =  0;  for  here  the  lower  class 
is  represented  by  the  type  a —  A,  and  the  upper  class  by  A —a. 
That  is,  the  lower  class  consists  of  all  negative  rational  numbers 
and  the  upper  class  of  all  positive  rational  numbers ;  hence,  zero 
is  the  only  rational  number  not  classed,  and  therefore  is  the 
number  defined  by  the  classification. 

Subtraction, 

In  virtue  of  the  relation  /3+(— yS)  =  0,  we  may  define  a  — ^8 
as  equal  to  the  sum  a+(  — /8). 

Multiplication  {positive  iiv^ational  numbers). 

For  simplicity  of  statement,  we  omit  the  negative  numbers 
from  the  lower  classes ;  and  then  we  define  the  product  a^  by 
using  the  type  ab  for  the  lower  class  and  AB  for  the  corre- 
sponding upper  class.  To  prove  that  this  defines  a  single  number, 
let  e  denote  an  arbitrary  positive  rational  fraction  less  than  1 ; 
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then  choose  any  rational  number  P  which  is  greater  than  a+jS+l* 
Next  find  numbers  il,  a  and  B,  b  such  that  A  — a^fj,  5— 6<;€i, 
where  €i  =  €  P. 

The  determination  oi  Ay  a,  and  B,b  \&  possible  in  virtue  of 
Art.  147.     Now  we  have 

AB- ab  <  (a + €{)(b  f  e^)  -  ab 
or  ^5-a6<€i(a+6  +  €i)<€i(a+6+l)<€iP. 

That  is,  AB-ab<€, 

Thus  the  classification  by  means  of  ah  and  AB  defines  a 
single  number  which  may  be  rational  or  irrational;  and  this 
number  is  called  afi. 

In  particular,  if  j8=l/a,  the  product  is  equal  to  1  ;  for  the 
lower  class  is  represented  by  a/ A  and  the  upper  class  by  A /a. 
That  is,  the  lower  class  contains  all  rational  numbers  less  than  1 
and  the  upper  class  all  rational  numbers  greater  than  1.  Con- 
sequently the  product  is  equal  to  1,  the  single  rational  number 
which  escapes  classification. 

MvZtiplication  of  negative  irrational  vuinbera  is  reduced 
at  once  to  that  of  positive  numbers  by  agreeing  to  accept  the 
"rule  of  signs'*  as  established  for  rational  numbera 

Division. 

In  consequence  of  the  relation  (l/^)x^=l,  we  may  define 
the  quotient  a/fi  as  equal  to  the  product  ax (1/^8). 

It  is  at  once  evident  that  any  of  the  fundamental  laws  of 
algebra  which  have  been  established  for  rational  numbers 
remain  true  for  irrational  numbers. 

Thus,  we  have  the  following  laws: 

a  +  0  =  a,    a+i8  =  )8  +  a,    a  +  (fi  +  y)  =  (a+/3)+y, 
aXl  =  a,        al3  =  ^a,  a(/8y)  =  (a/8)y, 

a(j8  +  y)  =  aj8+ay, 

la|  +  |/8'gla  +  /8|^|a|-|i8|. 

For  example,  let  us  prove  the  theorem  a+fi  =  l3  +  a. 
By  definition  we  have 

(a-^b)<a  +  l3<{A-¥B) 

and  (b-^a)<P-^a<(B  +  A). 

But  a  +  b  =  h  +  a  and  A+B—B+Ay  so  that  a+y3  and  ^  +  a  are  defined  by 
the  same  two  classes  and  are  accordingly  equal. 
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The  reader  will  find  it  a  good  exercise  to  write  out  proofs  of  the  other 
lawa  in  a  similar  way.  After  this  he  may  attempt  to  construct  a  theory  of 
irrational  indices  and  of  logarithms,  on  the  foundation  of  Dedekind's  theory. 
It  is  necessary  to  first  define  a^  and  then  to  prove  that  a^.a/'  =  a^+M,  and 
so  on,  finally  shewing  that  the  equation  in  X,  a^  =  )8,  has  a  root,  where 
a,  p  are  positive  and  X,  /x  may  be  either  positive  or  negative. 

149.  The  principle  of  convergence  for  monotonic  sequences 
whose  terms  may  be  either  rational  or  irrational. 

A  monotonic  sequence  (a„)  leads  to  a  section  in  the  system 
of  rational  numbers  as  follows: 

Suppose  for  definiteness  that  the  sequence  is  an  increasing 
one,  in  which  the  terms  remain  less  than  a  fixed  number  A, 
so  that  a^^a^^a^^...^an^,..<iA, 

Now  if  k  is  any  rational  number,  one  of  two  alternatives 
must  occur ;  either  some  term  in  the  sequence  (an)  will  be  equal 
to  or  greater  than  A;,  or  else  every  term  of  the  sequence  will  be 
less  than  L  We  define  the  class  (b)  as  the  class  of  all  rational 
numbers  k  which  satisfy  the  first  condition,  the  class  (JB)  as 
the  class  of  all  which  satisfy  the  second  condition.  Typical 
numbers  of  the  class  (6)  are  the  rational  numbers  which  belong 
to  the  sequence ;  while  (JB)  contains  every  rational  number 
greater  than  A,  and  possibly  some  rational  numbers  less  than  A, 

It  is  clear  that  the  classes  (6),  (JB)  together  contain  all  rational 
numbers,  and  therefore  give  a  section  which  defines  some 
number  ^,  rational  or  irrational.  We  may  call  (B),  (b)  the  upper 
and  lower  classes  respectively,  defined  by  the  sequence  (an). 

Now  every  rational  number  greater  than  /8  belongs  to  the 
upper  class  (B),  and  is  therefore  greater  than  any  term  an.  And 
the  same  is  true  of  every  irrational  number  y  greater  than  ^  ; 
for  there  will  be  rational  numbers  between  y  and  ^,  and  these 
rational  numbers  are  greater  than  any  term  «„:  thus  y  is  also 
greater  than  any  term  a^.  Consequently  no  term  in  the 
sequence  {an),  whether  rational  or  irrational,  can  exceed  ^, 

On  the  other  hand,  every  rational  number  less  than  /3  must 
belong  to  the  lower  class  (6).  Now  if  e  is  any  positive  number, 
there  will  be  rational  numbers  between  j8  and  j8  — e;  and,  since 
these  numbers  are  less  than  /3,  they  must  belong  to  the  lower 
class  (6).  That  is,  there  must  be  some  term  of  the  sequence, 
say  am,  which  is  greater  than  or  equal  to  8— e. 
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Hence,  since       (in  =  CLm,  if  ti  >►  771, 

we  have  l3  =  an^^  —  €,      if  n'^m. 

That  is,  lim  an  =  j8. 

A  good  example  of  such  a  sequence  is  afforded  by  the  terminated  decimals 
derived  from  an  infinite  decimal ;  and  it  will  be  seen  at  once  that  the 
section  described  here  is  an  obvious  extension  of  the  method  used  in 
Art.  144  above. 

Suppose  next  that  the  terms  of  the  sequence,  while  still 
increasing,  do  not  remain  less  than  any  fixed  number  A.  It 
is   then   evident  that  if   a^^  Ay  we  have  an'^  A   if  n^ni. 

Thus  lima«=oo. 


>00 


Exactly  similar  arguments  can  be  applied  to  a  decreasing 
sequence. 

As  an  example  we  shall  give  a  proof  of  the  theorem  that  any  contimums 
Tnonotonic  function  attains  just  once  every  value  between  its  greatest  and  least 
values.    Suppose  that  f(x)  steadily  increases  from  ^=a  to  ar=c,  so  that 

b<d,  if /(a) =6  and /(c) =rf. 

Then  if  I  is  any  number  between  b  and  d,  we  consider  /{i(a  +  c)},  which 
is  also  between  b  and  d;  suppose  that  this  is  found  to  be  less  than  l^ 
write  then 

ai=i(a+c)»    ^i=/(«i)<^, 
Ci=c,  di=f{ci)>l. 

On  the  other  hand,  when  /{^ia+c)}  is  greater  than  I,  we  write 

Continuing  the  process  we  construct  two  sequences  (a„),  (c„),  the  first 
never  decreasing  and  the  second  never  increasing;  and  c«-an==(c-a)/2", 
so  that  (a„),  (c„)  have  a  common  limit  k  Also  by  the  method  of  con- 
struction it  is  evident  that  f(an)<l<f(cn);  unless  it  happens  that  at 
some  stage  we  find  f{an)=l,  in  which  case  the  theorem  requires  no 
further  discussion. 

Now  since  /(a:)  is  continuous  we  can  find  an  integer  v  such  that 
/(c„) -/(a») < c,  if  n>v ;  and  both  f{k)  and  I  are  contained  between  /(a„) 
and  f(cn).    Thus  we  can  find  v  so  that 

\f{k)-l\<€,        if  w>v, 

and  therefore,  as  in  Art.  1  (6),  f{k)=l.  From  the  method  of  construction 
it  is  clear  that  there  is  only  one  value  such  as  k ;  and  this  is  also  evident 
from  the  monotonic  nature  of  f{x). 
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150.  Maximum  and  minimum  limiting  values  of  a  sequence 
of  rational  or  irrational  terms. 

Suppose  first  that  all  the  terms  of  the  sequence  are  less 
than  some  fixed  rational  number  P,  and  let  p  be  a  smaller 
rational  number,  such  that  an  infinity  of  terms  a^  are  greater 
than  p.  Then  if  we  bisect  the  interval  (p,  P)  by  |(j9  +  P), 
it  is  evident  that  either  an  infinity  or  a  finite  number  of  terms 
an  fall  between  ^{p-\^P)  and  P;  in  the  former  case  we  write 
p^  =  ^(p+ P),  Pi  =  P ;  in  the  latter  we  write p^=p,  P^  =  ^(p  +  P). 
We  have  thus  constructed  a  smaller  interval  (p^,  P^)  which 
contains  an  infinity  of  terms  a„ ;  and  we  can  repeat  the  process 
as  often  as  we  wish.     A  few  stages  are  indicated  in  the  diagram. 

t \ 


P  P.  P. 


Fig.  39. 

Then  the  sequence  p,  p^,  p^,  Ps-"  never  decreases,  and 
remains  less  than  P;  and  so  the  sequence  (pn)  determines  a 
number  G  (which  may  of  course  be  either  rational  or  irrational, 
as  in  the  last  article).  Then  the  sequence  (P„)  has  the  same 
limit  Gy  because  Pn— j9n  =  (^— jP)/2"-^0  as  n  increases.  Thus, 
if  €  is   an  arbitrarily  small   positive   number,  we  can   find  n 

so  that  Pn^G  —  Cy  Pn=G  +  6. 

Consequently  an  infinite  number  of  terms  an  lie  between 
G  —  €  and  (r  +  e,  but  only  a  finite  number  are  greater 
than  G+€, 

Thus  we  can  determine  a  sub-sequence  from  (a„)  which  has  G 
as  its  limit;  and  we  can  find  a  certain  stage  after  which  all 
the  terms  of  the  sequence  are  less  than  G+€;  thus  no 
convergent  sub-sequence  can  have  a  limit  greater  than  G. 
These  properties  shew  that  G  is  the  rfuiximum  limit  of  the 
seqtuence  (an)*     (See  Art.  5.) 

If  no  such  number  as  P  can  be  found  in  the  foregoing 
argument,  there  are  numbers  of  the  sequence  (a„)  greater 
than  any  assignable  number,  so  that  the  mxiximum  limit  is 
then  00 .  On  the  other  hand,  if  no  such  number  as  p  can  be 
found,  there  will  be  only  a  finite  number  of  terms  greater 
than  — JV,  however  large  N  may  be,  and  consequently 

lim  (Cyj  =  —  00 . 
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For  the  sake  of  uniformity  we  may  say  even  then  that  the 
sequence  has  a  maximum  limit,  which  is,  of  course,  —  oo . 

All  the  foregoing  discussion  can  be  at  once  modified  to 
establish  the  existence  of  a  viinhnuin  limit  (g  or— x). 

151.  The  general  principle  of  convergence  stated  in  Art.  3  is  both 
necessary  and  sufficient ;  the  terms  being  rational  or  irrational. 

In  the  first  place,  the  condition  is  obviously  vecessai^ ;  for  if 
lim  an  =  ly  w^e  know  that  an  index  m  can  be  found  to  correspond 


>oo 


to  €,  in  such  a  way  that 

Thus       la„-a^|^;i-a„|  +  |i-a^|<€,     if  7?>?m. 

In  the  second  place,  the  condition  is  mtfficient ;  for  let  ??i  be 
fixed  so  that 

|a„-«m|<K     if  v>m, 
or  am-i6<an<  « „,  +  J e,     if  7z  >  m. 

Then  it  follows  from  the  last  article  that  the  sequence  (</„) 
has  a  finite  maximum  limit  0 ;  so  that  an  infinity  of  terms  fall 
between  O  —  ^e  and  G+^€.  Choose  one  of  these,  say  a^,  whose 
index  p  is  greater  than  m.     Thus  we  have 

G'-i€<ap<G-\-i€. 

Also  ttp  —  Je  <  a^n  <  ct^ + i^,     since  p'^m. 

Thus  G-%€<am<G-\-y, 

and  since  «m  —  i^  <  «n  <  cim  +  i^,     if  t?  >•  m, 

it  follows  that    G  — €    <<'n  <iG  +  €,        if  n^m. 

Thus  Un-^G ;  and  consequently  the  sequence  is  convergent. 
Of  course  in  this  case  g  =  Gy  the  extreme  limits  being  equal 
in  a  convergent  sequence. 

Various  proofs  of  this  general  theorem  have  been  published,  some  being 
apparentli/  much  shorter  than  the  foregoing  senes  of  articles.  But  on 
examining  the  foundations  of  the  shorter  investigations  it  will  be  seen  that 
in  all  cases  the  apparent  brevity  is  obtained  by  avoiding  the  definition  of  an 
irrational  number.  This  virtually  implies  a  shirking  of  the  whole  difficulty ; 
for  this  difficulty  consists  essentially*  in  proving  that  (under  the  condition 
of  Art.  3)  a  sequence  may  be  used  to  define  a  "number." 


*Pring8heim  {Encyldopotdie^  I.  a.  3,  14)  says:  "As  the  truth  of  this  theorem 
rests  essentially  and  exclusively  on  an  exact  definition  of  irrational  nuniberSy 
naturally  the  first  accurate  proofs  are  connected  with  the  arithmetical  theories  of 
irrational  numbers,  and  with  the  associated  revision  and  improvement  of  the 
older  geometrical  views." 
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152.  Theorems  on  limits  of  quotients. 

I.  If  liman  =  0   aihdi   lim6^  =  0;    and    if,   in   addition,    the 
sequence  (bn)  steadily  decreases,  then 

provided  that  the  second  quotient  has  a  definite  limit ,  finite 
or  infinite. 

Suppose  first  tha^  the  limit  is  finite  and  equal  to  I ;  then  if  e 
is  an  arbitrarily  small  positive  fraction,  ni  can  be  found  so  that 


l-e<'^-^<l+€,      \in> 


m; 


or,  since  (6n  — ^n+i)  is  positive,  we  have 

(i  -  e)(6n  -  ftn+i)<  ttn  -  an+i  <  (^  +  e)(^n  -  fcn+i). 

Change  n  to  n  +  \,  n  +  2, ...  n+p  — 1   and  add  the   results; 
then  we  find 

Now  take  the  limit  of  this  result  as  p-^oc  ;  we  obtain 

because  an+p-**0,  ftn+p-^O  by  hypothesis. 
Hence,  since  h^  is  positive,  we  have 

|(an/6n)-^l  =  ^»       if  n>m, 
or  lim(a„/6n)  =  '- 

On  the  other  hand,  if  the  limit  is  oo ,  we  can  find  m  so  that 

however  large  N  may  be.     By  exactly  the  same  argument  as 
before,  we  find 

Qn  -  a„+p>  N{bn  -  &n+p), 

which  leads  to  a„^iVt„, 

or  an/bn=  iV,       if  ti  >  m. 

Thus  li  m  {aj  fc«  )  =  oo  . 

There  is  no  diflSculty  in  extending  the  argument  to  prove  that,  with  the 
same  restriction  on  the  sequence  (6„), 

lim  ^»  -  ^"+1  ^  iim  ^  ^  Imi  ^?C:^. 
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This  theorem  should  be  compared  with  the  theorem  (L'Hos- 
pital's)  of  the  Differential  Calculus,  that: 

//  lim0(x)  =  O,    limt/r(cc)  =  0, 

then  lim  0(ir)/i/r(:c)  =  lim  0'(^)/ V^'(^)> 


X->oo  X— ►« 


provided  tliat   the  second  li')nit   exists  and  that  \frXx)  has  a 
constant  sign  for  values  of  x  greater  than  some  fixed  vcdue, 
II.  If  b^  steadily  increases  to  oo ,  then      « 

lim'J^  =  lim^^+l-"^, 


n+l      ^n 


provided  that  the  second  limit  exists* 

For  if  the  second  limit  is  finite  and  equal  to  {,  as  in  L  above, 
we  see  by  a  similar  argument  that  it  is  possible  to  choose 
m.  so  that 

(?-€)(6„-&,n)<an-a^<(Z+e)(fen-M»      if  n>m. 
Thus,  since  6„  is  positive, 

Now,  since  6»->30 ,  we  have 

to[(i-.)(i-^)+y=<-. 

And  so  we  find 

i-e<lim^glmi^^Z+€. 

But  these  extreme  limits  are  independent  of  m,  and  therefore 
also  of  e;  and  so  the  inequalities  can  only  be  true  if  each  of 
the  extreme  limits  is  equal  to  L     Hence 

lim  (a„/6„)  =  L 

Similarly,  if  the  limit  is  oo ,  we  can  find  m,  so  that 

a^-a,n>N (h^-h^),       if  n>m, 

however  great  N  may  be. 

Thus  ^>^-+Ar(i-^^y 

K       On         ^       bj 

*  Extended  by  Stolz  from  a  theorem  given  by  Cauchy  for  the  case  6^=*^ 
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and  the  limit  of  the  expression  on  the  right  is  N,  as  n-^x) , 
so  that  lim  (a^/6„)  =  iV^;  now  this  minimum  limit  is  independent 
of  771,  and  therefore  of  N. 

Thus  lim  (an/6„)  =  00    or    lim  (a„/6,j)  =  oo . 

There  is  no  diCBculty  in  proving  similarly  that  with  the  sanie  restriction 
on  the  sequence  {b„) 

lim  ^!L±LZ^»  ^  iml  ?^  ^  liTii  ^^i±i:L««. 

6„+i  -  On        On  On+i  -  On 

Theorem  II.  should  be  compared  with  the  following  theorem 
(UHospitaFs)  of  the  Differential  Calculus: 
If  yfr(x)  increases  Bteadily  to  oo   w%th  x,  then 

lim  ^^^=  lim -^^^     ' 

provided  that  the  second  liifait  exists. 

It  is  probably  not  out  of  place  to  say  a  word  on  this  important  theorem, 
since  only  one  of  the  commoner  English  text-books  contains  a  correct  proof.* 
By  the  extended  form  of  the  mean-value  theorem  we  have 


and  ^(x)-^(a)  is  positive.    Thus,  it  <li'(a;)j\lr'(x)  tends  to  a  limit  I,  we  can 
choose  a  so  that 

{I  -  ()[ir(x)  -  Vr(a)]  «I>{:p)-  <i>(a)  <{l  +  0[^(x)  -  na)]. 

And  from  here  onwards  the  argument  proceeds  as  for  sequences. 
Similarly,  if  <f/{x)l'^'{x)-^co,  we  can  find  a  so  that 

<l>{x)-<i>{a)>N[^ir{x)-^{a)\ 

and  again  the  same  argument  can  be  used. 

we  have           «n..i-an^        {n  +  iy        _  \ln  (       ly 

Now  hm  \ =/>  + 1, 


h-*^ 


h 


by  a  fundamental  limit  of  the  Differential  Calculus. 
Hence,  lim^»-^^~fa=-J-, 

and  so  lira^=— L. 

K    p  +  1 

•Gibson'a  EUm&nUkry  Treatise  on  the  Calculus. 
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Ex.  2.     If  a„=log7i,  6«=n, 

we  have  ^JLtiZi^^logf  i  +  l), 

80  that  lim  P^£i*)  =o.    (Compare  Art.  161.) 

Similarly,  if  an=(log'OS  ^n  =  Wj  we  find 

which  tends  to  0  by  the  previous  result. 

Thus  lim[(log70V'i]=0- 

Similarly  we  can  prove  that     lira  [(log  7«)*/w]=0. 
The  reader  may  also  verify  this  result  by  using  L'HoepitaPs  theorem. 

Ex.  3.     If  a«=/>",  ^.  =  '', 

we  have  a«+i-f'«=/>"(p-l)j   ^h^x-K^X, 

and  hence  liui(a„+i-a„)=(),       if/?  =  lj 

or  =x,     if  /?>1. 

Thus  lim  (pVw)  -  0,      if  p  ^  1, 

or  =x,     ifio>l,     (Art.  161). 

Of  course  Ex.  3  is  onlv  another  form  of  Ex.  2. 


4.  Even  when  (a„)  and  (6„)  are  both  monotonic,  \\v^ajh^  need  not 
exist.  In  this  case,  the  theorem  shews  that  lim  (a»+i  -  a«)/(ft«+i  -  6|,)  does 
not  exist.     An  example  is  given  by 

Here  a„+i  -  a„  ^p'\m +p(  - 1)"*'  -  ^  -  (  - 1)"] 

=rt>-l)!7-CP+l)(-in 
and  so  a„  steadily  increases  if  ^>(/)+l)/(/?-l). 
Then  we  have 

while  lim(a„/6„)  =  5'- 1,  iim(a«/6„)=5'  +  l. 

Since  (p  +  l)'(;?-l)>l, 

these  results  agree  with  the  extended  fomi  of  Theorem  II. 

Ex.  6.     If  a„  =  3w  +  (-l)",   6„=3n  +  (-l)»^S 

we  see  that        a„+i-o„=3  +  2(-l)"+^     6„+i-6„  =  3+2(-l)*. 
Thus  (a„^i  —  a„)/{bn^i-b„)  oscillates  between  J  and  5,  although 

lim(a„/6„)=l. 

Again,  if  a„=(n  +  l)^+(-l)"n,    6«=(w  +  1)2h-( -1)**'«, 

we  find 

a„+,-a„  =  2/i+3+(-l)"*'(27i  +  l),     6„+i-6„=2nH-3+(-l)*'(2n+l), 
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so  that  (a«+i - a«)/(6„+i - 6„)  is  alternately  2(7i  +  l)  and  l/2(w+l);  and  so 

But  \im{a„/bn)=l. 

Thus,  even  when  (a„+i--a„)/(6„+i-6„)  oscillates  infinitely,  an/K  may  have 
a  definite  limit. 


:.  6.    If  bn  does  not  steadily  increase,  the  Theorem  II.  is  not  neces- 
sarily true. 

Thus  take  a„=n  +  l,  6„=[2+(-l)"]w, 

so  that  a.+i-a«=l,  6n+i-6„  =  2  +  (-l)"+^(2/i  +  l). 

Consequently  lim  ^""^'"f" = 0, 

On+l  -  On 

but  yet  lim  (a„//>„) = J,  Tim  (a„/6„)  =  1 . 

In  the  same  way  L'HospitaPs  theorem  may  fail  when  V^'(x)  changes  sign 
infinitely  often. 

Thus  consider  <^(A')  =  .r+H-sin.rcos.r, 

yjr  (x)  =  e^"  '  (a:  +  si  n  .r  cos  x\ 

for  which  we  find  that  <f>'(x)/\lr'{x)-^,  while  <f>{x)l\l/{x)  oscillates  between  \/e 
and  e,  as  x^oo . 

Ex.  7.    Consider  the  case, 

<^(A')=:c+a8in^,  yfr{x)=x,      (a>0), 
and  prove  that  lim<^(j:)/^(a?)=l. 


while  \uoi<i>\x)l\lf\x)=\  -a,      lim<^'(a:)/y(.r)  =  l+a. 

153.  An  extension  of  Abel's  Lemma. 

To  determine  limits  for  the  fraction 

where  ar,  Vr  are  positive  and  the  sequence  {v^)  is  monotonic. 

Write       Ao  =  a^,    A^=a^+a^,  ...,  An  =  ao-\-a^  +  ..,+any 
and  Bo  =  boy    5^  =  60+61,  ... ,    5„  =  />o+fci+. ..  +  &«. 

Then 

^    ^  B^{Vo-V^)  +  B^(v^'-V^)-\-,,,-{'Bn-i(Vn-i-V7i)  +  BnVn 
""      Ao(Vo-V^)  +  A^{l\'-V^)+.,.+An-i{v,,.i-V„)  +  AnVn 

If  the  seqiience  (t',i)  steadily  decreases,  since  iv,  -4^  are  all 
positive,  we  can  obtain  an  upper  limit  to  X^,  by  writing 

HmAr  in  place  of  Br       {r  =  vi,    m  +  1,  ...,  n) 

and  HAr  in  place  of  Br,      (/•  =  0,    1,  ...,  m  — 1), 
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where  J7,  Hm  are  the  upper  limits  of 

l-T-»  -p,  ••-,  -T-]y    ana  oi    (— , ,  ...,   —  i, 

respectively.     This  follows  because  the  factors  (I'o— ^'i),  (^'i  — ^s)* 
•  ••»  (i'n-i  — ^n)  and  i\  are  all  positive. 
Thus 

A-iH-H    \^o(^'o~^'l>  +  ^l<''l-^'3)+---+ilm-i(rm-l--t\>>) 

and,  if  we  replace  Ar  by  its  value  in  terms  of  a^+a^-^-  ...-^Ur^ 
we  obtain*  since  H^Hm  by  definition, 

Z, < H„.^iH-E,„) ,^,— ;^^  -y:^ -• 
In  like  manner  we  prove  that 

where  A,  /*„»  are  the  corresponding  lower  limits  of  BrjAr* 
SfcomUyy  8U2)pose  that  the  sequence  (t'„)  steadily  increases. 

In  the  numerator  of  A^^  the  factors  (?o"^'i)»  (^i"'^'2)»  •••> 
(i'„_i— i'^)  are  all  negative,  while  r„  is  povsitive,  so  that  the 
value  of  the  numerator  is  increased  by  writing 

hAr  in  place  of  Br,       (^  =  0,  1,  ... ,  tti— 1) 

and  hfnAr  in  place  of  Br,       (r  —  vi.vi  +  ly  ...,7i  — 1), 

while  in  the  last  term  we  must  put  HmAn  in  place  of  Bn. 
This  changes  the  numerator  to 

h[Ao(VQ-Vi)+  .,.+Ajn-i{rm-i''  f\n)]  +  h,n[AJ^C,n-Vm+i)+  "' 
=  hmia^Vo  +  . . .  4-  C/ „  r„)  +  (H,n  -  h ,n)An  Vn 

and,  since  hm^K  this  again  will  not  be  decreased  by  omitting 
the  negative  terms  in  the  last  bracket.  Hence,  since  the 
denominator  is  positive, 

V    ^1      ,iIfw''h^)A„v„-\-(h,„-h)A„,v,n 
^  H  <H  ''  wi  n —     ~: 


<V-'0  +  <^li^l+---+^«Vn 


•The  numerator  is  actually 

aot'o  +  ai»'i  +  ---+am''m-(ao  +  ai +  •••+«  J  V, 
which  is  less  than  the  value  given  above. 
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Similarly,  we  find 

Thirdly,  if  the  sequence  (Vj,)  first  increases  and  aftet^wards 
decreases*  we  may  suppose  that  the  term  v^  is  the  greatest  in 
the  sequence,  and  let  in  be  less  than  p.  Here  the  factors 
(Vq  — Vj),  ...,  {Vp.i^Vp)  are  negative,  while  (Vp  — t'p+i),  -.> 
('«;„_ i  —  7;„),  v^  are  positive.  Thus  the  numerator  of  X^  is  not 
greater  than 

h[A^{v^  -  '^i)  +  . . .  +  Am-i{Vm-i  -  -^^'m)] 

+  jy^[4p(t;p-t;p+l)+...+^n-i(l''n-i-'?^n)  +  ^n'yn] 

=  ir^(ao%+...+a„i;„) 

Hence  we  deduce,  by  an  argument  similar  to  the  last, 
Similarly,  we  find 

X    -^h  (^~  Hm)^mVm  +  (-^m  ~  K)ApVp 

Bt.     Prove  that  if  o„-»>a  and  26n  is  divergent,  althoitgh  hn  need  iwt  he 
positive, 

lim  ^o^o+^i^  +  ---  +  ^^n^ 

provided  that  |6o|  +  |6J  +  ...  +  ;6„|     ^  r t  i 

*^  6o+6i  +  ...  +  6„  [Jensen.] 

154.  Other  theorems  on  limits. 

It  follows  at  once  from   Theorem   II.   of  Art.    152,  that  if 
(^n+i— Sn)   has  a  definite  limit,  sjn  tends  to  the  same  limit. 

Thus  by  writing  Sn  =  <^H  +  ^2  +  ---  +  ^n»  ^^  ^^  ^^^^  ^f  ^  seqv^nce 
(an)  has  a  limity  this  limit  is  also  eqical  to 

lim    (a^  +  r/g  + . . .  +  «,»). 
if/ 


*  In  this  case  the  sequence  (v„)  is  Dot,  strictly  speaking,  monotonic ;  but  it  saves 
trouble  to  examine  it  here. 
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Of  course  the  second  limit  may  exist,  when  the  first  does  not ;  thus 
with  a.>n-i  =  l,  a2n=0,  the  second  limit  becomes  ^,  although  the  sequence 
{ttn)  oscillates. 

Theorem  III.  If  aU  the  terms  of  a  sequence  (an)  o/re  positive, 
and  if  Mm  (an+Jcin)  is  definite,  so  also  is  lima^*;  avd  the  two 
limits  are  the  same.  [Cauchy.] 

For,  if  lim  (a„+,/a„)  is  finite  and  equal  to  I  (not  zero),  we 
can  write  an  =  c„i",  so  that 

lim((?n+i/c„)=l. 
Thus  we  can  find  m,  so  that 

1  — €<c„+,/6'n<l  +  €,     if  n^m. 
By  multiplication,  we  obtain 

so   that  Cm(l-€y<     Cn     <e^(l  +  €)« 

Hence  c,n"(l-€)<  cj*  <,c,Ji(l+€). 

Now  limr„t"  =  l     (see  Ex.  4,  p.  17), 


■00 


so  that  1  — e  =  limc„«^limCn»=l+€. 

Now  these  extreme  limits  are  independent  of  m  and  therefore 
of  €]  and  €  is  arbitrarily  small,  so  that  the  inequalities  can 
only  be  true  if  each  of  these  limits  is  equal  to  1,  or  if 

limc^j«  =  l. 

Thus  lim  an«  =  i  =  lim  (an+i/a„). 

But  if  lim  (an+i/o^n)  =  oo ,  we  can  find  m,  so  that 

however  great  N  may  be. 

Hence,  as  above,  cLnhin>  iV""*" 

or  an"  >N[n^l  JV"»]». 

But  Hm[a„./iV«*]«  =  l         (Ex.  4,  p.  17), 


■00 


so  that  liman«=j\^. 

This  minimum  limit  is  independent  of  m  and  therefore  of  N ; 
and  N  is  arbitrarily  great,  so  that  we  must  have 

lima,i«=x . 
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The  case  when   lim  (a^+i/a^)  =  0  can  be  reduced  to  the  last 
by  writing  a„=l/6„,  because  a„  is  positive. 

It  is  not  difficult  to  extend  the  previous  argument  to  prove  that  in 

general 

1^      

lim (a„+,/a„) ^Hm ««"  =  hni (a„+,/a„)  ; 
and  also  that 


Hm(an+i/a».)'*"  =  Hm  a„^n  ^  lim  (a„+i/any», 
if  '•„  =  6n+i-6«  and  6„  steadily  increases  to  ao. 

Ex.  1.    To  find  lim  i(w !)«, 

n 

we  write  an=(wO/^"> 

so  that  a„+i/«n  =  'i"/(w  +  l)"=(l  +  l/w)-". 

Thus  lira-(w!)"  =  lima„"  =  lim^^^  =  -, 

by  Art,  158.    This  result  can  be  verified  at  once  by  reference  to  Stirling's 
formula  for  n\  (see  Art.  179). 

Ex.  2.     To  find         lim    [(w  +  l)(m  +  2)...(»i  +  /i)]",  where  m  is  fixed, 

71 

we  write  a„=(»i  +  l)(m  +  2)  ...(m  +  n)/?i", 

and  then  ^^-i=!^+Z!i+ Vi  +  l)""; 

so  that  the  limit  again  is  l/e. 
Ex.  3.     Similarly  we  find  that 

lim  i[(n  +  l)(w  +  2)...  271  ]»  =  :*, 
n  e 

a„         «  +  l     V       nJ 

Theorem   IV.     //  the  sequences  (a„),  (6„)  ccmverge  to  the 
liviits  a,  6,  ^AeTi 

lim    (aib„  +  a^K_^ -{-... +anh^)  =  ab.  [CesXro.] 

For,  let  us  write  a„  =  a+/)„,  6n  =  6  +  ?n,  so  that  j3n-*-0,  gn-^O. 
Then  the  given  expression  takes  the  form 

«^  +  ^(9i  +  ---+?H)+-(;?i+...+Pn)4--(/?i?,.4-...+i>„9i). 
It/  It  /' 

Now,  by  the  result  at  the  beginning  of  this  article,  we  see  that 
i.s.  2  b 
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and  consequently  we  have  only  to  prove  that 

lim-(2?i9„+l>2?«-i+...+Pugi)  =  0. 

Now,  since  pn>  9n  both  tend  to  0,  we  can  find  a  constant  A 
which  is  greater  than  \pr\  and  \qr\\  and  further,  we  can  find 
fx  so  that 

\pr\<  el  A,    I  ?r  |<  ejA,       if  r  >  fi. 

Then,  if  n  >  2/z,  we  have 

|Prgn-r+i|<^l9«-r+il<€,       if  r^\n,  n-v^^n^jUL, 

and  \Prqn-.r+l\<^\Pr\<€,  if    V^hll^/Ji, 

Consequently 

-\(Pl9n+Piqn-l+-'-+Pnqi)\<€,  if    ^  >  2/i, 

and  so  tends  to  zero,  as  n  tends  to  oo ;  thus  the  theorem  is 
established. 

165.  Theorem  V.  If  26„,  2cn  are  two  divergent  aeries  of 
positive  tennSy  then 

,.       ^0^0 "T (^i^x'T  •  "  -y  Cn^n  _ i *       '^0'% "T ^i '^i 4"  « « ■  +  On'% 

provided  that  the  second  limit  exists,  avd  that  either  (1)  cjbn 
steadily  decreases,  or  (2)  Cn/b„  steadily  increases  subject  to  tlie 
condition* 

where  K  is  fixed. 

Let  us  write  for  brevity 

Let  us  also  write  Cn/bn  =  Vn',  then 

Qn^(Mo)^0+...+(?^»»Si)^n 
^''n  b^VQ-h.^.-^bj^Vn 

*  The  second  part  of  the  theorem  is  due  to  Hardy,  Quarterly  Journal,  vol.  38, 
1907,  p.  269 ;  the  first  is  given  by  Cesiro,  Bulletin  des  Sciences  Malh4matique9 
(2),  t.  13,  1889,  p.  51.  Of  course  A:>1  in  case  (2),  in  virtue  of  the  fact 
that  cjb„  increases. 
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To  this  fraction  we  can  apply  the  result  of  Art.  153  above, 
and  we  find,  in  the  first  case,  when  (Vn)  de<yt*eases, 

(1)  h,,-(h„-l>)^<^<H,,+(H-H„)% 

where  Ily  h  are  the  upper  and  lower  limits  of  Pq/Bq,  Pi/B^,  ..., 
to  00,  and  5"^,  h^^  are  those  of  PJB^,  -Pm+i/^m+i.   •••»  ^  °o  • 
If  limPn/J5n  =  i,  we  can  find  t/i  so  that  hm^l  —  e,  H,n^l  +  €y 
and  so  we  have  from  (1) 

Now    (7n  ->  X ,   SO   that   if    we    take    the    limit   of    the   last 
inequality,  we  find 

(2)  l''€^limf^^]mi^^l  +  e. 

Hence,  since  €  is  arbitrarily  small,  each  of  the  extreme  limits 
in  (2)  must  be  equal  to  I;    or 

lim(Q„/Cn)=l. 
In  like  manner,  if  P„/Bn  -»•  oo ,  we  can  find  m  so  that  A,„  =  ^V, 

and  then  Q,./C'„  >  i\'  - (iV-  h)C,n/On. 

Since  C„  -»•  oo ,  we  find  from  the  last  inequality  that 

and  so  lim  (Qn/Cn)  =  »  . 

In  the  second  case,  when  c„/fe„  increases,  we  have 

Now,  by  hypothesis,         ~  <CKjy-, 
where  A^  is  a  constant  greater  than  imity.     Hence 

(3)  If„-K(H^-hJ-KiH-Hj^- 


'in 


a 


H 


then,  just  as  (2)  is  deduced  from  (1),  we  find  from  (3)  that 
from  whicli  the  same  result  follows  as  before. 
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It  is  instructive  to  note  that  in  tlie  first  case  the  series  2c,^ 
diverges  more  slowly  than  26n,  while  in  the  second  case  5/j„ 
diverges  more  rapidly  than  26»,  but  thefinxiL  condition  exchode^ 
series  which  diverge  too  fasU 

It  should  be  noticed  that  if  ««  tends  to  a  definite  limit,  Theorem  V.  is  an 
immediate  corollary  from  Theorem  II.  of  Art.  152 ;  for  then  both  fractions 
have  the  same  limit  as  s^. 

The  applications  of  most  interest  arise  when 

fc^  =  6^  =  ...  =  6^  =  l, 

and  then  we  have  the  result: 

//  2c„  is  a  divergent  series  of  positive  termSy  then 

Co  +  Cj-f  ...+C„        "  71+1 

provided   that   the  second  limit  exists  and  either  (1)  that  c^ 

steadily  decreases,  o?*  (2)  that  c^  steadily  increases,  subject  to 

the  restriction 

nc^<CK(cQ+c^+...+c^), 

where  K  is  a  fixced  number. 

Ex.  1.  A  specially  interesting  application  arises  from  applying  the 
theorem  of  Frobenius  (Art.  51)  to  the  series 

where  Co,   c^,  Cj,   ...    form    an    increasing   sequence   of   positive   integei^ 
satisfying  the  condition  just  given. 

Here  it  is  evident  that  the  series  must  l>e  written  in  the  form 

so  that  ^iq^ciq,    -4j^ctQ,    ...,    -»*co~i^^oi 

Generally  we  have     J„=ao-l-<^i -I- •••  +  «»! 
if  Co+ri  +  ...+c„-ii^i/<Co+c,  +  ...  +  6*„. 

Thus,  if  «„  =  ao+«i  + •••  +  ««»  we  have 

and  therefore  Frobenius's  mean,  if  it  exists,  is  given  by 

^0  +  ^*1  + ■••+^« 
which  we  have  proved  to  be  the  same  as 

lim  («o  +  «i  + . . .  +  «„)  /(w  + 1 ), 
provided  that  the  last  limit  exists. 

Ex.  2.     Interesting  special  cases  of  Ex.  1  are  given  by  taking 

Co  +  Ci  +  ...  +  o„  =  (/i  +  l)*,     (w^-l)^     etc., 
for  which  K  may  be  taken  as  2,  3  respectively. 


[i?       155]  THEOREMS  ON  LIMITS.  389 

r»I  Thus  we  have  the  results 

^  ^  lim  {aQ+aiX-\-a^+a^+,..)=:  lira  *o+^i  +  -+^n 

and  lim  (ao+aia:+a^  +  a^  +  .,.)^  lim  *o+^i  +  -+^n^ 


l>i 


3.     But  if  we  write*    Co+Ci  +  ...  +  c„=2'*"*'^, 
we  have  Co  =  2,  c„=2",  and  so 

w<J«/(co+Ci  +  ...  +  0=Jw. 

That  is,  our  condition  is  broken,  so  that  loe  have  7io  right  to  anticipate  the 
existence  of  the  limit, 

lim  (oq + aj^  +  a^x^  4- a^ + a^x^^-k- . . .) 

t<7Ae7i  Mc  ^/«i?^  of  («o  +  «i +  •••+««)/(»  + 1)  CA'w^« ;  and  as  a  matter  of  fact  the 
particular  series  l-a^+.r*-J:^+^^*— ...  can  be  proved  to  oscillate  as  a^ 
tends  to  1  (compare  Ex.  30,  p.  489).  [Hardt.] 

Ex.  4.     We  can  use  this  theorem  to  establish  Cesaro's  theorem  of  Art.  22, 
by  taking  «„=  i  1.    Then,  in  the  notation  of  that  article, 

1 

and  lim[(ic,jj,.)/(ic,j]  =  0, 

00  00 

because  "^CrSr  converges,  while  ^Cr  diverges. 

Thus  {pn  —  gn)l^  cannot  approach  any  limit  other  than  zero. 

[Cbsarc] 

Ex.5.     Write  BJ'^^-^.^)=f„ 

and  Fn=/o+/i  +  ...+/n=^„-;V^-^». 

t'n  +  l 

Also  let  Xn=PnlBn\  then  prove  that 

Qn=iXrfr+K{Cn-F^) 

Prove  that,  in  case  (1)  of  the  theoreni,+  Fn-'-oo,  but  that  FJC„<1 ;  and 
by  applying  Art.  152,  II.  deduce  that 

(QnlOn'\n)-^0,  [CeSARO.] 


*  It  is  perhaps  worth  while  to  call  attention  to  the  fact  that  the  sequence 

2,  4,  8,  16,  32, ... 

does  actually  increase  faster  than 

1,  8,  27,  64,  125.... 

In  fact  the  10th   and   Uth  terms  are  1024,  2048  in  the  first  sequence,    and 
1000,  1331  in  the  second. 
fThis  is  the  only  point  in  the  proof  at  which  care  is  necessary. 
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EXAMPLES. 

Irrational  Numbers. 

1.  (1)  If  ^  ifl  a  i-ational  number  lying  between  a*  and  (a  +  1)*,  prove  that 

•2a  + 1  2«  +  1 

(2)  If  {a-\-JAy=pn  +  qns/A, 

where  a,  p„,  g„  are  rational  numl^ers,  prove  that 

and  that  p„^- Aq„^=(a^-Ay\ 

Thus  if  a  is  an  approximation  to  ^JA,  Pnlqn  is  ft  closer  approximation. 
[The  approximation  p^lqz  is  the  same  as  that  used  by  Dedekind  (see 
Art.  145).] 

2.  (1)  If  (I,  6,  a;,  y  are  rational  numbers  such  that 

(6a'-a//)2  +  4(.r-a)(y-6)  =  0, 

prove  that  either  (i)  x  =  a  and  ,y  =  ft,  or  (ii)  ^/(l-a6)  and  -JO-Jrf/)  are 
rational  numbers.  [Afath.  Trip.  1903.] 

(2)  If  the  equations  in  .r,  y, 

cuc^  +  26j^  +  cy*  =  1  =  ^./-^  +  2wi*ry + wy*, 

have  only  rational  solutions,  then 

y/[{b  -  mf  -  (a  -  l){c  -  n)]  and  sj[{(tn  -  clf-^-Aiam  -  hl)(cvi  -  671)] 

are  both  rational.  \^Math.  Trip.  1899.] 

3.  If  a  is  irrational  and  a,  \  c,  d  are  i*ational  (but  such  that  ad  is 

not  equal  to  hc\  then 

aa  +  h  and  (aa  +  6)/(ca+fl?) 

are  irrational  numbers,  except  when  a=0  in  the  former. 

4.  Any  irrational  number  a  can  be  expressed  in  the  form 

a  =  Co  +  ^-|--?.  +  ^-^!.+  ..., 
a     a-     <r 

where  a  is  any  assigned  positive  integer  and  c,,  Cg,  C3,  ...  are  positive 
integers  less  than  a.  Thus,  in  the  scale  of  notation  to  base  a,  we  may 
write  a  as  a  decimal 

0     12  3*  •  •  • 

For  example,  with  a =2,  that  is,  in  the  binary  scale,  we  find 

v'2=l'0110101000001.... 

5.  If  o^,  a2,  cij,  ...  is  an  infinite  sequence  of  positive  integers  such 
that  71  can  be  found  to  make  {a^a^^,.,af^  divisible  by  N^  whatever  the 
integer  N  may  be,  then  any  number  a  can  be  expressed  in  the  form 

"    a^     0,02    aia,/i2 
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In  order  that  a  may  be  rational,  Cn  must  be  equal  to  a^  -  i  after  a 
certain  value  of  «,  [Cantor.] 

For  instance,      ^2=1  +  ^+ 1 +^+^^.1+^,      0<e<i. 

The  restriction  that  (aiCfg'-'^n)  must  be  divisible  by  N  is  essential; 
thus,  if  Cn  =  n,  a„  =  ^7i  +  l,  we  find 

1+3:5+3.5.7  +  -  ^  "  terms = I [1-3-^-.^^^^^^^  J. 

and  so  the  sum  to  infinity  is  ^,  which  is  rational^  although  c'„  is  not 
equal  to  a„  —  1. 

6.   If  we  can  determine  a  divergent  sequence  of  integers  {q^  such  that 

\\m{pn-qno)=0, 

where  /?„  is  the  integer  nearest  to  ^„a,  then  a  must  be  irrational.  Apply 
this  (a  special  case  of  Ex.  8)  to  the  series  in  Ex.  7. 

Establish  also  the  converse  theorem,  and  deduce  that  when  a  is  irrational 
we  can  find  an  integer  N  such  that  Na  —  M  is  as  near  to  any  assigned 
number  ^  (0<j8<l)  as  we  please,  where  M  is  the  integral  part  of  Ka, 

[For  the  first  part,  note  that  if  a  were  equal  to  r/*. 

For  the  second  part,  express  a  as  a  continued  fraction.] 


7,   'ITie  sums  of  the  series 

:2' 


where  ;?,  q  are  any  positive  integers,  are  irrational  numbers.    The  same 
holds  for  the  product  11(1  -/>"")•  [Eisensteix.] 

[For  simple  proofs  and  extensions,  see  Glaisher,  Phil.  Mag.  (4),  vol.  45, 
1873,  p.  191.] 

8.   If  a  is  the  root  of  an  algebraic  equation  of  degree  k  (with  integral 
coefficients),  we  can  find  a  constant  K  such  that 

\p         ^     1 

where  /?,  q  are  any  positive  integers.     Thus  if  we  can  find  a  divergent 
sequence  of  integers  (^„)  such  that 

\Pn-qnO-\<qZ^, 

where  p„  is  the  nearest  integer  to  ay„,  then  a  is  not  an  algebraic  number 
of  degree  k. 

Consequently,  if  o.  =  c^+^^-^-¥ ...+^^,  + ... , 

where  c,,  c.,,  c,, ...  are  less  than  10,  by  taking  the  sequence  j„  =  IO"',  we 
can  prove  that  a  is  transcendental.  [Liouville.] 
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9.  Suppose  that  a  is  an  irrational  number  which  is  converted  into  & 

continued  fraction 

_1 1 1_ 

aQ+  ai+  02  +  ...' 
and  Pnlqn  is  the  convergent  which  precedes  the  quotient  a« ;  write  further 

where  il„==a„H +     -+.... 

Then  shew  that  |  sin  matr  \  >  Kj  Qn+\ , 

if  qn<m<qn^\; 

and  also  that         |  sin  q^air  \  =  sin  (tt/C+i)  =  (1  +  €„)  ir/Qn+i , 
where  €«  tends  to  zero  as  n  tends  to  x, 

[Hardy,  Proc.  Lmd.  Math.  Soc.  (2),  vol.  3,  p.  444.] 

Monotonic  Sequences. 

10.  (1)  If  in  a  sequence  (a„)  each  term  lies  between  the  two  preceding 
terms,  shew  that  it  is  compounded  of  two  monotonic  sequences. 

(2)  If  a  sequence  of  positive  numbers  (cr„)  is  monotonic,  prove  that  the 
sequence  (6^)  of  its  geometric  means  is  also  monotonic,  whei*e 

6U  =  aia2...a„. 

(3)  If  c,,  Cj,  ...,  Cp  are  real  positive  numbers,  and  if 

A*n  =  «  +  cJ  +  ...-f-c;)/;?, 
prove  that  the  sequence  (fin+j  //v)  steadily   increases ;    and  deduce    that 
the  same  is  true  of  /x,,". 


11.    If 


^^-i[^-(,iy]"- 


where  o^  is  positive  and  indej^ndent  of  n,  shew  that  if  2a,  is  convergent, 
its  sum  gives  the  value  of  lim*5„  (see  Art.  49). 

Conversely,  if  lim^Sn  exists,  shew  that  2ay  converges,  and  that  its  sura 
is  equal  to  the  limit  of  S„, 

Apply  to  Ex.  12,  taking  k=l  ;   and  to  Ex.  6,  Ch.  XI.,  taking  k=2, 

12,  Apply  Cauchy's  theorem  (Art.  152,  II.)  to  prove  that 

„™l[«+!^+!L-_V...^I_,og(„!)]=c, 

where  C  is  Euler's  constant  (Art.  11). 
Prove  also  that  for  all  values  of  n,  the  expression  lies  between  0  and  K 

[Math.  Trip.  1907.) 

13.  Apply  Stolz's  theorem  (Art.  152,  IT.)  to  prove  that  if 

Hm  (  a„+i-a„  +  X— j  =  ?,      where  A>-1, 

7 

then  lim(a„+i-aj=lim— =  ;; — c-  [Mkrcer.] 
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[If  iP,=(l-A)(l-iX)(l-JA)...(l-X/n)  and  c„^aJP...,, 

then  the  given  expression  can  be  written 

(Cn+l  -  C„)  Pn  =  (l-\-  X.)(Cn+l  -  C„)  /  (6„+i  -  6„), 

where  6„=n/P„_i.  Then  6„  increases  with  71,  if  1  +  A  is  positive;  and 
Art  42  shews  that  6„fv»r(l- A)?i^*^^,  which  tends  to  infinity  with  n. 
Thus  lim(c„/6„)=^/(14-A),  from  which  we  get  the  given  results.] 

Qnaai-monotonic  Sequences. 

Given  a  sequence  (o„),  let  v  be  the  greatest  index  for  which 

<^ll       <^J       <3f3,        ...    ,       Oy 

are  all  less  than  a„  ;  then  v  is  a  function  f)f  n,  say  ff>(ri).  As  a  general 
rule  4>(n)  is  not  monotonic  and  does  not  tend  to  infinity. 

When  <f>(n)  tends  to  infinity  with  n  (Tiot  necessan'l?/  steadifi/)  the  sequence 
(a„)  is  called  qiuisi-monotonic  (increasing). 

It  is  easy  to  frame  a  corresponding  definition  for  the  decreasing  case. 

14.  Prove  that : 

(1)  A  quasi-mouotonic  sequence  (increasing)  either  diverges  to  00  or 
converges  to  a  limit  I  which  is  greater  than  any  term  of  the  sequence. 

(2)  Conversely,  if  a  sequence  diverges  to  oc  or  converges  to  a  limit  I 
greater  than  any  term  of  the  sequence,  then  the  sequence  is  qua.si-monotonic 
and  increasing. 

(3)  Any  convergent  sequence  ciin  be  sub-divided  into  two  quasi-monotonic 
sequences  having  a  common  limit. 

Illustrations  of  quasi-monotonic  sequences  are  given  by 

where,  in  the  first  two,  p  is  a  constant.  [Hardy.] 

Infinite  Sets  of  Numbers. 

15.  For  some  purposes  of  analysis  we  need  to  use  infinite  sets  of  numbers 
which  cannot  he  arranged  as  a  sequence ;  when  a  set  can  be  arranged  as 
a  sequence,  it  is  often  called  countable  or  enumerable. 

Prove  that  the  set  of  all  real  numbera  lying  between  0  and  1  is  not 
countable.  [Cantor.] 

[For  if  a,,  a^^  03,  ...  is  any  sequence  of  such  numbei-s,  we  can  write 
each  term  as  an  infinite  decimal 

Then  consider  the  infinite  decimal 

y  =  "01^2^3...  , 

in  which  c„  is  subject  only  to  the  condition  of  not  being  the  same  as  a„,„. 
It  is  clear  that  y  does  not  belong  to  the  sequence  (a„)  ;  and  so  (a„)  cannot 
exhaust  all  the  real  numbers  between  0  and  1.] 
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16.  Given  any  infinite  set  of  numbers  (k)  we  can  conRtruct  a  Dedekind 
section  by  placing  in  the  upper  class  all  rational  numbers  greater  than 
ai)^  nutuber  k,  and  in  the  lower  class  all  rational  numbers  less  than  somr 
number  k. 

This  section  defines  the  upper  limit  of  the  set ;  prove  that  this  upper 
limit  has  the  properties  stated  on  p.  12  for  the  upper  limit  of  a  sequence. 
Frame  also  a  corresponding  definition  for  the  lower  limit  of  the  set  Jb ; 
and  define  both  upper  and  lower  limits  by  using  the  method  of  continued 
bisection  (as  in  Art.  150). 

17.  The  limiting  volutes  of  an  infinite  set  of  numbers  consist  of  numbers  A 
such  that  an  infinity  of  terms  of  the  set  fall  between  X-c  and  A  +  €, 
however  small  €  may  be. 

Given  an  infinite  set  of  numbers  {k)  we  can  construct  a  Dedekind 
section  by  placing  in  the  upper  class  all  rational  numbers  which  are  greater 
than  all  but  a  finite  number  of  the  terms  k^  and  in  the  lower  class  ail 
rational  numbers  less  than  an  infinite  number  of  terms  k. 

This  section  defines  tlie  maximum  limit  of  the  set ;  pix)ve  that  the 
maximum  limit  is  a  limiting  value  of  the  set,  in  accordance  with  the 
definition  given  above  j  and  further  that  no  limiting  value  of  the  set 
can  exceed  the  maximum  limit  (compare  Art.  5,  p.  13).  Frame  a  corre- 
sponding definition  for  the  minimum  limit  and  state  the  analogous  properties. 

Gtoursat's  Lemma. 

18.  Suppose  that  an  interval  has  the  property  that  round  every  point  P 
of  the  intem'al  we  can  mark  off  a  sub-interval  such  that  a  certain  inequality 
denoted  by  {y,  P}  is  satisfied  for  every  point  Q  of  the  sub-interval.  Then 
we  can  divide  the  whole  interval  into  a  finite  number  of  parts,  such  that 
each  part  contains  at  least  one  point  {F)  for  which  the  inequality  {Qi^  P')  is 
i*atiafied  at  every  point  Q'  of  the  part  in  which  P  lies. 

[Bisect  the  original  interval ;  if  either  half  does  not  satisfy  the  condition, 
bisect  it  again  ;  and  so  on.  If  we  continue  the  process,  one  of  two 
alternatives  must  occur  :  either  we  shall  obtain  a  set  of  sub-divisions  which 
satisfy  the  condition,  or  else,  however  small  the  divisions  may  be,  there 
is  always  at  least  one  pirt  which  does  not  satisfy  the  condition. 

In  the  former  case,  the  lemma  is  proved  ;  in  the  latter,  we  have  an 
infinite  sequence  of  intervals  («„,  6„),  each  half  the  preceding,  so  that 

6„+i-a„+i  =  J(6„-a„)  and  a„^a„+i<6rt+i=&n, 

and  the  condition  is  not  satisfied  in  any  interval  {an^  b^). 

Now  the  sequences  (a„),  (6„)  have  a  common  limit  I ;  mark  off  round  I 
the  interval  (/,  g)  within  which  the  inequality  {Q,  1}  holds.  Then  we 
have  a„^l^bn^  and  we  can  choose  n  so  that  b^  — an< I— f=g  — I. 

Thus  a„ >f+  (6„ - 0 ^/  and  bn<g+(l-a„)^ g, 

so  that  the  interval  {any  b„)  is  contained  within  the  interval  (/,  g) ;  and 
.therefore  the  inequality  {Qjl}  is  satisfied  at  all  points  of  (a^,  6^).    That  is. 


J 
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if  we  take  /"  at  l,  the  required  condition  is  satisfied  in  (a„6„) ;  and  so  we 
are  led  to  a  contradiction  by  a^ssuming  that  the  lemma  is  not  true.]* 

19.  Suppose  that  an  interval  has  the  property  that  round  every  point  P 
of  the  interval  we  can  mark  off  a  sub-interval  such  that  the  inequality 
\Q,  R}  is  satisfied  for  any  two  points  Q,  R  of  the  sub-interval.  Then  we 
can  divide  the  whole  interval  into  a  finite  number  of  parts,  such  that 
the  inequality  {(7,  K)  is  satisfied  for  any  two  points  which  lie  in  the 
same  part. 

[Prove  as  in  Ex.  18.] 

20.  State  and  prove  Exs.  18,  19  in  forms  applicable  to  regions  in  a 
plane  ;   or  to  volumes  in  space. 

ContinuouB  Functions. 

21.  If  f{x)  id  continuous  in  the  interval  (a,  6),  prove  that  it  assumes, 
at  least  once  in  the  interval, 

(1)  every  value  between  f{a)  and  J\h\ 

(2)  the  upper  and  lower  limits  {H  and  h)  of  f{x)  in  the  interval. 

[Apply  the  method  of  continued  bisection. 

In  case  (2)  we  get  an  infinite  sequence  of  intervals  (a„,  6„)  such  that  U 
is  the  upper  limit  oi  f{x)  in  the  interval  (a„,  6„) ;  let  (a„),  (6„)  tend  to  the 
common  limit  I.    Then  if  f{l)  <  II,  choose  8  so  that 

/W-/(0<i[i^-/(0],      if  |.t'-^l<5. 
Then  choose  n  so  that  b„-a„^S;   and  we  find  that  /(.i?)<i[//+/(0] 
at  all  points  of  (a„,  b„),  contrary  to  hypothesis.] 

22.  Use  Ex.  18  to  prove  that  if  f{x)  is  continuous  in  an  interval  (a,  6), 
then  the  interval  can  be  divided  into  a  finite  number  of  parts  (the  number 
depending  on  e)  such  that 

where  Xi,  X2  are  any  two  points  in  the  same  sub-division.  [Heine.] 

23.  A  function  is  said  to  be  finite  in  an  interval  if  its  absolute  value 
has  a  finite  upper  limit  in  the  interval. 

Deduce  from  Ex.  22  that  if  f{x)  is  continuous  in  an  interval,  it  is  also 
finite  in  the  interval ;  and  also  that  S  can  be  found  so  that 

where  ^i,  ^j  are  any  two  points  of  the  interval  satisfying  \^%-^i\<8. 

*The  argument  developed  here  was  given  first  by  Goursat  in  the  special 
form  suitable  for  his  proof  of  Cauchy's  theorem  (a  reproductioi)  of  this  proof 
will  be  found  in  his  Couvh  d^Aualysef  t.  2,  p.  85);  the  general  statements  of 
Kxs.  18,  19  seem  to  have  been  given  first  by  Dr.  Baker. 


APPENDIX  II. 

DEFINITIONS  OF  THE  LOGAKITHMIC  AND  EXPONENTIAL 

FUNCTIONS. 

156.  In  the  text  it  has  been  assumed  that 

and  a  number  of  allied  properties  of  the  logarithm  have  been 
used.  It  is  customary  in  English  books  on  the  Calculus 
to  deduce  the  differential  coefficient  of  logx  from  the  ex- 
ponential limit  (Art.  57)  or  else  from  the  exponential  series 
(Art.  58).  It  would,  therefore,  seem  illogical  to  assume  these 
properties  of  logarithms  in  the  earlier  part  of  the  theory; 
although,  no  doubt,  we  could  have  obtained  these  limits  quite 
at  the  beginning  of  the  book.  But  from  the  point  of  view 
adopted  it  seemed  more  natural  to  place  all  special  limits 
after  the  general  theorems  on  convergence.  It  is,  therefore, 
desirable  to  indicate  an  independent  treatment  of  the  logarithmic 
function ;  and  it  seems  desirable  to  use  this  way  of  introducing 
the  function  in  a  first  course  on  the  Calculus.* 

157.  Definition  of  the  logarithmic  function. 

There  appears  to  be  no  real  need  for  the  logarithm  at  the 
beginning  of  the  Differential  Calculus,  but  we  require  it  in 
the  Integral  Calculus  as  soon  as  fractions  have  to  be  integrated. 

At  first  it  is  probably  best  to  denote  \dxjx  by  L{x\  and  post- 
pone the  discussion  of  the  nature  of  the  function  L(x)  until 

•See  a  paper  by  Bradshaw  (AnnalM  of  AfathematicA  (2),  vol.  4,  190.3,  p.  61) 
and  Osgood's  Lehrhuch  der  Funktionentheorip^  Bd.  1,  pp.  487-500. 
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after   the    definite    integral    has    been    introduced.      We    shall 

assume,  for   the   present,   the   theorem   that    I  ydx  represents 

the  area  between  a  curve,  the  axis  of  x  and  the  two  ordinates 
x  =  a,  x  =  h]  an  arithmetic  treatment  of  the  theorem  will  be 
given  below  (Art.  163). 


Let  the  rectangular  hyperbola  y  =  l/x  be  drawn,  then  we 
shall  denote  by  L(x)  the  area  ABPM  bounded  by  the  curve, 
the  fixed  ordinate  AB  (a;  =  l),  the  axis  of  x  and  the  variable 
ordinate  PM\   or,  in  the  notation  of  the  Calculus,  we  write 


(1) 


Z(a;)=  I  dxjxy 


where,   as   will    be    evident    from    the    figure,   x    is   supposed 
positive. 

It  is  obvious  from  the  definition  that 

(2)  X(1)  =  0. 

Further,  if  parallels  are  drawn  through  B  and  P  to  the 
axis  of  Xy  we  obtain  two  rectangles,  one  enclosing  the  area 
ABPM  and  the  other  entirely  within  ABPM. 

Thus  we  have 

(3)  X'-\>L{x)>  {x  -  \)lx, 

or,  with  a  slight  change  of  notation, 
(3a)  x  >  Z(l  +x)  >  xl{\  -\-x). 

Although  (3)  has  only  been  proved  when  x>\,  yet  it  is  easy  to  shew 
similarly  that  the  inequalities  (3)  hold  good  algebraically,  when  a:<l. 
But  care  must  be  taken  to  notice  that  when  x  is  less  than  1,  in  (3),  or 
negative,  in  (3a),  all  the  membera  of  the  inequalities  are  negative ;  thus, 
for  the  numerical  values  the  inequalities  would  have  to  be  reversed. 
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For  instance,  we  get  from  (3), 

But  in  numerical  value        i<l^(i)|<I- 

Again,  if   we   take  an  ordinate  QJV,  such  that  0N=2.OM^ 

we  have 

L(2x)-'L{x)  =  PMNQ>reet  MN.NQ, 

and  <rect.  MN,MP, 


That  is,        a:Q)  >  L(2x)^L{x)  >  xQ^,  or 


(4)  l>L{-x)^L{x)>l 

Thus,  we  get    1>  i(2)>J,       since  i(l)  =  0, 

1>    L(4)-Z(2)>i 

1>    X(«)-i(4)>J, 
and  so  on. 

It  follows  by  addition  that 

Now,  if  x^Xq,  it  is  evident  from  the  figure  that 

L{x)>L{x,). 

Hence        {n+\) > Z(2"+i) > L{x) > i(2") >  \n, 
if  2**+^  >  a;  >  2**,  and  it  is  evident  that  L{x)  tends  to  infinity 
rnitli  X  (Art.  1,  Note  2),  or 

(5)  \imL{x)=x, . 

Again,  if  we  write  x=llf,  we  have 

dx  _     dt 

x  t  * 

r*  d  r         f *  dt 
so  that  L{x)=\   -;  =-l  ^=-1^1 

(6)  L{\jx)=^L{x\ 

Hence,  as  x  approaches  zero,  since  Ijx  tends  to  infinity, 
L{x)  tends  towards  negative  infinity,  or 

(7)  limX(.r)=-a). 

a:->.0 

Again,  the  fuvction  L(x)  is  continuoiis  foi^  all  positive 
values  of  x.  For  we  see  at  once  that  \L{x  +  h)'—  L{x)\  lies 
between  two  rectangles,  one  of  which  is  equal  to  \h\lx  and 
the  other  to  \h\l{x-\-h).     Thus 

|X(ic  +  /0-i(^)|<e,       if  \h\<€xl{l+€\ 
which  proves  the  continuity  of  L{x). 


or 


i 
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It  follows  from  the  fundamental  relation  between  differentia- 
tion and  integration  that 

(8) 


R2^''(^^H' 


but  without  appealing  to  this  general  fact  we  can  obtain  the 
result  by  noticing  that  [L(x  +  h)  —  L(x)yh  is  contained  between 
1/x  and  l/{x  +  h).     Thus 

^  [L(x)]  =  lim  J  [L(x  +  /tY-  L(x)]  =  -. 

If  x  =  a,  b  are  two  ordinates  such  that  6  >  a  >•  1 ,  we  have 

Z(6)-Z(a)<(6-a)/a 
by  exactly  the   same   argument  as  we   used   to   establish  (4). 
Further,  from  (3),  we  have 

i(a)>(a-l)/a. 


Hence 


or 


Thus 


or 


L(a)       1      L(b)-L(a) 

a— 1      a  6— a 

(6-a)Z(a)>(a-l)[Z(fc)-Z(a)]. 
(6-l)Z(a)>(a-l)i(6), 

L(a)  ^  m^  ^j^^^.^  6  >  a  >  1. 


Consequently,  the  function  L(x)/(x—l)  decreases  iis  x  in- 
creases', which  corresponds  to  the  nearly  obvious  geometrical 
fact  that  the  viean  ordinate  between  AB  and  PM  decreases 
as  X  increases, 

Ab  an  example,  the  reader  may  prove  the  last  result  by  differentiation. 

The  figure  below  will  give  a  general  idea  of  the  course  of 
the  logarithmic  function. 


Fig.  41. 
The  dott-ed  lines  represent  the  curves 


(•-')" 
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168.  Fundamental  properties  of  the  logarithmic  fonction. 

In  the  formula  C^dx 

Z{u)=J^--. 

cliange    the    independent    variable    from    re    to    ^   by    writing 
x  =  ^!v;   we  find  then 

or,  going  back  to  the  definition, 

L{ii)  =  L{tLv)'-L{r). 
Thus 

(1)  L{uv)  =  L{tt)-\-L(v). 
From  equation  (1)  it  follows  at  once  that 

(2)  L{in  =  7iL(u\ 
where  v  is  any  rational  number.* 

Suppose  now  that  e  is  a  number  such  that  L{e)=l:  the 
existence  of  e  follows  from  the  fact  that  L(x)  is  a  continuous 
function,  which  steadily  increases  from  —  ao  to  -\-oo  as  a? 
varies  from  0  to  x  (see  Art.  149). 

Then  equation  (2)  gives,  for  rational  values  of  n, 

(3)  L(p^^)=n, 
which   proves   that   L{jr)   must   agree   with    the    logarithm    to 
base   e,   as   ordinarily   defined;    we   shall,   therefore,   write   for 
the  future  log  re  in  place  of  L(x). 

We  can  obtain  an  approximation  to  the  value  of  e  by 
observing  that,  when  n  is  positive,  (3)  of  Art.  157  gives,  on 
writing  ,r.=  l-\-l/n, 

->logfl+^)>— J-p,  or 

(4)  l>l«gO+'J>.il- 

Thus,  as  \i  increases,  logf  l  +  -j    tends  to  1  as  its  limit;  and 
so,  since  the  logarithmic  function  is  continuous  and  monotonic, 
must  tend  to  e. 


*  Equation  (2)  may  be  used  (see  Bradshaw'a  paper,  §  4)  to  establish  the  exist- 
ence of  roots  which  are  not  evident  on  geometrical  grounds ;  for  example,  the     j^ 
fifth  root.     Of  course,  from  the  point  of  view  adopted  in  this  book,  it  is  more 
natural  to  establish  the  existence  of  such  roots  by  using  Dedekind's  section. 
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Similarly,  we  have 

(5)  l<log(l-l)-"<-5-j. 
Thus,  we  find 

(6)  limfl+^y  =  e  =  limfl--V". 

It  is  easy  to  give  a  direct  proof  that  the  expressions  (6)  have  a  definite 
limit.  For  we  have  proved  (Art.  157,  end)  that  (logar)/(j?-l)  decreases  as 
a:  increases. 

Thus,  if  jF=H-l/n,  we  see  that  log  (1 +  !/«)"  increases  with  «;  and 
therefore  (l  +  l/n)"  does  so.  In  the  same  waj'  we  prove  that  (l-l/«)~* 
decreases  as  n  increases. 

But  from  (4)  and  (5)  we  see  that  (l  +  l/n)"  is  less  than  (l-l/w)-**,  and 
is  therefore  less  than  (1-1/2)-*  if  n>2. 

Thus  (l  +  l/n)"<4,  and  consequently  (1 +  !/»)"  converges  to  a  definite 
limit  e  (by  Art.  149). 

As  a  matter  of  fact,  however,  these  limits  are  not  very 
convenient  for  numerical  computation.  Their  geometric  mean 
gives  a  better  approximation;   for  it  will  be  seen  that 


Hence 
.1 


|;2(.+.,*<.og(^)<J;2(i+j4^,)*, 

-    l('-K-o<'»«(:-±i)<i{'-3-<iti5}- 

Thus 

With  w=100  it  will  be  found  that 

(l  +  l)"=2-7048,     (l-l)-"=2-7320,     (^;)'-2-7184. 

the  third  of  which  is  only  wrong  by  a  unit  in  the  last  place. 

It  is  perhaps  of  historical  interest  to  note  that  Napier  calcu- 
lated the  first  table  of  logarithms  by  means  of  an  approximate 
formula  allied  to  (7),  namely, 

i.s.  2c 
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The  error  in  the  approximation  (8)  can  easily  be  shewn  to 
be  about  H(^""^)/^P»  ^^^  ^^  Napier's  work  {a'-b)/a  does  not 
exceed  5/10'';  so  that  Napier's  approximation  is  right  to  the 
13th  decimal  place. 

Napier's  definition  of  a  logarithm  is  exactly  equivalent  to 
the  definite  integral  which  we  have  employed ;  he  supposes  that 
the  velocity  of  a  moving  point  P  is  proportional  to  the  distance 
of  P  from  a  fixed  point  0,  and  is  directed  towards  0;  so  that 
the  time  represents  the  logarithm  of  the  distance  OP,  if  the 
initial  distance  OP  is  taken  as  unit. 

159.  The  exponential  fiinction. 

Since  the  logarithmic  function  logj^  steadily  increases  as  y 
increases  from  0  to  +  oo ,  it  follows  from  Art.  149  that,  corre- 
sponding to  any  assigned  real  value  of  x,  there  is  a  real 
positive  solution  of  the  equation 

\ogy==x. 

We  call  y  the  exponential  function  when  x  is  the  inde- 
pendent variable  and  write  y  =  exp  x ;  the  graph  of  the 
function  can  be  obtained  by  turning  over  Fig.  41,  p.  399  and 
interchanging  x  and  y.     The  figure  obtained  is  shewn  below : 


-2-1  0  1  2 

Dotted  curve,  y=^\+x  +  \3:^, 

Fio.  42. 


It  is  evident  that  the  eocponential  function  is  sin^/le'Vcdued,' 


*  GeneraUy,  the  function  inverse  to  a  given  function  is  single- valued  in  any 
interval  for  which  the  given  function  steadily  increases  (or  steadily  decreases). 


J 
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because  if  y^^Vv  l^g  2/2  >  ^^g  2/r  Thus  two  different  values 
of  y  cannot  correspond  to  the  same  value  of  x  in  the  equation 
^^Sy  —  ^>  ^30  that  y  is  a  single-valued  function  of  x. 

Suppose  now  that         \og{y+k)=x+hy 
so  that  '^  =  log(y+^)  — log2/=log(l+A;/2/). 

Thus,  from  Art.  157  (3),  we  have 

(1)  k/(y  +  k)<h<k/y, 
or,  since  y  and  y+k  are  positive, 

(2)  hy<k<h(y+k). 

Hence,  the  function  expa;  increases  with  x\   and  if 

\^<^l{y+^\ 

we  see  that  |  A:  |  <  €,  and  consequently  the  eocponential  function 
is  continuous. 

We  have  proved  in  Art.  158  (3)  that,  when  x  is  rational,  the 
exponential  function  is  the  positive  value  of  e*.  If  now  x  is 
irrational,  defined  by  the  upper  and  lower  classes  (A),  (a),  we 
have  e*= exp  a  <  exp  x  <  exp  A  =  c^, 

because  the  exponential  function  increases  with  x.  Also  since 
expx  is  continuous,  6^  — e^  can  be  made  as  small  as  we  please; 
and  consequently  (compare  p.  370)  exp  x  is  the  single  number 
defined  by  the  classes  (e^),  (e^).  Thus  exp  a;  coincides  with 
Dedekind's  definition  of  e*,  when  x  is  irrational ;  and  so  for  all 
values  of  x,  the  exponential  function  is  the  positive  value  of  (F, 

Since  log  1  =  0,  it  follows  that  e^=l,  and  so  we  have,  from 
the  continuity  of  the  exponential  function, 

(3)  lime* =6^=1. 

Again,  because  logy+log2/'  =  log(yy'),  we  have 

(4)  e^^e,€^. 

Of  course  (3)  and  (4)  agree  with  the  ordinary  laws  of  indices, 
as  established  for  rational  numbers  in  books  on  algebra. 

From  the  definitions  of  the  logarithm  and  exponential  functions 
it  follows  at  once  that 

1^  =  1    or  ^  =  t/ 
y  dx       '        dx     ^ 

Thus  the  exponential  function  lias  a  derivate  equal  to  itself 

that  is, 

(5)  ^(«')=e'. 

This  result  can  also  be  deduced  at  once  from  (2)  above. 
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The  following  inequalities  are  often  useful:* 

(6)  ^>l+a;,      for  any  value  of  x. 

(7)  c»<l/(l-a;),      ifO<ic<l. 
These  follow  from  (3a)  of  Art.  157. 

160.  Some  miscellaneoas  inequalities. 

Since,  when  »>  1,  we  have  from  (3)  of  Art  157, 

(1)  logaj<aj  — 1  <«, 

it  follows  that  if  n  is  any  positive  index, 

(2)  log 03* < 03"   or   logx<Cx^/n. 

Again,  from  the  same  article,  we  see  that  if  x  and  n  are 

positive, 

x/(n+x)  <  log  (1 +x/n)  <  x/n. 

Thus,  we  find 

(3)  e^ < (l  + -y< ^,      if  i=^' 
^  ^  ^  \      'W</  *     n+x 

Since  lim^=aj,  and  since  the   exponential  is  a  continuous 
function,  it  follows  from  (3)  that 

(4)  €*  =  limfl  +  -y. 
Similarly,  we  can  prove  that  if  n'^x'^0, 
(3a)              .x.>(l-|)->e..      ifx,=^. 

1 )      . 

When  71  is  a  positive  integer,  we  have 

(i^|)"=x+«+|'(,-i).....©-. 

and  since  all  the  terms  are  positive,  this  gives,  from  (3), 

e«>H-x+f(l-l), 

and  consequently,  by  taking  the  limit  as  n-^oo , 

(5)  d'^l+x+lx^      ifa;>0. 
Similarly,  we  can  prove  that 

^>l+x+ix^+^a^,      if  a;>o. 

*  The  geometrical  meaning  of  (6)  is  simply  that  the  exponential  curve  lies 
entirely  above  any  of  its  tangents. 
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161.  Some  limits ;  the  logarithmic  scale  of  infinity. 

We  have  seen  in  (2)  of  the  last  article  that 

m 

logos < x^/n,      if  35 >  1,  n^O, 
and  so  logx/x^  <  l/nx'^. 

Hence  lim  (log  x/a^) = 0, 

X-XO 

or  simply 

(1 )  lim  (log  x/x"")  =  0,       if  71  >  0. 

X->00 

Since  loga;=  —  log(l/ic),  the  last  equation  is  the  same  as 

(2)  lim(iB^loga;)  =  0,      if  w>0. 

From  (3)  of  the  last  article  we  see  that 

(x/n)^  <  e*, 
or  a;**<7i"e*,      if  a;>0,  7i>0. 

Hence  a;**6  -  ^  <  n^e  '  *, 

and  therefore  lim(aj**e"**)  =  0, 


X->00 


or  by  writing  x  in  place  of  2x,  we  have 
(3)  lim  (a^e ' *) = 0,      it  n>0. 


>oo 


Of  course  we  can  also  write  (3)  in  the  form 

(4)  lim  (e*/iK»)  =  00  ,      if  71  >  0. 


x->« 


The  results  (3)  and  (4)  are  of  course  true  if  n  ^  0 ;  but  no  proof 
is  then  required. 

We  can  also  obtain  (1)   and  (4)  hj  appealing   to  L'Hospital's   rule» 
Art.  152  above. 

Thus  lim?5&f=lin»l/^=0, 

and  by  changing  ^  to  Jt;"  we  get  (1). 

Similarly,  ^  ^^^ 

hm  —  =  lim-Y~==®>      a>0. 


If  we  write  0=1 /n  and  raise  the  last  to  the  wth  power,  we  get  (4). 

The  limits  (l)-(4)  form  the  basis  of  the  loga/rithmic  scale 
of  infinity.  It  follows  from  (1)  that  log  x  tends  to  oo  more  slowly 
than  any  positive  power  of  x,  however  small  its  index  may 
be;  hence,  a  fortiori,  log  (log  05)  tends  to  oo  still  more  slowly, 
and  so  on.     On  the  other  hand,  we  see  from  (4)  that  6*  tenda 
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to  00  faster  than  any  power  of  x,  however  large  its  index  may 
be ;  and  hence  a  fortiori  e^  tends  to  oo  still  faster,  and  so  on. 
Thus  we  can  construct  a  succession  of  functions,  all  tending 
to  00 ,  say, 

...  <log(logxXlogaj<x<e*<e^< ... , 

and  each  function  tends  to  oo  faster  than  any  power  of 
the  preceding  function,  but  more  slowly  than  any  power 
of  the  following  function. 

It  is  easy  to  see,  however,  that  this  scale  by  no  meaDs  exhausts  all 
types  of  increase  to  infinity.    Thus,  for  instance,  the  function 

tends  to  oo  more  slowly  than  e*,  but  more  rapidly  than  any  (fixed)  power 
of  X. 

Similarly,  ^=e*»o«* 

tends  to  infinity  more  rapidly  than  e*,  but  more  slowly  than  c^  or  than  c^. 
Other  examples  will  be  found  at  the  end  of  this  Appendix  (Exs.  11,  12, 
p.  412). 

162.  The  exponential  series. 

If  we  write 

Z„=H-a!+2;+...+-, 

we  have 

dXn_  Y 

Thus  ^(l-e-»Z„)=e-«(Z„-Z„.,)=e-«^, 

and  so,  since  l—e'^Xn  is  zero  for  a;  =  0,  we  have 

f*     /** 
l-e-*Z^=    e-^-,dt, 
"*    Jo     n\    * 

a  result  which  can  also  be  easily  obtained  by  applying  the 
method  of  repeated  integration  by  parts  to  the  integral 


1 


""e-^dU 

0 


Multiplying  the  last  equation  by  e*,  we  find 
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But  when  x  is  positive,  e"'  in  the  last  integral  is  less  than 
1,  and  so 

lonl  Jo  nl  (n+1)! 

When  X  is  negative  (=  —  ^,  say),  e"'  is  less  than  e^,  and  so 

Jo   ^!  Jo'J^l  (n  +  l)\ 


We  have  therefore 


e*  =  l+a;+|-, +...+J+-Bn, 


where 


or 


-Bn< 


aj 


In+l 


when  a?  >►  0, 
when  a;  <  0. 


(71+1)!' 
In  either  case  limi2n  =  0  (Art.  2,  Ex.  4),  and  so 


n-><» 


or      Ci 
e*=l+a;+-2,  +  ^+...  to  oo. 

163.  The  existence  of  an  area  for  the  rectangular  hyperbola. 

We  give  here  a  proof  that  the  rectangular  hyperbola  has  an 
area  which  can  be  found  by  a  definite  limiting  process;  this 
seems  essential,  since  few  English  books  give  any  adequate 
arithmetic  discussion  of  the  area  of  a  curve.  The  method 
applies  at  once  to  any  curve  which  can  be  divided  into  a  finite 
number  of  parts,  in  each  of  which  the  ordinate  steadily  increases 
or  stea^dily  decreases;  although  the  actual  proof  refers  only  to 
a  curve  like  the  rectangular  hjrperbola  in  which  the  ordinate 
constantly  decreases, 

P .P' 


FlQ.  43. 


Consider  any  strip  of  the  figure,  bounded  by  the  curve  (PQ), 
the  axis  of  x  (MN\  and  two  ordinates  PM,  QN.     We  can 
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associate  with  this  strip  an  outer  rectangle  PMNP'  and  an 
inner  rectangle  QMNQ\  now  bisect  MN  at  M^  and  draw  the 
ordinate  R^My  This  gives  two  outer  and  two  inner  rectangles ; 
namely,  PM^,  R^N  outside  the  curve,  R^M,  QAfj  inside.  But 
the  sum  PM^+R^N  is  obviously  less  than  the  original  outer 
rectangle;  and  R^M+QM^  is  greater  than  the  original  inner 
rectangle. 

If  we  again  bisect  MM^  and  M^N,  we  obtain  four  outer  and 
four  inner  rectangles ;  and  the  sum  of  the  outer  rectangles  has 
again  been  diminished  while  the  sum  of  the  inner  has  been 
increased  by  the  bisection. 

When  MN  is  divided  into  2**  equal  parts,  let  us  denote  the 
sum  of  the  outer  rectangles  by  Sn  and  the  sum  of  the  inner 
rectangles  by  «».     Then 

and  «^<  81  <  82 <  ...  <iSn<i*>.. 

Also  Sn  >  8n>         ('^  =  0,  1,  2,  3,  . . .). 

Now,  from  the  figure,  we  see  that  the  difference  S^—s^  is 
the  sum  of  the  two  rectangles  PR-^^  R^Q,  which  is  equal  to 


Similarly,  8^-8^  =  ^  (8^^  -  8{)  =  ^(Sq  -  80), 


22^ 


and  generally 


«o)- 


It  is  therefore  clear  from  Art.  149  that  8n  and  8n  approach  a 
common  limit  as  n  increases;  this  limit,  say  A,  is  called  the 
area  of  the  figure  PMNQ, 

P 


FlO.  44. 


But  it  is  essential  to  prove  that  we  jmd  the  same  area  A 
in  whatever  way  the  base  MN  is  supposed  divided  to  form 
the  rectangles. 
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Let  2  denote  the  sum  of  the  outer  rectangles  when  MN  is 
divided  up  in  any  manner  regular  or  irregular ;  and  let  o-  denote 
the  sum  of  the  corresponding  inner  rectangles.  Then  a  glance 
at  the  figure*  will  shew  that  for  any  value  of  n  we  have 

where  of  course  2,  <r  are  quite  independent  of  n. 

Thus,  since  limS^  =  A  =  \im8^, 

we  have  2^-4,    a-^A. 

But  Z-tr^^iPM-'QNl 

where  fi  is  the  breaxlth  of  the  widest  rectangle  contained  in 
the  sums  2,  o-. 

Hence  we  can  choose  a  value  S  such  that 

2-o-<€,      it  I3<S, 
and  therefore,  since  2  ^  4  g  o-,  we  have 

2-^<e,    ^-(7<e,      if^<<5. 
Thus,  lim  2  =  -4  =  lim  cr. 

That  is,  we  obtain  the  aaTne  area  A,  in  whatever  way  the 
base  MN  is  divided,  provided  that  the  largest  mb-division 
tends  to  zero. 

Extensions  of  the  definition  of  integration. 

If  the  function  to  be  integrated  is  not  monotonia,  but  finite  in  the 
interval  (a,  h)  (for  definition,  see  Ex.  23,  p.  395),  we  construct  jSn,  »n  by 
taking  Hr^  hr,  the  upper  and  lower  limits  of  the  function  iii  the  interval 
yr,  and  writing  Sn=^Eryr,    «„=2A,y„ 

where  y,  is  obtained  by  dividing  (a,  b)  into  2"  equal  parts. 

Then  it  is  easy  to  see  that  «S>„  and  «„  ^re  each  monotonic,  and  so  have 
definite  limits  as  n  tends  to  infinity.  These  limits  need  not  be  equal, 
so  far  as  we  have  gone  at  present ;  but  we  now  introduce  RieinanrCs 
condition  of  integrahility. 

Suppose  that  in  any  sub-division  of  (a,  h)  into  sub-intervals  171,  ^2 >  •••  1  ^»'> 
we  denote  by  tOr  the  difference  between  the  upper  and  lower  limits  of  the 
function  in  the  interval  7/r«  then  it  must  be  possible  to  find  S  so  as  to  make 

2  T7r««>r<€, 
r—\ 

for  all  modes  of  division  of  the  interval  such  that  171,  t^j,  ...,  t/^  are  all 
less  than  3. 


*  To  avoid  confusion  we  have  only  indicated  the  rectangles  Z  and  «„,  the 
latter  being  dotted ;  the  reader  will  have  no  difficulty  in  constructing  a  similar 
figure  for  <r  and  8^* 
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III-    '^,-^..=0, 
«*  that  lir-  .^,  =  lis. «.  =  J.  sav. 

Tb«u  ':ist  as  a'*^»:ve,  we  prwe  that  f«*»r  'is-^  mode  of  diTisioD 

Z-o'<c      if  i7.<eL 

This  l:mZ  =  -4  =limcr. 

It  is  eisT  to  shew  ibit  a  <>-»-:,- v.  wj  «^Kti/'fi#>rt  is  itUf^rable;  for  (see 
Ex.  22,  App.  I. )  we  can  find  o  *■»  that  t*,<c(6-<iuif  7r<&  Thns  we  find 
i!j/ri«r<c  because  ^7,=A-i. 

It  is  aliso  easT  t*-^  exttrnd  the  definiti<'»n  of  integration  to  a  function  of 
two  variables,  say  jt,  y ;   let  as  consider  the  meaning  of 

where  x  ranges  from  a  to  6,  and  y  from  a   to  b\ 

If  we  divide  (a,  b)  into  2**  e>:)iial  parts  and  (a\'b')  into  2"  equal  parts, 
we  obtain  two  sums 

where  ^fi,r  and  h^m  are  the  upper  and  lower  limits  in  a  sub-rectangle 
7,1,  r.     Then,  just  as  above,  we  see  that  5«.«  decreases  if  either  m  or  n  is 
increased,  while  «..,  increases ;  thus  5.,.  and  s...  have  each  a  limit  when 
1/1,  n  tend  to  infinity  in  any  manner  (see  Ch.  V.,  Art.  31). 
Further,  '^It  f{x^  y)  is  continuous  we  prove  as  above  that 

lim5«,,=lira««,>=  r,  say. 

Now  we  have,  from  the  definition  of  single  integrals, 

lim  y  lira  S^»)=  /^  cbr  f^  f{x,  y)dy 
*nd  lim  {  lira  ^m.  -)  =  / "" dy  f*  f{x,  y)dx. 


SO  that  these  two  repeated  integrals  are  each  equal  to  F,  and  therefore  to 
each  other. 


EXAMPLES. 
1.   Prove  directly  from  the  integral  for  logo:  that  2^<d<3. 

[  For  we  have  log  (2 J)  =  f*  -,  log  3  =  C  ^ 

If  we  take  these  integrals  from  1  to  1  J,  from  IJ  to  IJ,  etc.,  we  find  that 

log(2J)<}  +  J+J+-..  +  J<l. 
log3>i+J  +  ^  +  ...  +  TV>l.] 
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2.  When  x  is  positive,  shew  that  the  functions 

!2gOtf)    and    (l+a-)l5S!ll±£) 

X  .  X 

are  both  monotonic ;  and  sketch  their  graphs. 

3.  If  <in-*l  as  w  tends  to  oo,  prove  that 

lim  w(a„**  - 1) = log  ^,  lim  (1  +  a„/w)*  =  c*. 
Deduce  that 

n      -    I  -*  -n«         •  - 

U./'  -J 

4.  Determine  which  of  the  two  expressions 

is  the  greater.  [Oxford  Sen,  SchoL] 

[Take  logarithms  and  note  that 

V3/(>/3 + iir)  <  ys  <  -6929  <  log  2, 
since  (Art.  64)  log  2  > -6931.] 

5.  If  Pn  is  numerically  less  than  a  fixed  number  A,  independent  of  72, 
and  if 

then  lim  o-„ = J  im  p„ . 

Also  if  iog(i  +  l  +  .^e!!L_)  =  l+  ^5^!-    , 

°  \       n    n  log  n/     n    n  log  n 

then  1  im  (r„ =lim  p„. 

[Compare  Art  12  (4).] 

6.  Use  the  last  example  to  shew  that  if 

log-i^=^+^,      (A>1,  |o,„|<^) 

the  series  of  positive  terms  2«n  converges  if  /a>  1,  and  otherwise  diverges. 
Deduce  that  the  series 

is  divergent.    Compare  (4)  and  (5)  of  Art.  12. 

7.  If  H-^>0,  prove  that  ^>(l+4;){log(l+^)P. 

{Math.  Trip.  1906.] 

[Write  log(l  +^)=2^,  and  use  the  fact  that  cf-e^f  >  2f  if  f  is  positive.] 

8.  Prove  that  as  x  ranges  from  -1  to  oo,  the  function 

1  1 

log(l+a:)     X 

remains  continuous  and  steadily  decreases  from  1  to  0. 

[MatL  Trip.  1894.] 
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[From  the   last  example,   we  see  that  the  derivate  is  negative ;    dis- 
continuity is  only  possible  at  j;=0,  and  when  \x\  is  small  we  find  that 

~~  ~"  O  TO    '     ***' 


log(H-x)    a:     2     12 
the  series  converging  if  |x|<l.] 

9.  Shew  how  to  determine  X  so  that 

where  M,  N  are  any  assigned  large  numbers. 

[We  have  to  make 

X  >  log  M-\-N  log  x^ 

which  (since  \ogx<2»Jx)  can  be  satisfied  by  taking  x>2\ogM  andl6xV<. 
But  as  a  rule  these  determinations  of  X  are  unnecessarily  large.] 

10.  The  logarithmic  function  log^r  is  not  a  rational  function  of  x. 
[Apply  Art.  161.] 

11.  What  Lb  the  largest  number  which  can  be  expressed  algebraically 
by  means  of  three  G's?  Estimate  the  number  of  digits  in  this  number 
when  written  in  the  ordinary  system  of  numeration. 

12.  Arrange  the  following  functions  in  the  order  of  the  rapidity  with 
which  they  tend  to  infinity  with  x : 

X*,    JF****,    (log or)*,    (logx)(^°«*>*,    (log^)»«*»"««,    (log  log x)^***. 

Indicate  the  position  of  each  of  these  functions  in  between  the 
members  of  the  standard  logarithmic  scale. 

13.  If  we  assume  the  binomial  series  for  any  integral  exponent,  and 
suppose  71  to  be  an  integer  greater  than  |ar|,  we  find 

(,+;)-.i+.+(,.l)|^.(,-l)(,_|)g+.,.  K  (.+,)  u^m 
(,_J)-.,„,(,.1)£;.(,.1)(,.I)|........ 

Deduce  that,  if  x  is  positive, 

(i+f)"<n.,.+i;+i;+...tooo<(i-f)-. 

and  so  obtain  the  exponential  series. 

14.  Shew  that 

1       n{n\)  1  \       2  n/n\ 

[If  the  product  on  the  left  is  called  v,  we  get 

5i-''  =  ^  =  ^  +  2!+3!  +  -- 
Taking  v=^a„sf*ln\j  we  get  at  once,  since  0^=0, 

ai  =  l,     a„-a„_i  =  l/7i. 
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If  we  obtain  the  series  for  v  by  means  of  the  rule  for  iiiultiplicatioD, 
we  find  the  identity 

Iw(w-l)     lw(n-l)(n-2)  ^         ^  i.l.l.        .1 

which  is  easily  verified  directly.] 

15.  Shew  that,  as  J7-+-0, 

i^i-lhl   >-i-iog(i+*)}-i. 

[EULER.] 

16.  If  Xn={'^+l+l'^'"  +  D-'l^og{n(n'^l)]'C,  where    C   is    Euler's 

<x>n8tant  (Art.  11),  prove  that 

0  <  x«<  J{«(w+ 1)}"*-  [Cesaro.] 

[It  will  be  seen  that 

_  /•'    ar^dv         }_         1 

which  gives  the  result.] 

17.  A  good  approximation  to  the  function  of  Ex.  16  is  given  by  taking 

1 

X"     6[n(7i+ ])  +  }]' 

the  error  in  which  is  of  the  order  l/(150n^).  [A.  Lodge.] 

[Apply  Euler's  series  (Art.  130).] 

18.  Prove  that 

^     L(n  +  i)!'^(7t  +  2)!'^(w  +  3)l'^'"J~w!\«  +  l     «  +  2"*"2!n+3     "V' 
[Differentiate,  and  both  sides  reduce  to  «~*(a:"/«!).] 

19.  Shew  that  the  sequence 

ai  =  l,  aj=c*,  a3=c**,  a^  =  e'' y  ,.. 
tends  to  infinity  more  rapidly  than  any  member  of  the  exponential  scale. 

» 

20.  Prove  that  the  series 

2(logw)''7i-« 
converges  if  q>l  or  if  q  =  l  and  p<  —I;  and  otherwise  diverges. 


APPENDIX  III. 

SOME  THEOREMS  ON  INFINITE  INTEGRALS  AND 

GAMMA-FUNCTIONS. 

164.  Infinite  integrals:  definitions. 

If  either  the  range  is  infinite  or  the  subject  of  integration 
tends  to  infinity  at  some  point  of  the  range,  an  integral  may 
be  conveniently  called  infinite*  as  diflfering  from  an  ordinary 
integral  very  much  in  the  same  way  as  an  infinite  series 
differs  from  a  finite  series. 

In  the  case  of  an  infinite  integral,  the  method  commonly 
used  to  establish  the  existence  of  a  finite  integral  will  not  apply, 
as  will  be  seen  if  we  attempt  to  modify  the  proof  of  Art.  163. 
We  must  accordingly  frame  a  new  definition: 

/•OP 

First,  if  the  range  is  infinite,  we  define  the  integral  I  f(x)dx 
as  equal  to  the  liTnit  lim  I  f(x)dx  when  this  limit  exists. 

Secondly,  if  the  integrand  tends  to  infinity  at  eitlter  limit 
(say  that  f(x)-^oo   as  x-^a),  we  define  tJie  integral  I  f{x)dx 

Ja 

as  equal  to  the  lirnit 

limf   f(x)dx      (<5>0) 

when  this  limit  exists. 


*  Following  German  writers  (who  use  uneigtrUlich),  some  English  authors  have 
used  the  adjective  improper  to  distinguish  such  integrals  as  we  propose  to  call 
infinite.  The  term  used  here  was  introduced  by  Hardy  (Proc,  Lend,  Math,  Soc, 
(ser.  1),  vol.  34,  p.  16,  footnote),  and  has  several  advantages,  not  the  least  of 
which  is  the  implied  analogy  with  the  theory  of  infinite  series. 
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If  the  integrand  tends  to  infinity  at  a  point  c  within  the 
range  of  integration,  it  is  usually  best  to  divide  the  integral 
into  two,  and  then  we  should  define  the  integral  by  the  equation 

\  f(x)dx  =  \va\\    /(x)rfa;  +  lim  I     f{x)dx. 

But  in  certain  problems  the  two  limits  in  the  last  equation 
are  both  infinite,  while  the  mnii  of  the  two  integrals  tends  to 
a  finite  limit  if  SJS  tends  to  a  finite  limit;  we  then  define 
the  principal  value  of  the  integral  by  the  equation 

P^ f{x)dx  =  Ym\[''f{x)dx+^  f{x)dx\. 

J  a  a->-0LJa  Jc+6  J 

It  is  at  once  evident  that  we  can  extend  the  use  of  the 
terms  converge,  diverge,  and  oscillate*  so  as  to  apply  to  these 
definitions. 


(of  convergence). 

2.  re''^cLc=^\im  f^e''^ dx=\iml(l-e-'^)=l,      if  a>0, 

Jo  A-»ooJo  A->xa  a 


8-M) 


/•»  djc    ,.      C-ldx    ..      r'>dx 
5.  /     -T  =  hni  /       -v  +  hm  / 

=  lim  ?  (8*  -  J) + lim  ?  (6*  -  8 ') 
«-^  2  8i-M)  2 


where  in  the  last  two  integrals  we  suppose  a  and  6  to  be  positive.     It 
should  be  remarked  that  in  the  last  case  we  should  have 

I      —4-/    —  =  log-4-logs, 

which,  of  course,  does  not  tend  to  a  definite  limit  unless  3/8|  does  so. 

•  Stokes,  Math,  and  Phys.  Papers^  vol.  1,  p.  241 
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ExB.  (of  divergence  and  oscillation). 

j    7——  diverges   and     /    sin.rdr  oscUlates, 

Jo    1-|-J7  Jo 

j^  -^  diverges   and     /^  -^ainf-j  oscillates. 

It  must  not  be  supposed  that  the  two  types  of  infinite 
integrals  are  fundamentally  different.  An  infinite  integral  of 
one  type  can  always  be  transformed  so  as  to  belong  to  the 
other  type;  thus,  if  f(x)^oo  as  a; -►ft,  but  is  continuous  elae- 
ivhere  in  the  interval  (a,  b),  we  can  write 

^^b^    or    a;=    — ^. 

And  the  integrand  in  ^  is  everywhere  finite.* 
Ci  _dx     _r  d^ 

By  reversing  this  transformation  it  may  happen  that  an 
integral  to  x  can  be  expressed  as  a  finite  integral. 

Ex.  When  ^=l/f,  /  .T~'dx  becomes  /  $'~*rf^,  which  is  a  finite  integral 
if  «^2  (both  integrals  still  converge  if  2>«>1). 

It  is  also  possible  in  many  cases  to  express  a  convergent 
infinite  integral  of  the  second  type  as  a  finite  integral  by  a 
change  of  variable.     Thus  we  have 

r  _/^  dx  =  P/(sin  d)  dd 

by  writing  x  =  sin  fl,  and  the  latter  integral  is  finite  if  f(x)  is 
finite  in  the  interval  (0,  1)  (for  definition  see  Ex.  23,  p.  395). 
Kronecker  in  his  lectures  on  definite  integrals  states  that  such 
a  transformation  is  always  possible,  but  although  this  is 
theoretically  true,  it  is  not  effectively  practicable  t  in  all  cases. 

*  Care  must  be  taken  in  applying  this  kind  of  transformation  when  the  infinity 
-of  /{x)  is  inside  the  range  of  integration.  Here  it  is  usually  safer  to  divide 
the  integral  into  two,  as  already  explaitied. 

t  If  /(x)-^ao  as  x-^a,  we  can  write  /  J\x)dx=^j  and  introduce  (  as  a 
new  variable.  Similarly  in  other  cases ;  and  in  the  same  sense  we  can  always 
•express  a  divergent  integral  in  the  form    /    d^. 
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166.  Special  case  of  monotonic  functions. 

Although,  as  we  have  pointed  out  in  the  last  article,  the 
definition  of  a  definite  integral  requires  in  general  a  modification 
for  the  case  of  an  infinite  integral,  yet  we  can  obtain  a 
direct  definition  of  the  integral  as  the  limit  of  a  sum,  when  the 
integrand  steadily  increases  or  steadily  decreases. 

/•oo 

Suppose  first  that  in  the  integral  I  f{x)dx  the  function  f(x) 
steadily  decreases  to  0  for  values  of  x  greater  than  c;  we  may 

/•oo 

then  consider  only  the  integral  1  f(x)dxy  because  the  integral 

from  a  to  c  falls  under  the  ordinary  rules.  Then  let  Xq(  =  c), 
x^,  x^,  x^,  ,,.  he  a,  sequence  of  values  increasing  to  oo ;  we  have, 
as  in  Art.  11, 

/•oo 

Thus,  if  the  integral  I  f(x)dx  converges  to  the  value  7, 

0  0 

Of  the  two  series  in  (1),  the  second  certainly  converges,  in 
virtue  of  the  convergence  of  the  integral  and  the  fact  that 
the  series  contains  only  positive  terms.  The  first  need  not 
converge,  if  the  rate  of  increase  of  (x^)  is  suflSciently  rapid; 
for  instance,  with  iCn  =  2^"  and  f(x)  =  l/x^,  it  will  be  found  that 
every  term  in  the  series  is  greater  than  J. 

However,  by  taking  a;,^  to  be  a  properly  chosen  function  of 
some  parameter  h  (as  well  as  of  n),  we  can  easily  ensure  the 
convergence  of  both  series  in  (1);  and  we  can  also  prove  that 
the  two  series  have  a  common  limit  as  Xn+i^Xn  is  made  to 
tend  to  zero  by  varying  h ;  this  common  limit  must  be  equal 
to  7,  in  virtue  of  the  inequalities  (1). 

For  example,  suppose  that  x^^i  —  x^  is  independent  of  n  and 
equal  to  h,  say;   then  Xn  =  c  +  nh  and  we  have 


00 


0 

S  («'»+i  -  «'«)/K+.)  =  '^  Uic + h)  +f{c  +  2h)  +f(,c + 3/( )  + . . .  ]. 

0 

i.s.  2d 


^  I 
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It  follows  that  the  difference  between  the  two  sums  is  hf{c\ 
so  that  both  are  convergent,  and  their  difference  tends  to  0 
with  h\  hence 

/=UmA[/(c)+/(o+A)+/(o+2A)+...]. 

In  like  manner,  if  x^^^jz^  is  independent  of  n  and  equal  to 
g,  say,  so  that  0^=05",  we  have 

S(«^.-aJ.)/(«.)    =c(9-l)[/(c)+9/(cg)+9«/(c?«)+ ...] 


0 

00 


««»d^(a!.^.,-a:.)/(x^,)=c[(9-l)/?]b/(cg)+9«/(c5r»)+...]. 

0 

Thus  we  can  again  infer  the  convergence  of  the  first  series 
from  that  of  the  second,  and  we  see  that 

/=lim  c{q-\)y{c)+qf{cq)+q*f{cq^)+...\ 


1.    Ck>D8ider   /    xe-'dx^  with  4r»=nA. 
We  have  then       /-  liin  A«[tf-» + 2«-» + 3«-*» + . . .] 

a  value  which  can  be  verified  by  integration  by  parts. 

Ex.  2.    (Consider  /   x'-'dx^     (where  «>1). 
Here  write  Xn=cq%  and  we  get 

by  applying  one  of  the  fundamental  limits  of  the  differential  calculus. 

Ex.   3.     It  can  be  proved    by  rather  more    elaborate  reasoning  that 
if  f{^)  ^UadUy  decreasw  to  0  a»  x  tends  to  oo,  then 

I    Bin X f (x) dx =\im hy,f(nh) sin nh,      j    cob xf(x)dx'^\imh^f(nh) cob nh. 
Let  us  consider  the  simple  example 

Jo      a:        ' 
the  sum  is  then  A+(sinA+isin2A4-...). 


J 
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Since  h  is  positive  (and  less  than  2^),  the  sum  of  the  series  in  brackets 
is  i(ir-A),  by  Art.  65,  and  so  the  whole  sura  is 

i(7r+A), 

which  gives  the  limit  \ir ;    that  this    gives    the  correct    value  for    the 
integral  can  be  verified  by  other  methods  (see  Ex.  1,  Art.  173). 

Ex.  4.     The  reader  may  verify  in  the  same  way  that 

J''"  sin^o?  ,      I 

Ex.  5.     By  means  of  the  integral   /   3^-^e~*dx^  we  can  prove  that 
liin  A*(e-*+2*-»«-»+3*->«-»+...)=  f*a7*-»e-*fl^ 

=r(-fc), 

a  result  which  has  already  been  found  in  Art.  51  by  another  method. 

In  like  manner,  if  /(a5)->oo   aa  a;->0,  but  steadily  decreases 

as  X   varies  from  0  to  6,  we  can  prove  that  when  I  f{x)dx 
converges,  we  have  ^ 

V(«)d« = lim  6(1  -  9)[/(6) + qf{bq) + q^f{}Hf)  +...]. 

6.    Take  /  \ogxdx\  we  have  to  find 

lim  6(1  -  y)[log  hJtq  \og{hq)  +  q^  log  {bq^)  + . . .] 


f 

Jc 


»-»i 


=Um[6(log6)+6?(log  j)/(l  -?)] 

=6(iog6)-6, 
as  we  may  verify  by  direct  integration. 

In  the  previous  work  we  have  seen  how  to  evaluate  an 
infinite  integral  by  calculating  the  limit  of  an  infinite  series; 
when  the  range  is  finite  we  can  also  obtain  the  result  as  the 
limit  of  a  finite  series ;  that  is,  we  can  replace  a  double  limit 
by  a  single  limit.     (See  also  Ex.  50,  p.  495.) 

Thus,  suppose  that  in  the  convergent  integral  I  f{x)dx  the 

Ja 

integrand  f{x)-^oo  as  cc-^a,   and   that  f{x)  steadily  decreases 
from  a  to  6.     Then  write  b  —  a  =  nh,  and  an  argument  similar 

to  that  of  Art.  11  will  shew  that  I     f(x)dx  lies  between  the 

Ja+h 

two  sums  "* 

h[f{a+h)+f(a+2h)+...+f(b-'h)] 

and  h[f(a+2h)+f(a+3h)  +  ...+f(b)l 


r 
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Now,  as  A-^-O,  the  integral  tends  to  a  definite  limit;  and  tlie 
difference  between  the  two  sums  is  A[/(a+A)— /(6)],  which 
tends  to  zero  with  A  in  virtue  of  the  monotonia  property  of 
/(a;)  (see  pp.  42:3,  424  below).    That  is, 

V(aj)rfa:=Hm  h  [/(a+70+/(a  +  2/0+ .. .  +/(6)], 
which  gives  the  value  of  the  integral  as  a  single  limit. 

7.     Consider  /  x-'dxy  where  0<<<1. 

Write  A  =  -,  and  we  have  to  find 
n 

(by  Ex.  1,  Art.  152,  above). 

8.     In  the  same  way    I  \ogxdx  is  found  as 

lini  I  2  log  f-)  =  lim  log  f^)"  =  - 1  (Ex.  1,  Art.  154). 

9.     If  we  divide  the  last  equation  of  Art.  69  by  sin  6^  and  let  0 
tend  to  zero,  we  find,  if  a=7r/7?, 

7i=2"~^8ina8in  2a...  sin(»— l)a. 

Now  change  from  n  to  2n  and  write  h  for  a ;  we  get,  pairing  the  terms, 

271  =  2-"-^8in2A  8in22A  ...  8in2(n -  l)L 

Thus,  extracting  the  square  root, 

sinA8in2A...sin(w-l)A=w*2^-«,      (if  A=7r/2«), 

and  from  this  we  can  find   /     log  sin  .r. 

For  this  integral  is  equal  to 

liin  k  [log  sin  h  +  log  sin  (2A)+ . ..  +  log  sin  (nh)] 

=  li^n  ^  [i  Jog  ^  -  (w  - 1)  log  2] 
=  —  Att  log  2. 

166.  Tests  of  convergence  for  infinite  integrals  with  a 
positive  integrand. 

If  the  function  f{x)  is  positive,  at  least  for  sufficiently  large 

values  of  x,  it  is  clear  that  the  integral    I  f(x)dx  steadily 

J  a 

increases   with  X;    thus  in  virtue  of  the  monotonic  test  for 
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convergence,  the  integral  to  oo  cannot  oscillate,  and  will  con- 
x^evge  if  we  can  prove  that 

f{x)dx<iA, 


f 


"where  A  is  independent  of  X. 

In  practice  the  usual  method  of  applying  this  test  is  to 
appeal  to  the  principle  of  comparison,  as  in  the  case  of  series 
of    positive  terms;    in  fact,  if  g{x)  is  a  positive  function  for 

g(x)dx  converges,  then    l   f{x)dx  also  converges   if 

f(x)  <Cg(x\   at  any  rate   for  values  of  x  greater   than  some 

fixed  number  c. 

fx  rx  (•» 

For  then  f(x) dx<i\  g(x)dx<i\  g(x) dx, 

J  c  J  c  J  e 

and  this  last  expresvsion  is  independent  of  X. 

Thus,  suppose  we  consider /(x)=:f^c"**,  where  a  is  positive  and  /?  is  either 
positive  or  negative  ;  from  Art.  161  above,  we  find  that  afie~^'^-*0  as  ar-^oo, 
so  that  we  can  determine  c  to  satisfy 

x^e~^<lj  if  ;f>c, 

and  then  f{x)^jfie~'^ <e'^,      if  x>c. 

Now  (see  Ex.  2,  p.  415,  Art.  164)  /    e'^dx  is  convergent,  and  conse- 

afie~*^dx  is  also  convergent. 
If  we  write  ^=e*,  we  find  that* 

jjc^e-^^cLv^f (log  A'/.r-<^+»>rfZ, 

so  that  /    (iog.r)^a?"^*'*"^V.r  is  convergent. 

Examples  of  this  type  can  be  multiplied  to  any  extent  by  the  aid  of 
the  Ipgarithmic  scale  of  infinity  (Art.  161). 

Thus  if  we  can  find  a  positive  index  a  and  a  constant  By 
such  that  one  of  the  conditions 

is  satisfied,  the  integral  I  f{x)dx  cativerges. 
The  comparison  test  for  divergence  runs  as  follows: 
If  G{x)  is  always  positive  and  I   0{x)dx  is  divergent,  then 

80  also  is  j  f(x)  dx,  if  f(x)  >  0(x),  at  any  rate  after  a  certain 

value  of  X. 
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We  have  proved  (see  the  small  type  above)  that  if  a  is  positive,  c  can  be 
found  so  that 

j^^>^,      ifx>c, 

whatever  the  index  fi  mav  be. 

Now  j  \^dr  =  -  («*^  -  e^ 

and  this  expression  tends  to  x  with  A^  so  that  the  integral  to  ao  is  divergent. 

Thus   /   jfi^dx  also  diverges. 

If  a=0,  it  is  easily  seen  that  this  integral  diverges  if  )3^  —1. 
By  changing  the  variable,  we  deduce  as  before  that 

j    (log.ry»x-<'-*>dlr 
diverges  under  the  same  conditions. 

Accordingly  (he  integral  I  f{x)dx  diverges  if  we  can  find 

an  index  a^O,  such  that  one  of  the  conditions 

(i)  fix)  >  B(logxyx'^'-*U         a  >  0 

(ii) /(x) >  Sx^e«,  /  or  a  =  0,  /8^-l, 

is  satisfied. 

These  conditions  are  analogous  to  those  of  Art  11  for  testing 
the  convergence  of  a  series  of  positive  terms;  and,  as  there 
remarked,  closer  tests  can  be  obtained  by  making  use  of  other 
terms  in  the  logarithmic  scale  (although  such  conditions  are 
not  of  importance  for  our  present  purpose).  But  one  striking 
feature  presents  itself  in  the  theory  of  infinite  integrals  which 
has  no   counterpart   in   the    theory   of    seriea      An  integral 

f(x)dx  may  converge  even  tfuxtigh  f{x)  does  not  tend  to  the 

limit  zero.  Naturally,  we  must  then  have  an  oscillatory 
function,  for  lim/(aj)  =  0  is  obviously  necessary  in  all  cases  of 
convergence;  but  we  may  even  have  lim/(a5)  =  oo.  To  see,  in  a 
general  way,  that  this  is  possible,  we  may  use  a  graphical 
method. 


i»00 


^iuJ 


Fio.  45. 


Consider  a  curve  which  has  an  infinite  series  of  peaks,  of 
steadily  increasing  height;  then,  it  is  quite  possible  to  suppose 
that  their  widths  are  correspondingly  decreased  in  such  a  way 
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that  the  areas  of  the  peaks  form  a  convergent  series;    and 

/•ao 

consequently  I  f(x)dx  may  converge. 
Let  us  consider  in  particular  the  function 

Here  in  general  f{a)  is  comparable  with  ^""*  but  its  graph  comes  up 
to  the  curve  y=^,  at  every  point  for  which  jf  is  a  multiple  of  w. 
In  the  interval  from  n/jr  to  (»  +  l)3r,  we  have 

!+[(»+ I)7r]»8in2a?     ''^  '     1 +(»7r)»sin*a? 


Now 


f. 


(n+l)jr  dx  TT 


fn»         l  +  i4sin*a?    (1  +  ^)T 

SO  that  -<  j  f(x)dx<- .-- 

[H-(n+l)*ir»]*     J^^  (14-»*0^ 

From  this  it  is  evident  that   /  f{x)dx  converges  or  diverges  with  the 

series  2n     ** ;  that  is,  according  as  a>2()8+l)  or  tt^2(j8+l). 

And  generally,  if  ^{x\  "^(x)  steadily  increase  to  ao  with  x^  the  integral 

r        <f>{x)  dx     _ 
J    l  +  ^(x)Qin^(xi^ 

converges  if  2<^(n+l)/[V^(»)]»  converges  and  diverges  if  2</>(»)/[V^(w+l)]" 
diverges. 

£z.  1.     I    converges  or  diverges  according  as 

•'^  l+^c^lsina:! 


4-^1  sin  a: 

a>/3+l  or  a^/5+1.  [Hardy.*] 

Ex.  2.     J^"«^(a?)fi-*<*>i«*"*lda?  converges  with  2^^^^±|^  and  diverges 
with  2#^.  [Hardy.] 

3.     j^ 4>(x)e"f'^''^'^'''dx  converges  with  ^^TT^zk  *°^  diverges 

with  2  fj^'^'^K^  [Bu  Bois  Rbymond.] 

W^(w7rH-€) 

In  spite  of  the  last  result,  we  can  prove  (as  in  Art.  9  for 
series)  that  if  f(x)  steadily  decreases^  the  condition  lima;/(a;)  =  0 

ia  necessary  for  the  convergence  of  I  f{x)dx. 

*  Messenffer  qf  McUhemcUics,  April  1902,  Note  VUI. 
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For  here  we  iave 


i 


thus  for  convergence  it  is  necessary  to  be  able  to  find  A  so  that  (ji  -  X)/(fjL} 
is  less  than  €  for  any  value  of  /i  greater  than  X. 

Hence  limxf(x)—0  is  necessary  for  convergence.  But  even  so,  no  such 
condition  as  lim(xlogx)f{x)=^0  is  necessary  in  general  (compare  Art.  9)  ; 
but  it  is  easy  to  shew  that  if  (for  instance)  sf(x)  is  monotonic,  then 
x\ogxf{a:)  must  tend  to  0.  More  generally,  if  <l>{x)  tends  steadily  to  cjo 
and  flx)l<f>{x)  is  monotonic,  then  f{^)<t>(^)l<f>(^)  must  tend  to  zero ;  this 
may  be  proved  by  changing  the  variable  from  x  to  <l>{x),       [Prinqshkim.} 

It  is  perfectly  easy  to  modify  all  the  foregoing  work*  so 
as  to  apply  to  integrals  in  which  the  integrand  tends  to  infinity^ 
say  at  x  =  0. 

The  results  are :  The  integral  I  f(x)dx  converges  (if  b  is  leas 

JO 

than  1),  provided  that  we  can  satisfy  one  of  the  conditions 

/(x)<£x-'(iogiy, 

where  either  (i)  a^O  or  (ii)  a  =  0,  jS<;  — 1. 
On  the  other  hand,  the  integral  diverges  wlien 

where  (i)  a<0  or  (ii)  a  =  0,  /8=— 1. 

167.  Examples. 

To  illustrate  the  last  article,  we  consider  two  simple  caaes. 


f*  fir 

1.  J^(e-_e-'')^      (<>0). 


It  is  easy  to  see  that  the  integral  converges,  so  far  as 
concerns  the  upper  limit,  by  applying  the  tests  of  the  last 
article.  There  is  an  apparent  difficulty  at  the  lower  limit, 
because  of  the  factor  1/x;   but  since 

the  difficulty  is  apparent  only. 

*  Or  we  may  obtain  the  results  directly  by  writing  1/a:  for  x  in  the  integFfd. 
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Now  the  integral  is  lim  I   (e-^—e~^) — ,  and 

r     ^dx     P       dx 
h         ^      J«        ^ 
by  changing  the  variable  of  integration. 
Hence  our  integral  is 

lim  I   e-' — . 

But  I  e~^ —   lies  between   the    values    found   by   replacing 
Ja        X 

e"*  by  e"*  and  by  e~^\   these  values  are  respectively 

6"*log^  and  e"^log^, 
both  of  which  tend  to  log^  as  &  tends  to  0. 

Hence  lim  I  e"* — =lofi:^, 

and  accordingly         I  (e-*  — e"**) —  =  log<. 

Jo  X 


2.  Consider         f  Mg-o^+^e-^^+Gg-^^)^, 

Jo  x^ 


where  a,  6,  c  are  positive  and 

It  may  be  shewn  as  above  that  the  integral  converges  when 
these  conditions  are  satisfied. 
Now  consider 

In  virtue  of  the  condition  24  a  =  0,  it  is  now  evident  that 


But 


f>.e-«,f=-..4;.-.5. 


Thus      r(24«-'«)^=2(4aloga)-|,(^4«*)+... , 

Jj  X  £i'. 

and  so  I  {^Ae-^)—^=^J,{Aa\oga). 
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3.  The  reader  can  prove  similarly  that,  if  p  >•  w, 

where  J^il^/  =  0.       ()k  =  0,  1,  2,  ...,  n-l) 

0 

168.  Analogue  of  Abel's  Lemma. 

If  the  function  f{x)  steadily  decreases^  bwt  is  always  positive^ 
in  an  interval  (a,  6),  a/nd  if  \  if>{x)\  is  less  than  afioced  number 
A  in  the  interval^  then  * 

V(^0  <  [  f(x)it>{x)d<c  <  Hf{a\ 

Ja 

where  H,  h  are  the  upper  and  lower  limits  of  the  integral 

Ja 

as  ^  ramges  from  a  to  b. 

For,  assuming  that  f(x)  is  differentiable,  we  have 

J  a  Ja 

Now,  since  f(b)  is  positive  and  f\x)  is  everywhere  negative, 
we  obtain  a  value  greater  than  J  by  replacing  x(fi)  ^^^  x(^) 
in  the  last  expression  by  H,  and  fC'  value  less  than  J  by 
replacing  them  by  A. 

Thus  we  find 

hf(b)-h^y(x)d^<J<Hf{b)^H^f(x)dx 

or  hf{a)<J<Hf{a), 

Similarly,  if  H^,  h^  are  the  limits  of  the  integral  x(^)  i^  ^^^ 
interval  (a,  c)  and  H^,  h^  in  the  interval  (c,  b),  we  find 

hJ(b)'hSy(x)dx--hSf{x)d^<J 

J  a  Jc 

<  HJib)  -  H,  [f\x)cLc  -  H^  ^nx)dx 

Ja  J  c 

or       h^Uip)  -f{c)] + hj{c)  <J<H,  [/(a)  -/(c)] + HJic). 


*1(  /{x)  should  be  discontinnouB  a,t  x=a,  /(a)  denotes  the  limit  oi/{x)  u  x 
tends  to  a  through  larger  values. 
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When  <f>{x)  is  a  complex  function  of  a  real  variable,  it  is 
easily  seen  that  if  u  is  any  number,  real  or  complex,  and  if 
n\y  '72  ^^  ^^^  upper  limits  of 

<l>{x)dx—u^y 


r 

Jo 


as  ^  ranges  from  a  to  c  and  from  c  to  6,  respectively,  then 

|/-u/(a)|<  ,i[/(a)-/(c)]+,,y(c). 

When  f(x)  is  complex,  formulae  corresponding  to  the 
lemma  of  Art.  80  can  be  obtained  (see  Proc.  Lovd.  Math. 
Soc.,  vol.  6,  1907,  p.  65);  but  these  results  are  not  needed 
for  our  present  purpose. 

The  first  inequality  on  p.  426  is  equivalent  to  the  Second  Theorem 
of  Mean  Value.  To  see  this,  note  first  that  x($)  is  continuous,  and  so 
(Ex.  21,  p.  395)  assumes  every  value  between  A,  i7  at  least  once  in  the 
interval  (a,  b).    Thus  the  inequality  leads  to  Bonnet's  theorem 

•^=/'(a)x(&X  where  a^^o=^ 

From  this  dn  Bois  Beymond's  theorem,  which  is  true  for  any  monotonia 
function  g{a:\  follows  by  writing  |^(^)~^(ft)|  for/(^);  thus  we  find 
the  form  commonly  quoted 

But,  since  the  precise  value  of  fo  cannot  be  determined,  thew  equatioM 
contain  no  more  information  than  the  original  inequality  and  not  so  much 
as  the  inequality  at  the  foot  of  p.  426. 

Although  the  restriction  that  f{x)  is  to  be  differentiable  is  of  little 
importance  here,  yet  it  is  theoretically  desirable  to  establish  such  results 
as  the  foregoing  with  the  greatest  generality  possible.  We  shall  therefore 
give  a  second  proof,  based  on  one  due  to  Pringsheim*,  in  which  we 
assume  nothing  about  the  existence  of  fXx). 

Divide  the  interval  into  n  equal  parts  by  inserting  points  s^y  jtji  •••» 
J7„_i,  and  write  XQ=a^  ^n=^;   then  we  have 

fr+l 

where  •^''  ~  /     /(•^)  ^(^) ^« 

*  MimcJiener  Silzung^ericIUe,  Bd.  30,  1900,  p.  209;  this  paper  contains  a 
more  general  form  of  the  theorem,  which  is  also  deducible  from  the  first  in- 
equality on  p.  426.  Another  proof  has  been  given  by  Hardy,  Messenger  of 
Maths,,  vol.  36,  1906,  p.  10. 
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Hence,*  if  /r+i=/(j^r+i), 

(1)'  Jr-frJ'^^'<t>{x)dx^  r^\Ax)-fr^l]4>(^)dT; 

but  in  virtue  of  the  decreasing  property  of  f{x\  \J{x)  -/r+i]  ifl  positive  in 
the  last  integral  and  is  less  than  {fr-fr+i\  so  that 

(2)  I  r^'{f(x)--fr^r]<f>{x)da:  <(fr-M,)A(b--a)/n, 

I  J*r 

because  |<^(;F)|<i4  and  Xr+i-JCr=(b-a)ln. 

By  adding  up  the  equations  (1),  bearing  in  mind  the  inequality  (2),  we 
see  that 

n-l  r'r+1 

(3)  J-  lU,        4>{x)dx=K„. 

where  I «« l<  ^  (6  -  a)(/o  -/,)  <  ^  (6  -  a)/,, 

because  fn=fQ>)  is  positive. 

If  now  we  apply  Abel's  Lemma  (Art.  23)  to  the  sum 

2/r+i  /       <i>{x)dx, 

we  obtain  the  limits  A/j  and  Hf^  for  it,  because 

m-l  /**r+l  /■*»» 

2  /       <l>(x)dj;=  I     <j>{x)dxy 

and  the  sequence /i, /2,  --'^  fn  is  decreasing. 
Thus,  from  (3),  we  find 

(4)  hf,-'}^{h-a)f,<J<Hf,^-^^{h-a)f, 

where  /,  =/[a  -\-{h-  a)ln\ 

If  now  w^e  take  the  limit  of  (4)  as  n  tends  to  infinity,  we  obtain  the 
desired  result,  f 

In  exactly  the  same  way  we  can  make  the  further  inference  that  if  c 

lies  between  a,  6,  and  if  ff^,  hi  are  the  upper  and  lower  limits  of  I  <^(x)dx 

as  ^  ranges  from  a  to  c,  while  //j,  ^2  are  those  as  ^  ranges  from  c  to  6,  then 


*Iu  case /(x)  should  be  discontinuous  at  Xr+\,  we  define /r+i  as  the  limit 
of  f{x)  when  x  approaches  Xr+i  through  smoUler  values  of  x\  this  limit  will 
exist  in  virtue  of  the  monotonic  property  of  f{x), 

tit  w^ill  be  seen  that  the  condition  \<t>{x)\<iA  is  by  no  means  essential,  and 

that  it  may  be  broken  at  an  infinity  of  points,  provided  that   /  \<ft{x)\dx  con- 
verges ;  for  we  can  then  make  a  division  into  sub-intervals,  for  each  of  which 

/       \4>{x)\dx  \a  less  than  any  assigned  number.     But   Pringsheim    has  proved 

that  it  is  only  necessary  to  assume  that  4>{x)  and /(x)  x0(x)  are  integrable  in 
the  interval  (a,  b) ;  compare  Proc.  Lond.  Math,  Sac,  voL  6,  1907,  p.  62. 
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169.  Tests  of  convergence  in  general. 

Applying  the  general  test  for  convergence  (Art.  3),  we  see  that 
the  necessary  and  sufficient  condition  for  the  convergence  of  the 

integral  I  f(x)dx  is  that  we  can  find  ^  such  that 


%n 


I 


%:)././• 
{ 


<€. 


where  f '  Tnay  have  any  value  greater  than  ^  and  €  is  arbitrarily 

STTiall, 

However,  just  as  for  infinite  series,  the  general  test  for  con- 
vergence is  usually  replaced  in  practice  by  some  narrower  test 
which  can  be  applied  more  quickly.  The  three  chief  tests  are 
the  following : 

1.  Absolute  convergence.* 

/•«  poo 

The  integral  I  f{x)dx  will  certainly  converge  if  I  \f{x)  dx 

J  a  J  a 

converges,  because 

But  naturally  the  analogy  between  such  integrals  and  abso- 
lutely convergent  series  is  not  quite  complete,  since  there  is  no 
at'der  in  the  values  of  a  function. 

In  particular,  if  \f{x)\  <  —  i/'(^)»  where  y{x)  steadily  decreases 

to  zero  as  x  increases,  the  integral  I  f{x)dx  will  converge. 

Ja 

2.  Abels  test. 

An  infinite  integral  which  converges  {although  not  absolutely) 
will  remain  convergent  after  the  insertion  of  a  factor  which  is 
monotonic  and  less  than  a  fixed  number  (in  mimerical  rahie). 

Suppose  that  I   </>{x)dx  converges,  and  that  \J^{x)  is  a  mono- 

Ja 

tonic  function,  such  that  |  \l^{x)  j  <  ^  :  it  is  then  evident  that 
\fr(x)  tends  to  some  limit  I  as  x^X) . 

Thus,  if   we   write  f(x)  =  l  —  \J/(x)  when   \/r{x)  increases,   or 

\[/'(x)  —  l  if  >/r(aj)  decreases,   we  see   that  f{x)  is  positive   and 


*  The  distinction  between  absolute  and  non-absolute  convergence  is  clearly 
pointed  out  by  Stokes  (Math,  and  Fhya.  Papers^  vol.  1,  p.  241). 
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decreases  to  0;    and  it  is  obviously  sufficient   to  prove    the 
convergence  of  I  f(x)^(z)dx. 

Now,  by  the  analogue  of  Abel's  Lemma  (Art.  168),  we  see  that 


jV(x)^(x)cir  <Uf(i)<Hf{a\ 


where  H  is  the  upper  limit  to 


f 


X 

<l>{x)dx 


<e. 


so 


when  X  ranges  from  f  to  ^.     Now,  in  virtue  of  the  convergence 

of  I  <l>{x)dxy  we  can  determine  ^  so  as  to  make  H<C€/f(a), 

and  then  I  f^..  .^.  .  , 

I  f{x)fl>{x)dx 

u 

1*00 

that  the  integral  I  f(x)4l>(x)dx  converges. 
Hence  also  I   \lr(x)<l>(x)dx  converges. 

3.  Diricblet'8  test. 

An  infinite  integral  which  oscillates  finitely  becomes  con- 
vergent after  the  insertion  of  a  moTiotonic  factor  which  tends 
to  zero  as  a  limit. 

Here  again  we  have 


I 


|'/(a;)^(x)cte  I  <  Hfii), 


and  H  will  be  less  than  some  fixed  constant  independent  of  £;  * 
thus,  since  /(ic)->0,  we  can  find  ^  so  that  nf{^)<i€,  and  con- 

sequently  the  integral  I  f{x)fp{x)dx  is  convergent. 

Although  the  testa  (2),  (3)  are  almost  immediately  suggested  by  the  tests 
of  Arts.  19,  20,  yet  it  is  not  clear  that  they  were  ever  given,  in  a  complete 
form,  until  recently.  Stokes  (in  1847)  was  certainly  aware  of  the  theorem 
(3)  in  the  case  <^(a:)=sin.r  {Math,  and  Phys.  PaperB^  vol.  1,  p.  276),  but  he 
makes  no  reference  to  any  extension,  nor  does  he  indicate  his  method  of 
proof.  The  first  general  statements  and  proofs  seem  to  be  due  to  Hardy 
{Messenger  of  Maths,,  vol.  30,  1901,  p.  187) ;  his  argument  is  somewhat 
different  from  the  foregoing,  and  is  on  the  lines  of  the  following  treatment 
of  the  special  case  ^(;r)=8in:r. 


*  Since  the  integral  /   if>{x)dx  OBcillAtes  finitely  it  remains  less  than  some  fixed 
number  C  for  all  values  of  {;  thus  we  have  H^20, 
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In  this  case,  the  curve  y^f{x)sinx  oscillates  between  the  two  curves 
y=^f{x\  y=  -/(d?X  *8  indicated  roughly  in  the  figure. 


Fig.  46. 

It  is  almost  intuitively  evident  that  the  areas  of  the  waves  steadily 
decrease  in  value,  and  have  alternate  signs.     In  fact 

f{x)  sin  xdx=i  /  f{x  -h  2nw)  sin  ;f  otr, 

^wm  Jo 

and  since  sinx  is  positive  in  the  integral,  this  lies  between  2f(2nir)  and 
2/(2n  + 1  tt)  ;  so  that  it  tends  to  zero  as  n  increases  to  oo .     Further, 

/  f(x)sijixdx=  -  I  /(^+27i+l  7r)sin^cM:, 

which  is  obviously  negative  and  numerically  less  than  the  area  of  the 

previous  wave.     It  follows  that   /    Bmx/{x)dx  is  convergent,  by  applying 

the  theorem  of  Art.  21. 

In  general,  if  <l>(x)  changes  sign  infinitely  often  we  can  apply  a  similar 
method,  using  Dirichlet's  test  (Art.  20)  to  establish  the  convergence  of 
the  series. 

If  the  integrand  tends  to  oo ,  say  as  x-^a^  the  general  test 
for  convergence  and  the  test  of  absolute  convergence  run  as 
follows : 

The  necessary  and  sufficient  condition  for  the  convergence 

of  the  integral  I  f(x)dx  is  that  we  can  jmd  S  such  that 

f(x)dx  <  e, 

where  S'  has  any  positive  value  less  than  8, 

This  condition  is  certainly  satisfied  if  the  integral  I  \f(x)  \  dx 

converges;  and  the  original  integral  is  then  said  to  converge 
absolutely. 

It  is  possible  to  write  out  coiTesponding  modifications  of 
Abel's  and  Dirichlet's  tests ;  but  such  tests  are  not  often  needed 
in  practice  and  are  better  left  to  the  ingenuity  of  the  reader* 


li: 
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1,      /    ^E^cir,    /   ^?idx  converge  absolutely  if  ^>1  ,  and  so  does 
P^_!^dxi£0<g<l;  because  Isinorl^l,  |coe^i^l. 
Ex.  i      (*  ^^15£  dj-,    r  ^^^  dx  converge  if  0  <  p  <  1  ;  and  generally 

J «        X  J*        X 

I    <f>{x)smxdxj    I    <f>{x)coBXclx 
converge  in  virtue  of  Dirichlet'B  test,  if  <f>{x)  tends  steadily  to  zero. 
For    /  Binxdx  =  |  cos  a  —  cos  ^  |  =  2,     ■  /    cos  xdx\=\6inb  —  sin  a  i  ~  2. 

A  I  \  Ja  \ 

Ex.  3.     Further  examples  of  Dirichlet's  test  are  given  by 

f(x)  =  «-**,  (log  xy  ;  <^(a:)  =  (sin  ar)~»,  log(4  cos'd?).        [Hardt,  ^.c] 

170.  Fmllani's  integrals. 

As   a  simple   and   interesting  example   of  the   tests  of   the 
last  article,  let  us  consider  the  value  of 


Jo 


0  X 


where  <j>{x)  ia  such  that  I    <f>{x)dx  oscillates  between  finite  Umits 

(or  converges). 

Then,  by  applying  Dirichlet's  or  Abel's  test,  we  see  that 


i 


3        X 


is  convergent  and  is  equal  to 


I 


"-^^?W,      if  a,8>0. 

at     X 


Thus  r>(«^>--^<^)czx=r^<^)d«=r^<^dx. 

J«  X  J„a     X  Ja      X 

and  if  <f>{x)  tends  to  a  definite  finite  limit  <l>Qt  s^  x  tends  to  0, 
the  last  integral  has  a  finite  range  and  a  finite  integrand: 
thus  we  have 

In  the  same  way  we  can  prove  that  if 

A+B+C=0,    Aa+Bb+Cc=:0, 

then  ^  [A^(,ax)+B^ibx)+C<l>(cx)]  = -(lAa  log  a)<p'(0). 

JO   X 

For  examples,  take  (p(x)==coax  or  sin  a;. 
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The  former  integral  can  also  be  evaluated  if  <l>{x)  tends  to 
a  definite  value  0^  as  x  tends  to  oo .     For  we  have  the  identity 

p  0(a^)  -  <f>{bx)  ^^  ^  p  <f>{x&)  -  <l>{x\)  ^^^ 

Ja  ic  Jo  ic 

by  means  of  which   the  value  of  Frullani's  integral   may   be 
proved  to  be  (<Po-4>i)^og{hla). 

The  integral  found  in  Art.  167  (1)  is  a  particular  case  of  this 
formula  and  also  of  that  on  p.  432. 

Extensions  of  these  integrals  have  been  considered  by  Lerch 
and  by  Hardy  * 

171.  Uniform  convergence  of  an  infinite  integral,  t 

If  we  consider  the  integral  (supposed  convergent) 


poo 

J-- 


poo 

IM  y) 


f(x,  y)dx, 
the  least  value  of  ^,  for  which  the  inequality 

dx\<€,      (X>^), 

holds,  is  a  function  of  3/  as  well  as  of  e.  In  correspondence 
with  Art.  43,  we  say  that  the  integral  converges  nniformly  in 
an  interval  (a,  jS),  if  for  all  values  of  y  in  the  interval  ^  remains 
less  than  a  function  X(6),  which  depends  on  €  but  is  inde- 
pendent of  y.  But,  if  this  condition  cannot  be  satisfied  for  any 
interval  which  contains  a  particular  value  y^,  then  j/q  is  said 
to  be  a  point  of  non-uniform  convergence  of  the  integral. 

:.  1.     If /(^,  y)=l/(A'+y)*,  where  y=0,  we  find  that 

V(.r,y)fl£r=l/(A+3^). 

Thus  ^=(l/€)-y      (ify<l/€X    or^=0      (ify>l/€), 

and  so  the  integral  is  uniformly  convergent  for  all  positive  values  of  y, 
since  we  may  take  X{€)=J/€, 

Ex.  2.     If /(ar,y)=3^/(l+^«),  we  find  that 

jf  /(x,  y)(Lc= cot-H  A^y),      if  ^  5  0,        or = 0,      if  y = 0. 

Tlius  ^=cot€/|y|,      ify^O,    or  f =0,      if  3^=0. 

Hence  y=0  is  a  point  of  non-uniform  convergence  for  the  integral. 


r 


*  Lerch,  SitzxiiignhtrichU  d,  k.  Bdhmischen  QtseUschaft  der  Wvis,^  June  2,  1893; 
Hardy,  Messenger  qf  Maths,  ^  vol.  34,  1904,  pp.  11,  102,  and  Quarterly  Journal t 
vol.  33,  1901,  p.  113.     See  also  Art.  173,  Exs.  1-4. 

t  Stokes,  Math,  and  Phys.  PaperSy  vol.  1,  p.  283. 
I.S.  2e 
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But,  just  as  in  the  case  of  series,  we  have  usually  in  practice 
to  introduce  a  test  for  uniform  convergence  which  is  similar  to 
the  general  test  for  convergence  (Art.  169) :  Tfie  necessary  a7i<l 
sujfficient  condition  for  the  unifom  cativeryence  of  the  integral 

I  fi^y  y)<^7  ^"^  ^'^  interval  of  vcdtves  of  y,  is  thai  we  can  find 
a  value  of  ^,  independent  of  y,  such  that 


J  fiA  y)d.i 


i  I 

where  £'  has  any  value  greater  than  ^,  and  e  is  a/rbitrarily 

small. 

The  only  fresh  point  introduced  is  seen  to  be  the  fact  that  ^ 
must  be  independent  of  y.  The  proof  that  this  condition  is 
both  necessary  and  sufficient  follows  precisely  on  the  lines  of 
Art.  43,  with  mere  verbal  alterations. 

But  in  practical  work  we  need  more  special  tests  which  can  be 
applied  more  quickly ;  the  three  most  useful  of  these  tests  are : 

1.  Weierstrass's  test. 

Sv/ppose  that  for  all  values  of  y  in  the  interval  (a,  /8),  the 
function  /(x,  y)  satisfies  the  condition 

\f{x,y)\<M{xl 

where  M(x)  is  a  positive  function,  independent  of  y.     Then,  if 

/•CO  /•flO 

the  integral   I   M{x)dx  converges,  the  integral   I  f{x,  y)dx   is 

Ja  Ja 

absolutely  and  uniformly  convergent  for  all  values  of  y  in 
the  interval  (a,  ^). 

For   then    we   can    choose    f  independently   of    y,   so   that 

/•oo 

I  M{x)dx  is  less  than  e\   and  therefore 

I  /('''»  y)^x  <  I  M{x)dx  <  I   M{x)dx  <  6. 

Thus   the   integral   converges   uniformly ;    and    it    converges 
absolutely  in  virtue  of  Art.  169,  (1). 

2.  Abel's  test.^ 

/•oo 

The  integral  I  f{x,  y)<p{x)dx  is  uniformly  convergent  in  an 

J  a  /•oo 

interval  (a,  /8),  provided  that  I    <f){x)dx  converges,   and  tliat, 

Ja 


•Bromwich,  Proc.  Lond,  Math.  Soc,  (2),  vol.   1,  19a3,  p.  201. 


I 
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far  every  fia^d  value  of  y  in  the  interval  (a,  )8),  the  fvmction 
f{x,  y)  is  positive  and  steadily  decreases  as  x  iiicreases,  while 
f{a,  y)  is  less  than  a  constant  K  (independent  of  y). 

For  then,  in  virtue  of  the  analogue  to  Abels  Lemma,  we  have 

'%,  y)<p(x)dx  I  <  EM  y)  <  Hf{a,  y)  <  HK, 


i 


,  when 


where  B:  is  the  upper  limit  to  the  expression  i  I   <f>{x)dx 

poo  I  Jf 

^1  ranges  from  ^  to  ^'.      Now,  since  I   <j){x)dx  is  convergent, 

Ja 

we  can  find  f  independently  of  y,  so  that  H<^€/K;  and 
consequently  the  given  integral  converges  uniformly. 

It  is  evident  that  </>(x)  may  be  replaced  by  </>  (x,  y\  provided 

that  I  0(x,  y)dx  is  v/niforwly  convergent  in  the  interval  (a,  j8). 

Ja 

3.  Dirichlet's  test. 

poo 

The  integral   I  /(a?,  y)<f>(x)dx  is  uniformly   convergent  in 

J  a  poo 

an  interval  (a,  ^)  if  I  <p(x)dx  oscillates  between  finite  limits, 

Ja 

and  the  function  f{x,  y)  is  positive  and  steadily  decreases  as  x 
increa,ses  (y  being  kept  constant),  provided  that  f{x,  y)  tends 
to  zero  unifortnly  with  respect  to  y  in  the  interval  (a,  )8). 

For  then  I  \^f{x,  y)<f>{x)dx  <  Hf{l  y), 

where  H  is  less  than  some  constant  independent  of  y ;  we  can 
then  fix  ^,  independently  of  y,  to  satisfy  /(^,  y)  <  ejH. 

Again,  <f>ix)  may  contain  y,  provided  that  the  extreme  limits 

100 
<f>{x)dx  remain  finite  throughout  the  interval  (a,  )8). 
a 

Ex.  3.     Weierstrass's  test. 

rco8(^)  .       rain  Cry)  ^    rcoaQry)  ,      rsiiiCory)  ,  ,       q. 

converge  uniformly  throughout  any  interval  of  variation  of  y. 

Ex.  4.     AheVs  test, 

r^-^cos^^      r^_a:ysin£^     (a  >  0), 

Ja  X  Ja  X 

converge  uniformly  in  any  interval  (O^y^J),  because  the  integrals 

Ja        X  Ja        X 

converge  in  virtue  of  Art.  169,  Ex.  2.  [Stokes,  Lc,  p.  284.] 
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Genendlj  /  €'^ifi(x)dr  conrerges  imiformly  in  mnj  siiuilar  interval,  pro- 
vided  that  j    ^{x)dr  converge*. 

Ex.  5.     Dirichlefi  f«ff. 

/    -rir,   /    -dx 

converge  uniformlj  throughout  anv  interval  of  variation  of  jr. 

And  f  £^(-^^)dlr,   r:!^RL^-)dx,   ['^MSfldx 

converge  nnifonnly  in  any  interval  which  does  not  include  y=0. 

Of  course  the  definition  of,  and  the  tests  for,  uniform  con- 
vergence can  be  modified  at  once  so  as  to  refer  to  the  second 
type  of  infinite  integrals. 

172.    Applications  of  uniform  convergence. 

An   integral   I  /(jc,  y)dx  which   converges   uniformly   in   an 

interval  (a,  B)  has  properties  strictly  analogous  to  those  of 
uniformly  convergent  series  (Arts.  45,  46);  and  the  proofs 
can  be  carried  out  on  exactly  the  same  lines.     Thus  we  find: 

1.  If  f{x,  y)  is  a  continuous  function  of  y  in  the  inteirval 
(a,  /8),  the  integral  is  also  a  continuous  function  of  y,  provided 
that  it  converges  uniformly  in  the  inten:al  (a,  /8).* 

Only  verbal  alterations  are  needed  in  the  proof  of  the  corre- 
sponding theorem  for  series  (see  Art.  45). 

Ex.  1.     Thus  (see  Ex.  3,  Ail.   171) 

/-co«r;^)         r^in^y)^,,   C'-P^i^dx,  C'^^dx,      (a>0), 

are  continuous  functions  of  y  in  any  interval. 

2.  If   /    <f>(x)dx  is  convergent,  then  (see  Ex.  4,  Art,  171) 

3.  But  we  must  not  anticipate  the  continuity  at  y=0  of 

/*£8in(g^)^      psin(x^)^ 
►'0       l+x^  Jo         X 

and  it  is  not  hard  to  see  that  they  are  actually  discontinuous. 

(See  Ex.  5,  Art.  171,  and  Ex.  6,  Art  173.) 

*  Stokes,  Lcy  p.  283. 


v^ 


171,  172]  UNIFORM  CONVERGENCE.  437 

2.  Under  the  aame  conditions  as  in  (1),  we  may  integrate 
"with  respect  to  y  under  the  sign  of  integration,  provided 
that  the  range  falls  within  the  interval  (a,  )8). 

Again,  the  proof  for  series  needs  only  verbal  changes. 


4.     If  ^,^^^Q«('^.y)d^^,   ['udu=  T  ^^°^^    cb:, 
.fc     I+JT*       '  J)       ^     Jo  a:{l+a^)     ' 

and  if  v^  fT^-^cir,   /\rfy=  rLl^^da:. 
Jo     1+0^       'jo       ^     Jo     jc{l+a^) 

3.  The  equation 

is   valid,  provided  that  the  integral  on  the  right  converges 
uniformly  and  that  the  integral  on  the  left  is  convergent* 

Write     <f>(x.  h)=f  |y(^.y+M-/(^.y)_gr|,fa^ 

and  let  us  find  ^  so  that 

,     ^dx    <€,         if   Z>^, 

where   £  will    be    independent   of  y,  and    the    inequality    is 
correct  for    all    values  of    y  in   the   interval   (a,  j8).      Then, 

I  XI  ex        fy+fc  1  -Qf 

■'df 


I: 


-liM 


o   dx, 

because  the  value  of  the  double  integral  of  a  continuous 
function,  taken  over  a  finite  area,  is  independent  of  the  order 
of  integration  (see  Art.  163,  p.  410). 

Thus,  J  ^[/(aj,  2/+A)-/(a;,  y)]cfo;|<e, 

in  virtue  of  our  choice  of  ^. 

Now  <pix,  h)-^(e,  A)= j;^p^i±^zMi)_|]d., 

80  that  1 0(Z,  h)  -  0(^,  h)  \  <  2e. 


*The  last  condition  is  partly  superfluous;  compare  the  note  on  p.  119  for 
the  case  of  series. 


/ 
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The  last  inequality  holds  for  all  values  of  X  greater  than  ^, 
and  all  values  oi\h\  under  a  certain  limit.  If  we  make  X  tend 
to  00 ,  we  obtain 

Since  our  choice  of  ^  is  independent  of  h,  we  can  now 
allow  h  to  tend  to  zero  without  changing  ^;  and,  by  definition, 

lim0(f,  A)  =  0; 

thus  we  have  lim  |  ^(oo ,  /t)  |  ^  26. 

Since  e  is  arbitrarily  small,  and  <f)(GC ,  h)  is  independent  of  €, 
this  inequality  can  only  be  true  if 

lim0(oo,  /t)  =  0, 


or 


Another  theorem  may  be  mentioned  here,  although  the  ideas  involved 

are  a  little  beyond  our  scope. 

r« 
If,  in  the  integral  F(z)=  I  f(x,  z)dx,  the  Junction  f{xy  z)  is  an  analytic 

function  of  the  complex  variable  z  at  all  points  of  a  certain  region  T  of  the 
z-plane,  then  F{z)  is  analytic  within  Ty  provided  that  a  real  positive  function 

M{3c)   can   he  found  which  makes  the  integral    \    M{x)dx  convergent  and 


satisfies  the  condition 


<  M{x)  at  all  points  of  T, 

5.    To  shew  the  need  for  some  condition  such  as  that  of  uniform 

convergence,  we  may  consider  the  integral  /     ^^^  ^^^  dx ;   if  this  is  differ- 

entiated  with  i*espect  to  y  under  the  integral  sign,  we  find   f    QOA{xy)dXy 
which  does  not  converge. 

Ex.   6.     On  the  other  hand,  the  equations 

d    rcos(xy),  P  X  sin  (,vy)  ^^ 

Tyk    T+;^'^""J)       l+.r2    «^i 

^    /"  -»sina;  ,  P  _«.  •        . 

-J-  \    e  ^ ar=  -  /    e'^waxdx 

ay  J^  X  .to 

are  quite  correct.    (See  Exs.  1,  6,  Art.  173.) 

4.  The  analogue  of  Tannersr's  theorem  (Art.  49). 
//  lim /(a?,  n)=g{x\      lim  X«=  oo , 


•00  n-^oo 


then  lim  I    f(x,  n)dx=  I   g(x)dx, 
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provided  tfiat  f{x,  n)  tends  to  its  limit  g{x)  uniformly  in 
any  fixed  interval,  and  that  we  can  deterrtiin^  a  positive 
function  M{x)  to  satisfy  \f{Xy  n)\'^M{x\  for  all  values  of  n, 

poo 

while  I   M{x)dx  converges, 

J  a 

For,  let  ^  be  chosen  so  that  f  M{x)dx  is  less  than  €,  then,  if  n  is  large 
enough  to  make  A«>^,  we  have  (as  in  Art.  49) 

Ja  Ja  I        Ja 

Since  $  is  fixed,  \f-g\  will  tend  to  zero  uniformly  (as  ?^  tends  to  oo) 
in  the  integral  on  the  right ;  and  so  this  integral  tends  to  zero  (Art.  45  (2)  ). 
The  proof  can  now  be  completed  in  exactly  the  same  way  as  in  Aili.  49. 

Ex.  7.  To  see  that  some  test  such  as  Tannery's  is  necessary,  consider 
the  integral 

i"  (rb  -  to)  '^=*'''  '*"  St- 

Since  7i/(n^+a^)^l/n,  we  have  lim«/(w*+a;*)=0,  and  so  if  we  apply 
the  rule,  without  reference  to  the  existence  of  M(x),  we  find  the  limit 

r    dx_jir 
Jo    \+ar^     2* 

But  (w-l)/(n+l)  tends  to  1,  so  that  the  integral  approaches  the  limit 
^w  and  not  ^. 

The  second  type  of  infimte  integrals. 

The  reader  should  find  little  difficulty  in  stating  and  proving  results, 
corresponding  to  (l)-(^)  al>ove,  for  the  second  type  of  integrals. 

There  is  only  one  case  of  practical  interest  which  may  be  found  to  offer 
some  difficulty ;  this  is  the  problem  of  differentiating  an  integral  of  the  type* 

Ja 

in  which  the  upper  limit  varies  with  i/,  and  is  a  point  of  discontinuity 
for  J-,  although  /  is  continuous  there. 

We  assume  that  the  integral   I    jJ-dx  is   uniformly  convergent  for  all 

values  of  t/  belonging  to  the  interval  with  which  we  are  concerned,  and 
that  I  b'(^)  I  remains  less  than  a  constant  B  for  these  values  of  y. 
Then  we  can  find  a  constant  8  such  that,  if  0<^<S,  we  have 

Now,  if  we  write 


Jb-t 


<j^,     and     1/(6-8,  y)-/(6-fy)|<^. 


*  A  very  simple  example  is  given  by  taking,  say, 

^{y)  =  ^'  sj{x{y  -  x))dai,      y>0. 
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we  have,  by  the  ordinary  theorem  for  differentiating  an  integral, 
and  so,  using  the  inequalities  which  define  8,  we  find 


d4> 


Also, 


o(y.i 


-F<€,    if  0<^^8. 


|{<^(^,y)-<^(S,y)}=f_"/^eir+6'(y){/(6-^,y)-./(ft-S,y)}, 


so  that 


dy 


W^,y)-<^(5,y)} 


<€; 


and  so,  using  a  double  integral  as  on  p.  437,  we  see  that 


rW^,y+A)-<^(f,y)}-lW8,y+^)-<^(8,y)J 


<€. 


In  the  last  inequality,  let  (  tend  to  0,  and  <^(^,  y)  then  tends  to  F(y\ 
so  that 


:^€. 


Thus  we  see  that 
1 


^{i^(y+A)-i^(y)}-F 


<2€  + 


JwS,y+A)-<^(8,y)J-g 


Take  the  limit  of  the  last  inequality  as  k  tends  to  zero ;  then  the  right- 
hand  tends  to  2c,  because  8  is  independent  of  h ;  thus  we  find 


1 


^2€, 


lim  ;{/?'(y+A)-i?'(y)}-F 
and  80  by  the  same  argument  as  before,  we  have 

173.  Applications  of  Art.  172. 

Ex.  1.    Consider  first  the  integral 

where  a,  b  may  be  complex,  provided  that  they  have  their  real  parts 
positive  or  zero. 

Then  J  is  uniformly  convergent  for  all  positive  or  zero  values  of  y.* 
Now  differentiate  with  respect  to  y.     We  obtain 


r*  11 

Jo         ^  *  a-Vv    b-\-i/ 


and  this  integral  converges  uniformly  so  long  as  y^^>0.    Its  value  is 
therefore  equal  to  dJjdy^  in  virtue  of  Art.  172  (3). 


*  It  is  understood  that  neither  a  nor  6  is  zero. 
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Now,  \imJ=^Oj  by  Art.  172  (1),  bo  that 

Thus,  using  Ex.  2,  Art.  172,  we  find 

Jo  ^  *  X     ^->o        ^0   \a+^     h-\-y]   ^ 

The  last  integral  can  be  written  as  log(&/a),  which  has  the  advantage 
of  being  of  the  same  form  as  if  a  and  6  were  real ;  but  owing  to  the  many- 
valued  nature  of  the  logarithm  of  a  complex  number,  it  is  often  safer  to 
appeal  directly  to  the  integral. 

In  particular,  if  we  write  a=l,  6=i,  we  have 

r  dx  f         dx 

or  J    (c~*  — cosar)  —  =0,      /    sin  or —  =  i^. 


2.    Generally,  we  can  prove  in  the  same  way  that 
/;(2Je-)5=i:/;^rfy=  --ZA  log«, 
where  Zi4=±0.and  the  real  parts  of  a,  6,  c,  ...  ai*e  positive  or  zero. 

Ex.  3.     By  direct  integration  combined  with  (1)  it  will  be  found  that 

where  the  logarithm  is  determined  as  before,  and  the  real  parts  of  a,  h  are 
not  negative. 

For  example,  if  we  take 

a  =  l,    6=-i,    c=i, 

we  get  j^[e-'{\+{\+{)x}-e'']^=  -i-l+^, 

/""  dx    IT  /"*  dv 

^^  1^  [^"0  +^)  -  cos  ^]  ;^  =  2  - 1»     Jo  (•*'«"'  -  sin  x)  ^  =  - 1. 

As  another  illustration  take 

6=1,    c=-(a+J). 
Then  we  find 

/;[(a-l)«-'+(l-l)(«-«-O]^=(«+01oga-(^-l). 

Ex.  4.     It  is  easy  to  prove  similarly  that 

j    [l{Ai{l+ax)-^AiX}er'"]^=-'EA2\oga-2A^a, 

where  2^i=0,  2-4 g=0,  and  the  real  parts  of  a,  6,  c,  ...  are  positive  or 
zero. 
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I     sin  f  j*v^ 
Ex.  6.     By  differentiating  J~  j       .   ^  a\^  twice,  we  find  that 

^,-J=),   8in(.^)-=-,       ify>0; 

the  last  result  following  from  (I)  above. 

Hence,  since  lim«A=:0,  and  J  remains  finite  as  y  tends  to  a>  (see  Ex.  1, 

Art.  172),  we  find  J^iw{l-e-'). 

Thus,  on  differentiating,  we  find,  if  i/  is  positive, 


r  co8(jty)  ,  r.r sin (.ty) 

Jo     l+.r2  ^^-^'T^    -J^       j_^^    . 


When  y  is  negative  we  find  J=i'jr(^-l\  and  so  the  other  integrals 
become  ^ttc*,   -^tt^,  respectively. 

Thus  J  and  the  cosine  integral  are  continuous  at  y=0.  But  the  third 
integral  is  discontinuous  there  (see  Exs.  1,  3,  Art.  172). 

In  like  manner,-  the  integral  /     sin  {xy)  —  has  the  value  ±  i^,  according 

.'0  X 

to  the  sign  of  y,  and  vanishes  for  y=0. 


6.    As  an  example  of  Tannery's  theorem,  we  take  the  integral 
in  which  |  /(.r)  |  is  supposed  less  than  the  constant  H  in  the  interval  (0,  6). 

80  that  Um/,=/(0)/f  ?^d:r=|/(OX  • 

For  f  «J^'^rf.,=r_?iB!fT+  filBif  d>=^, 

JQ      .r*  L        X    Jo     Jo       X  2 

this  result  following  from  (1)  above.  In  applying  Tannery's  theorem  we 
can  take  M{x)=H{^\v?x)la^  \  and /(x/7i)  tends  to  the  limit /(O)  uniformly 
in  any  fixed  interval  for  x.  It  is  understood  here  that  /(O)  denotes  the 
limit  of  f{x)  as  x  tends  to  0  through  positive  values, 

Ex.  7.     It  follows  at  once  from  (6)  that  if 

Jn^~\'  /{xi^^^'A^dx,      (0<6<7r) 

then  \\mJn=^Trf{0), 


The  reader  should  prove  that  if  6=7r,  this  result  must  be  replaced  by 

limJ„=i^{/(0)+/(7r)}. 
The  integral  Jn  is  interesting  on  account  of  an  application  to  Fourier 
Series  given  by  Fej6r  (see  Ex.  5,  Ch.  XI.). 
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171  Some  farther  theorems  on  integrals  containing  another 
yariable. 

Just  as  Tannery's  theorem  (Art.  172)  resembles  Weierstrass's 
test  for  uniform  convergence,  so  there  is  a  theorem  related 
in  a  similar  way  to  Abel's  test  (Art.  171). 

If  f(Xy  n)  is  positive  and  steadily  decreases  (as  x  increaseSy 

poo 

being  kept  constant)  and  if  I    ip(x)dx  is  convergent,  then 

lim  I   f(Xjn)<p(x)dx=\  g(x)^(x)dx, 

provided  that  limXn=oo,  that  f(x,n)  tends  to  the  limit  g(x) 
uniformly  in  any  fioced  interval,  and  that  f(a,  n)  is  less 
than  a  constant  A  for  all  values  of  n. 

For  then  we  can  write,  by  Art.  168, 


n 


^^f{x,n)<l>{x)dxc 


<f{i,  n)H  <f(a,  n)H  <  AH, 


I  f ^ 
where  H  is  the  upper  limit  to     I   0(aj)dx    as  ^'  ranges  from 

f  to  00.     Since  the  last  integral  converges  when  extended  to 
infinity,  we  can  find  ^  so  as  to  make  AH<C^€\  and  then  also 

100 
g(x)<l>{x)dx  <g{i)H<AH<€, 

because,  as  x  increases,  g(x)  decreases  and  does  not  exceed  A. 
Consequently  we  find 

11  V(a:,'n)0(ic)c?a;-J  g(:x)<l>{x)dx 


< 


Iff 
2€+      {f{^,'rh)-'g{x)]<t>{x)dx 

\Ja 


Since  ^  is  fixed  the  limit  of  the  last  integral  as  n  tends  to  oo , 
is  zero  by  Art.  45  (2);   and  so  we  have 

I  fAn  r« 

lim  1 1   f{x,  n)<p(x)dx—  |  g(x)<p{x)dx  ^ 2e. 

It  follows  that  this  maximum  limit  is  zero,  or 

lim  I  f(x,ny<t>(x)dx=\  g{x)<l>{x)dx. 
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Dirichlet's  first  integral. 

As  an  application  of  this  theorem,  consider  the  integral 

Jn=?^'''^f(x)dx.         (b>0). 
Jo       '*^ 

If  we  change  the  variable  of  integration  to  x/n^  we  have 

Hence,  if  f(x)  is  positive  and  never  increases,  our  theorem 
can  be  applied,  because* 

/(0)^/(x/-«.)>0, 
and  fixjn)  tends  to  the  limit  /(O)  uniformly  in  any  fixed  interval. 

Hence  lim  J„  =/(0)  [^dx  =  |/(0), 

n— ►«  JO      X  L 

in  virtue  of  Art.  173,  Ex.  1,  above. 

It  is,  however,  easy  to  remove  the  conditions  from  the 
function  f{x)  of  being  positive  and  never  increasing.  Suppose, 
for  example,  that  f{x)  first  decreases  in  the  interval  (0,  c),  and 
afterwards  increases  in  the  interval  (c,  6).  Now  consider  the 
functions  F(x),  0{x)  defined  by 

and  Fix)=f{c)+A,  \  /.^-.^jx 

G(x)=f{c)+A-f{x)J  ^ ' 

where  -4  is  a  constant  such  that  f(c)  +  A  and  f(c)  +  A—f{b) 
are  both  positive.  Then  the  conditions  of  being  positive  and 
never  increasing  are  satisfied  by  both  F(x)  and  0{x\  so  that 

lim  r  F(x)  ?^5i^  dx  =  I  F(0), 

n— ►«)  JO  »^  ■^ 

witli  a  similar  equation  for  0{x).    But  F(x)^0(x)=f{x),  so  that 

It  is  easy  to  see  that  this  result  can  be  at  (mce  extended 
to  any  case  where  f{x)  has  a  limited  number  of  maayimxi 
and  minima  and  tw  infinities  between  0  and  b. 


*  Here  we  use  /(O)  to  denote  the  limit  of  f(x)  as  x  approaches  0  through 
positive  values;  this  limit  exists  to  virtue  of  the  monotonic  property  of /(a*). 
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Dirichlet's  second  integral. 
Consider  now 

^'^^  Jo        sinx       ■^<^>^-      (0  <  6  <  ^) 
"where  n  is  an  integer.     We  can  write 

sin  vx 


JO 


0      oc 


(f>{x)dx, 


where  u=2n+h    *^(^)  =  ^^/(^> 

Since  xj^inx  steadily  increases  and  has  no  infinity  in  the 
interval  (0,  6),  it  follows  that  0(aj)  will  satisfy  the  conditions 
set  forth  in  dealing  with  Dirichlet's  first  integral,  provided 
that  f{x)  satisfies  them.* 

Hence  lim  Kn  =  i7r0(O)  =  i7r/"(0). 

n— ►« 

If,  however,  the  range  of  integration  extends  up  to  tt,  we 
may  write  the  integral  in  the  form 


^>v%>^^^ 


and  then  change  the  variable  in  the  second  part  to   tt— aj; 
this  gives 


0   sma; 


Hence    jim£?^'i^±l>?/(x)rf,^  =  J[/(0)+/(x)]. 

Ex.  1.     As  a  verification  we  note  that 

— ^-: ^dx=^\  +  2  cos  2jf+2  cos  4.r+ ...  +  2  cos  2w^, 


sino: 


80  that  ri^sin(2«  +  l)x^^ 

jo  sm  X  ^ 

and  r  Bin(2n-H)x^^^ 

Jo  Sin  X 

which  agree  with  the  general  theoi^ms  on  writing /( J?) =1. 


*For  then  we  can  write 

xlvLTix=B-x{x),    /{x)  =  F{x)-0(x), 
L  where  x(^)i  ^i^)*  ^(^)  ^^®  positive  and  never  increase  in  the  interval  (0,  b), 

while  j8  is  a  poeitiye  coDStant.     Then 
^  <p{x)=:{BF{x)'\-x{x)0{x)}-{BO{x)-hx{x)F(x)\. 
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2.     It  is  instructive  to  investigate  the  value  of  the  integral 

/■' 8in(2n+l)£  (o<b^i^), 

Jo  8in;r  '      ^  —  2   /> 

by  means  of  the  curve  y={B\n(2n  +  l)x}/sinx.    This  curve  is  of  the  same 

general  type  as  the  one  given  in  Fig.  46,  Art,  169 ;  except  that  the  initial 

ordinate  is  y=2n+l  and  that  the  points  of  crossing  the  axis  are 

W(2n  +  1),    27r/(2n  +  l),    ...,    n7r/(2n+l). 

Then,   using  the  argument  given  there,   we  see   that   the  value  of   the 

integral  Kn  is  expressed  by  a  finite  series  of  the  form 

Vo-^'i+Vj-...+(-)*rt, 

where  k  is  an  integer  such  that  (2n  +  l)6  lies  between  (k-l)7r  and  kvy  and 

Hence  (if  r  is  any  integer  less  than  t),  the  value  of  the  integral  JT. 
differs  from  ^^  _  ^^  +  ^^  _...+( _  ly-hr-i 

by  less  than  Vr*    Thus,  changing  the  variable  to  x/v,  Kn  lies  between 

r     «il^rf.   and    r'''-^^-d^, 
Jo     vain(.r/v)  Jo  V8in(x/v) 

where  v=:2?i+l.     If  we  make  n  tend  to   ao,  we  find  that  the  limit  of 
the  integral  K^  lies  between* 


r 


sin.r 


cbc   and 


/. 


<''+i>»sinx 


'0  X  JO 

where  r  is  any  positive  integer.     Thus 


X 


dxy 


1'      tr       f    8in.tr  ,      IT 
lim  Kn=  I     dx=  s. 


[DiRICHLET.] 


Ex.  3.     It  is  easy  to  see  (as  in  Ex.  2  or  otherwise)  that 

j.^  /•».  Bin(2«  +  l)x^^^  M  8in^ 
n-^^Jo  sin.r  Jo      X 

where  A=lim(27i6„).    The  maxima  of  this  integral  are  given  by  A=w,  3w, 
5^,  ...  and  the  minima  by  A  =  2^,  47r,  67r,  .... 

Glaisher  (Phil.  Tram.,  vol.   160,  1870,  p.  387)  has  given  the  following 
numerical  values  for  the  maxima  and  minima,  where 


dx, 


,_  /•"  sin  X  J 7r_  n^sinx 

Jnr     X  2      jo        X 

/i=  -0-28114,        /3=  -010397,         I^=  -0H)6317, 
/j  =  +  0-15264,         /4  =  +  007864,         /^  =  +  0-05276. 

Thus  the  greatest  value  of  the  integral  is  J7r-/i  =  1*86194,  and  the 
least  (if  A>7r)  is  4^-/3  =  1-41816.     (See  also  Ex.  12,  p.  351.) 


*From  the  inequalities  proved  in  Art.  59  and  in  the  footnote  p.   184,  we 
see  that  (since  x/i'<^ir), 


Thus 


sma; 


X       .    X 

—  sm  - 

V  V 


smx 


< 


lar^ 


X       V  sin  {xjv) 


6v3' 
sin  a; 

X 


X     2v 
cosec  -  <  — I 
r      X 


sin  X 

X 


1 


sin  (xjv) 


X      .    x 
—  sm  - 

V  V 


<1. 

^l^<ir»(r  +  l)« 
^3r«=3        v^     • 


and  so  this  difference  tends  to  zero  uniformly  in  the  interval  0^:c^(r+l)ir 
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Ex.  4.     If  f{x)  is  positive  and  steadily  decreases  in  such  a  way  that 
2/^(w7r)  is  convergent,  we  can  prove  that 

and  again,  if  f{x)  tends  steadily  to  zero, 

lini  f  "°  S^  ^^''cos^/(:.)cZr=|[/(0) -  2/(7r)  +  2/(27r)  -  ...]. 


In  particular,  if /(:r)=e-**(c>0),  the  first  limit  is  ^ir coth  (^ctt)  and  the 
second  is  ^  tanh  (^c^tt). 

Ex.  6.     Shew  that  if  f{x)  satisfies  the  conditions  of  Dirichlet's  integral, 
and  0<«<1,  then 

lim  n'  r  A^) Ti-T  dx=f{0) f "^-' sin  xdx=f{0)  T («) sin  (i«ir), 

H      ^qo  •'0  iZr  •'0 

lim  n'l  /(:r)?^cte=/(0)r^-'co8^<iir=/(0)r(,)cos(W). 
For  the  values  of  the  integrals,  see  Ex.  36,  p.  474. 

Jordan's  extension  of  Dirichlet's  integral. 

Suppose  that  /n=  I  <l>{x,  n)f(x)dx,  where  f(x)  is  positive  and 

Jo 

never  decreases  in  the   interval  (0,  b\  while  <p(x,  n)  has  the 
properties 

(i)     I     4>{x,7i)dx\<:A,      if  O^i^b; 
Jo 

(ii)     lim  I  <f>(x,  n)dx  =  1,      if  0  <  c  ^  ^^  6, 

•    n— >oo  Jo 

where  -4  is  a  constant  and  c  is  arbitrary,  but  must  be  regarded 
as  fixed  in  taking  the  limit  (ii).     Under  these  circumstances 

lim/„  =  i/(0), 

where  /(O)  denotes  the  limit  of  f(x\  as  on  p.  444. 

For  we  have  from  Art.  168,  if  0  <  c  <  6, 

{h^h')[m^Ac)]+hy(0)  <  /„  <  (H-H')[f(0)-f(c)]+Hy(0), 

where  H,  h  are  the  upper  and  lower  limits  of  I  d^x,n)dx  as 

Jo 

^  varies  from  0  to  c  and  H\  h'  as  f  varies  from  c  to  6.     Now, 
from  (i)  !^-/i'|<2^,    \H-H'\<2A, 

80  that  |/,-i/(0)|<  2A[f{0)-f(c)]  +  rif{0l 

if  jy  is  the  greater  of  H'^l  and  l  —  li. 
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Now  choose  c  so  that  2il[/(0)— /(c)]<;€;  and  having  fixed 
c,  make  n  tend  to  infinity.     Since  limj7  =  0  by  condition  (ii), 

it  follows  that 


u-^oo 


lim|/„-Z/(0)|^e. 


n— ►» 


Hence  lim  /«  =  i/(0) . 

This  result  can  be  at  once  extended  to  any  function  f{x)  of  the 
type  considered  in  dealing  with  Dirichlet's  integral  (see  p.  444). 

176.  Integration  of  series,  when  infinities  of  the  inte- 
grand occur  in  the  range. 

It  is  obvious  that  infinite  integrals  are  excluded  from  the 
discussion  of  Art.  45 :  one  case  of  practical  importance  presents 
itself  when  the  terms  of  the  series  are  of  the  form  4>(x)fn(x\ 
where  <f>(x)-^oo  at,  say,  the  upper  limit  b.  Then  we  can  easily 
establish  the  following  result: 

A.  If  2/n(i^)  converges  tcnifor^nly  in  the  interval  (a,  6)  and 
I   i  i>(^)  I  ^^^  ^^  convergent  (and  lias  the  value  J\  then 

J  a 

^(x)[2/n(j))]cfe  =  2       (f>(x)fn(x)(lv, 
J  a  Ja 

For  then  we  can  find  m,  independently  of  x'y  so  that 

i/«W    <«»      if  p>ni, 

m 

fb 

j    |<^(.r)|ctr=€t/'. 


Thus 


t  I  '^{x)Mx)d.v 


m  •'a 
ao     rb 


<€ 


It  follows  that  2  /    <ti{x)fn{x)dx  converges,  and  that 


0    J  a 


€J, 


2  /    <t>(x)fn(x)cL 

I  m  Ja 

At  the  same  time  we  have 

I   0  0  I 

\    fb  n«  -I  m-l  fb 

so  that  1    <f>(x)\  SAW  Ur-  S  /  <i>{x)fn{x)d. 

\  Ja  L.  0  -J  0    Ja 

Thus  we  find 


X 


<€./. 


J  a  i-  0  -J  0    -a 


g2€J, 


and,  since  J  is  fixed,   we  can  determine  m  to  make  2€i/  as  small  as  we 
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please ;  but  in  the  last  inequality  the  left-hand  side  is  independent  of  m, 
and  therefore  must  be  zero. 

Thus  /*  <f>(x)  ri/n(^)1  dx=^2  r<l>(x)Mx)dx. 

-'a  I-  0  -1  0  ■'o  - 

£x.  1.    This  case  is  illustrated  by 
j[Sog^log(l+..)^=2(-ir^/^'flog^rfr=2^ 

=2(-l)"r- ^.  -_l_1  =  2-21og2---^7r2. 

^      ^  Ln    n  +  l    {n+iyJ  °       12 

Here  the  series  for  log(l+a7)  converges  uniformly  from  0  to  1 ;  but 
log:r-»-a>  as  x-M>. 

On  the  other  hand,  the  series  may  also  tend  to  oo  (or  it  may 
i^ease  to  be  uniformly  convergent)  as  x->b;  when  this  happens, 
we  can  often  justify  term-by-term  integration  by  means  of 
the  theorem: 

B.  Suppose  that  (p{x)  is  positive  in  the  interval  (a,  6),  aTid 
that  the  terTns  fn{^)  o/r^  (M  positive^  then  the  convergence  of 
either  the  integral  n 

Ja 

or  the  series  2|  <p(x)fn(x)dx, 

Ja 

is  n^essary  and  sufficient  to  allow  of  term-by-term  integration. 

It  is  obvious  that  both  conditions  are  necessary :  the  only  point  to  be 
proved  is  that  either  of  them  is  sufficient. 

Write  F(S,  ni)=£~  ^(.r)||/„(^)}  da:,      (8>0) ; 

then,  since  <f>{ai)  and  /«(ar)  are  never  negative,  the  function  F{Sy  m)  never 
decreases  as  8  tends  to  zero  and  m  to  infinity.  Thus,  as  in  Art.  31(5), 
we  see  that  if  either  of  the  repeated  limits 

lim  /  lim  F(8,  m)\ ,    lim  /lim  F{S,  m)\  , 

is  convergent,  so  also  is  the  other,  and  their  values  are  equal. 
Now  Art.  45  applies  to  the  interval  (a,  6-8),  so  that 

lim  F(8,  m)=  r%(:c){tfn{^)\dx, 

and  so  lim  \  lim  F(B,  m)U  f*  hM^M^)\  <^'  W 

i.s.  2f 
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Similarly  the  other  repeated  limit  is  seen  to  be  equal  to  the  series 

i  /*  4>{x)Ux)dx.   (2) 


0   •'a 


Hence  the  theorem  is  established ;  for  if  either  the  integral  (1)  or  the 
series  (2)  is  convergent,  so  also  is  the  other,  and  their  values  are  equaL 

Ex.  2.     An  application  of  Theorem  B  is  given  by  the  equation 

/•Mog(l~^)^   _     vP      ^dx  V,  .  2.  2.4.2.4.6.      \ 

h    V(l-^)  rJo  W(1^"~3V       5    5:7"*'6.7.9"^-'7' 

This  result  is  easily  verified  directly  ;  by  integration  by  parts,  the 
integral  is  found  to  be  -4,  and  the  sum  of  the  series  in  brackets  is  3 
(see  Ex.  2,  p.  42). 

"We  get  another  illustration  by  expanding  1/V(1  -x)  instead  of  log(l  -jf). 

Ex.  3.    Another  example  is  given  by 

where  j9+l  is  pontive.    Here  we  use  Theorem  A  to  include  ar^O  in  the 
interval  and  Theorem  B  to  include  x^\. 
The  special  case  p=0  gives 

Jfi  l-x  1  w*         6 

and  if  />=  -^  the  integral  can  also  be  evaluated  in  finite  terms. 

C.  When  the  terms  fn(x)  are  iwt  all  positive,  we  ccm  apply 
a  eimUar  a/rgv/ment  in  case  either  the  integral 

\\i>{x)\{I,\fn(x)\}dx  or  the  series  2|  |^|.|/n|da; 

Ja  Ja 

converges*    Here  we  write 

^/«  =  {^+l^l}{/+l/»l}-|0|{/+l/«l}-|/«|{0+l^l}  +  l^|.|/nJ. 

and  then,  under  either  of  the  given  conditions,  Theorem  B  can 
be  applied  to  each  term  on  the  right-hand  side.  Of  course 
these  conditions  are  easily  seen  to  be  sufficient  only  and  not 
necessary  here.     Thus,  for  example,  if 

/n(i»)  =  (-l)"-^a:»,    a=0,     6  =  1, 


*  Hardy,  Messenger  of  McUJiematics,  vol  35,  1905,  p.  126;   Bromwich,  ibid., 
vol.  36,  1906,  p.  1.     It  should  be  noticed  that  the  argument  fails  if  we  only 

know  that   /   4>{x)[E/n{x)]dx  is  dbsoltUely  convergent. 
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'we  have 

fi    dip 
l-KJ-i+-..=      T^»      (see  Arts.  47,  52) 

JO   *  "T**' 

although  here  2|/n(a5)  I  =  1/(1—03)  and   I  cfcc/(l— a?)  diverges. 

Jo 

Ex.  4.     To  illustrate  Theorem  C,  consider 

Here  we  take  <^{x)=^3fi\ogx  and  2|/„(x)|  =1/(1 -jf),  and  then  the  con- 
ditions of  Theorem  C  are  satisfied  (compare  Ex.  3).    In  particular,  p^O  gives 

J     \-\-x  1      71*  12 

But  Theorems  B,  C  do  not  suffice  in  a  number  of  comparatively 
simple  cases  which  present  themselves  in  practice  and  do  not 
come  under  any  really  general  theorem.  In  dealing  with  power- 
series,  the  remark  made  at  the  top  of  p.  134  is  often  useful; 
and  in  some  cases  we  can  apply  Theorem  C  to  2|a^_i— Xa^la?**, 
taking  X  to  be  lim  (an/an+i),  and  then  pro<5eed  as  in  the 
following  example: 

Ex.  5.    Consider  the  integral  J    ^^^^^dx,      p  +  l>0. 

K  l/(l+J?)»=2a„:P*=2/;(a?),  2 1/„(^)|  =  1/(1-^)2,  and  Theorem  C  fails 
because  the  integral  diverges  if  \l{\-xf  is  put  in  place  of  1/(1+^)*. 

Now  an=(-l)"(w  +  l)  and  A=-l.  Also  l/(l-fj7)=2(a„_i+a„)^ ;  and 
by  Theorem  C, 

/;^2(a,.,+a.):^=2(a^.+«.)/;q^<i.. 

The  coefficient  of  On  on  the  right  is 

r  ^+'»log.reir=  -  l/(n+jo  +  l)2  ; 

and  so  we  find 

P^Mogx  ,  _^,     i\«-i_?Ltl 

In  particular,  if  p=0,  the  series  reduces  to  -log 2,  and  it  is  easily 
verified  that  this  is  then  the  value  of  the  integral ;  thus  our  work  is 
confirmed. 

Ex.  6.    To  illustrate  the  result  given  on  p.  134,  consider  the  equation 


fi   of  1  1  1 

Iq  l+x        p+l    p+2    p+3         '      ^^  '* 


this  is  valid,  because  the  resulting  series  converges. 
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Ex.  7.    Further  applications  of  Theorems  B,  C  are  given  by  the  equationa 

rf'-[?-:-<'44--)-?- 

From  the  last  integral  we  can  obtain  the  results 

rT'^i.^)'-"'  "'>■>■ 

or=0,  if  ^=0, 

or=-ir*,    ify<0. 


8.    By  changing  the  variable  in  Ex.  6  from  x  to  <,  where  x =«"**, 
we  find 

/■•  cosh  (60^.     'f        /^^\        A  ^1.  ^ 
Jo    cosh  (a/)        2a       \2a/' 

Similarly,  starting  from  the  equation 

which  can  be  established  by  Theorem  B,  we  find 

Jo  s\nh{cU)        2a         \2a/' 

176.  Integration  of  an  infinite  series  over  an  infinite 
interval. 

The  method  of  proof  employed  in  Art.  45  does  not  justify 
the  deduction  of  the  equation 

r  0(a!)ri:/„(x)]da;  =  2  r  ^(«') /»('«)  ^> 

Ja  L_  0  _l  0     Ja 

from  the  knowledge  that  Xfn(x)  is  uniformly  convergent  for 
all  values  of  x  greater  than  a. 

/•oo 

A.  However,  if  in  addition  we  know  that  I  |  <p(x)  \  dx  is  con- 
vergent, the  method  used  to  prove  Theorem  A  of  Art.  176  can 
be  at  once  modified  to  establish  the  desired  result. 

But  it  is  often  necessary  to  justify  the  equation  when  either 

I    \if>ix)\dx  is  divergent  or  2/n(ir)  can  only  be  proved  to  con- 

Ja 
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verge  uniformly  over  a  fixed  interval  ;*  and  then  some  new  test 
must  be  introduced. 

Thus,  for  example,  if 

/o W+/i W+ ...  +/„(^)=^„(^)=(2:r/n2)«-'^««,  lim ^„(^)=0 ; 


and  the  maximum  of  Sn(:c)  is  ,j2ln^fe^  so  that  Sn{x)  converges  uniformly  to 
its  limit  in  any  interval  for  x.    But  yet  we  find,  taking  ^{x)^l^ 

/    Sn{x)dx^\\    so  that  lim  /    5„(a?)(ia?=l, 
and  this  is  not  the  same  as      /    [lim<S'„(.r)]cLr. 

This  illustrates  the  case  when   /    |<^(:ir)|  dor  diverges  (because  (^(^)=1); 

the  other  difficulty  arises  in  the  integration  of  series  such  as  the  exponential 
series  Sr"/n!,  which  converges  uniformly  in  any  fixed  interval  (which  may 
be  arbitrarily  great)  but  does  not  converge  uniformly  in  an  infinite  interval. 

B.  Many  cases  of  practical  importance  are  covered  by  the 
following  test: 

If  2/n(a:)  converges  uniformly  in  any  fixed  interval  a^x^b, 
where  b  is  arbitrary,  and  if  <l>(x)  is  continuous  for  aU  fmite 
values  of  x,  then 

r0(aj)[2/n(«)]  dx  =  ir  <f>(x)fn(x)dx ; 

Ja  Ja 

provided  that  either  the  integral  \  \^{x)\{^\fn{x)\}dx  or  the 

poo  J  a 

series  2 1  \<p(x)\,\fn{x)\dx  is  convergent 
For,  by  means  of  the  identity 

we  can  at  once  reduce  this  theorem  to  the  case  in  which  <f>  and  /«  are 
never  negative. 

In  this  case  the  function 

Ja  0 

never  decreases  as  A,  /a  increase ;   and  consequently  we  can  repeat  the 


*  The  distinction  between  uniform  convergence  over  d.  fixed  and  over  an  infinitt 
interval  may  be  illustrated  by  the  two  examples  8n{x)=xln  and  Sf^{x)=ll[x+n), 
The  former  converges  uniformly  to  zero  in  any  interval  (0,  6),  where  b  Ib  fixed, 
but  may  be  taken  arbitrarily  great ;  the  latter  converges  uniformly  to  zero  for 
all  positive  values  of  x. 
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arguments  given  in  Art  31  (5)  to  prove  that  if  lim  (lim  F{\  /i))  exists, 

A— MO    /*— MO 

80  also  does  the  other  repeated  limit,  an^.  the  two  limits  are  equal. 
But,  in  virtue  of  the  uniform  convergence  of  2^1.(^)1  we  have 

lim  F(X,  fi)^  r <l>(x)[lMx)]dx, 

80  that  lim  {lira  F(\,  /x)}=  f  <^W[i/«(^)]<^- 

The  other  repeated  limit  is  seen  in  the  same  way  to  be 

and  so  the  test  is  established. 

Ex.1.    Consider  H^^^dx, 

where  a  is  positive,  and  b—p+iq,  where  |^|=«<a;  since 

I  sin(&;r)  |  =  [8inh2(ga')  +  sin^px)]  *<cosh  8x<e^ 

and  the  integral  /    [^"/(e"- l)]ctr 

Jo 

is  convergent,  it  follows  from  Theorem  B  that  term-by-term  integration  ia 
permissible, ''^  because  the  terms  in  the  series 

are  all  positive.    Thus  we  have 

/•«'sin(6j?)  .  __6      ^66 

In  the  case  when  a  =  27r,  this  expression  is  equal  (by  Art.  93)  to 

2Ve*-l     b^2r 
and  so  in  general  it  is  equal  to 

E(.^ ^+1^ 

a\g2ir6/a_^       2S^^2/' 

Ex.  2.     In  like  manner  we  prove  that 

/•*'sin(6jc)  ,  _     ^     _       ^  ^       _ 

Jo  "e^+l^""S2+P"(2S?+P"^(3a)«+6«""''' 

=iri J[ 1 

2L6    a  sinh  (7r6/a)J' 

by  Art.  92. 

*  Note  that  exactly  the  same  argument  enables  us  to  include  0  in  the  range  of 
integration,  although  the  series  diverges  there. 


i 
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Ex.  3.     Taking  the  case  a=2ir,  expand  both  sides  of  Ex.  1  in  powers 
of  6.    In  this  case  the  application  of  the  theorem  depends  upon  the  integral 

rsinh{|6|^} 
Jo      g*«-i     ^' 

which  converges  if  |6|<27r.    Thus  we  find 

Jo   e^-1      4r' 
see  Art.  93  and  compare  Art.  175,  Ex.  7. 

Ex.  4.     Similarly,  by  expanding  sin(bx)  in  powers  of  x,  we  find  that 
if  0<6<a, 

And  without  restriction  on  6,  we  have  from  the  values  of  r(J),  r(|),  ..., 

C.  However,  Theorem  B  does  not  cover  all  cases  which  are 
required.     For  example,  it  is  not  hard  to  see  that  the  series 

can  be  integrated  term-by-term  between  the  limits  1  and  oo , 
although  the  test  given  above  fails.*  This  case  and  others  are 
covered  by  the  following  test: 

Write  I  fn(^)dx=^gn{x)  and  suppose  that  the  series  ^fAx) 

Ja 

converges  unifomnly  in  any  fixed  interval  (a,  6),  while  the 
series  Xg^ix)  converges  v/aifonrdy  in  an  infinite  interval 
ix^a)\  then 

(1)  2    I  fn{x)dx\conveTgeSy 

poo 

(2)  I   [2/n(aj)]  dx  converges^ 

J  a 

(3)  the  values  of  (1)  and  (2)  a/re  equal, 

[DiNI.] 
For,  by  Art.  46,  we  have 

And,  since  2^n(^)  is  uniformly  convergent,  we  have  (Art  46) 


See  the  Becond  paper  quoted  on  p.  460. 
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177.  The  inveniion  of  a  repeated  infinite  integral 

It  is  by  no  means  easy  to  determine  fairly  general  conditions 
under  which  the  equation* 

poo         poo  i»»         poo 

(1)  \  dx\  fix,  y)rfy  =     dy\  f(x,  y)dx 

Ja       Jb  Jb        Ja 

is  correct. 

Here  we  shall  simply  consider  the  easiest  case,  when  either 
f(x,  y)  is  positive  or  else  the  integrals  still  converge  when  /(a?,  y) 
is  replaced  by  \f(x,  y)\. 

Let  us  write 

F(\fi)=\  dx\f(x,y)dy=\dy\  f{x,y)dao, 

Ja        Jb  Jb        Ja 

this  equation  being  valid  (see  p.  410)  if,  as  we  suppose,  f(x,  y) 
is  continuous  for  all  finite  values  of  x,  y  (or  at  least  for  all 
such  as  come  under  consideration).     Further,  write 

0(«,  Ai)=  I  /(a?,  y)dy,    i/r(a;)  =  lim  <f>{x,  /i)=    f(x,  y)dy, 

Jb  fL-^OO  Jb 

assuming  the  convergence  of  the  last  integral.  Let  the  interval 
(a,  X)  be  subdivided  by  continued  bisection  into  n  sub-intervals, 
each  of  length  I,  and  let  K(/J^)  denote  the  minimum  of  0(x,  /jl} 
in  the  rth  interval ;  then,  as  in  Art.  163,  we  have 

i^(X,M)  =  limi;iM/i). 

Now  this  sum  cannot  decrease  as  n  and  fx  tend  to  infinity  ;t 
and  so  we  may  use  theorem  (5),  Art.  31,  which  gives 

(2)  lim  {  lim  S  IK(fJi)}  =lim  {  lim  2  ^^r(Ai)}, 

fi-^oo      n— ^00     1  n-^to      /ui->Qo     1 

provided  that  OTie  of  these  limits  convergea     Thus 

(3)  lim  F(\  n)  =  lim  2  ^^»      if  ^  =  1™  Kifi). 

/*->•»  n->oo     1  IL->V> 

Now  we  shall  prove  below  (see  the  small  type,  p.  457)  that 


*  For  wider  oonditions,  see  a  paper  in  the  Proc,  Lond,  Math,  8oc,  (2),  vol.  1, 
1903,  p.  187,  and  other  papers  quoted  there.  Reference  may  also  be  made  to^ 
Gibson's  Galcvlua,  Ch.  XXI.  (2nd  ed.),  and  Jordan's  Cowtb  d' Analyse,  t.  2,  §§71, 72. 

t  As  regards  n,  see  the  argument  of  Art.  163;  and  4>{x,  /a)  increases  with  fi^ 
(because  /(ar,  y)  is  not  negative),  so  that  the  same  is  true  of  Mm)- 


177]  REPEATED  INTEGRALS.  457 

kr  is  the  minimum  of  ^(a;)=lim0(x,  fi)  in  the  rth  interval; 
and  so,  using  Art.  163  again,  we  have 


(4)  lim  2  ^^=  I  '^{^)dx. 

n->-oo     1  J  a 


Since  the  integral  in  (4)  is  supposed  convergent  (otherwise 
equation  (1)  would  be  obviously  meaningless),  the  equation  (4) 
shews  that  the  right-hand  limit  in  (2)  exists;  and  so  the 
assumption  made  above  is  justified.  From  the  equations  (3) 
and  (4)  we  see  that* 

I  dy\  f(x,  y)dx=  \  dx\  /(x,  y)dy. 

Jb        Ja  Ja       Jb 

From  (3)  and  (4)  it  is  also  clear  that 

J  00  /•oo 

dx\  /(«,  y)dy  =  \im  { lim  ^(X,  /i)} ; 

and  similarly,  we  find  that  the  second  integral  in  (1)  is  equal 
to  the  repeated  limit  of  F(X,  fi)  taken  in  the  reverse  order. 

Now  F(\,  fi)  cannot  decrease,  as  X  and  fi  increase,  so  that 
we  can  again  apply  theorem  (5)  of  Art.  31 ;  and  we  obtain 
de  la  Valine  Poussins  theorem: 

Equation  (1)  above  is  correct,  provided  that  both  tJie  integrals 

J  /(aJ,  y)dx,    J  /(«,  y)dy 

are  convergent,  and  that  either  of  the  repeated  integrals 
converges. 

It  will  be  seen  that  (by  using  f+\f\  in  place  of  /)  we  can 
extend  the  theorem  to  cases  when  /  changes  sign,  provided  that 
the  integrals  all  remain  convergent  when  |/|  is  put  in  place  of  /, 

We  have  still  to  prove  that  if  h{]x)  is  the  minimum  of  <f)(x,  fi)  in  any 
interval  {p=:c^q\  then  h(fi)  tends  to  a  limit  k,  which  is  the  minimum  of 
^(x)  in  the  sams  interval. 

From  the  definition  of  A(/i),  we  have 

0(^, /a)  =  A(/a), 
and  so,  on  making  /m  tend  to  infinity,  we  find 

(6)  ir{x)^k. 

If  it  happens  that  <l>(p,  fJi.)^ky  it  is  evident  that  ylr(p)^k,  also;  and 
so  we  see  from  (5)  that  '^(p)=k,  and  consequently  k  is  the  minimum  of 
V^(ar)  in  the  interval  (/),  q). 


*Note  that  we  do  not  use  any  condition   of    uniform    convergence,  as  in 
Art.  172  (2) ;  instead,  we  have  the  condition  that  /  is  nowhere  negative.  ' 


458  INFINITE  INTEGRALS.  [ap.  III. 

But  if  <f>{p,  ij)>k^h(fi)y  it  follows  from  Ex.  21,  p.  395,  that  the  equation 
<f>{x,  fi)=k  has  at  least  one  root  in  the  interval  (/?,  q);  let  ^^  denote  the 
least  root.*    Then,  if  v>fjLy  we  havet 

80  that  fy^ffi,  and  ^y  therefore  tends  to  a  limit  $  slb  v  tends  to  infinity. 
Again  <f>(^y,  fi)^<t>{(^,  v)=k,      {v>fi\ 

eo  that,  on  making  v  tend  to  infinity,  we  have 

Thus  V^(f)=ir,  and  so  from  (6)  we  find  that  ^(f)=it,  which  is  therefore 
again  the  minimum  of  ^(^). 

Ex.    As  an  application  we  shall  establish  the'  equations 

J»  W-l       i^ij  Jo    (;tS+yS)(«««_l)' 

where  the  real  part  of  y  is  positive  and  the  arc  tan  function  is  determined 
fio  as  to  vanish  with  x. 

We  have  seen  (Ex.  1,  Art.  176)  that 

•    6«-l      t^2        Jo   6»«-l      ' 
and  therefore 

Jo  W-l     t     2/  Jo  Jo  e*"-l 

Now  the  last  integral  is  absolutely  convergent,  since 

/:'$^'^</:^=4      (Ex.  3.  Art.  176X 

and  |e-**|=6~^',      if  y—^-^irj. 


Thus  2  fl  e-^  I  dt  Hll^M}  do;  <  -L. , 

Jo  '         'jo    «r*"-l  12^8 


which  proves  the  absolute  convergence ;  we  can  therefore  invert  the  order 
of  integration  without  altering  the  value  of  the  integral,  and  we  then  find 

Jo  ^      Ve'-l     t^2j  Jo  (a?8+y»)(e««-l) 

Now,  if  we  write  i/-=(+irj  in  the  last  equation,  we  can  integrate  with 
respect  to  $  under  the  integral  sign,  between  fo  and  oo  ;  for 

I        Ve*-!     <^2/l     12        ' 

*If  the  equation  has  an  infinite  set  of  roots,  the  limiting  values  of  the  set 
are  also  roots  (because  ^  is  continuous) ;  and  so  the  set  atUuna  its  lower  limit, 
which  is  therefore  the  least  root. 

fThe  reader  is  advised  to  use  a  figure  in  following  the  argument  here. 
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so  that  this  double  integral  is  absolutely  convergent.     Similarly  we  find 
that  the  right-hand  side  is  absolutely  convergent,  since  |^+y*|  =  ^,  80  that 

T/tf  r  ^^-  <  r^  r  xdx  ^   \ 

hoh  |^+y^|.(e^-l)  -  h,  S»  ^0  e»"- 1     24fo' 
Thus  we  find  the  further  equation 

which  gives       r?:!iV-l__i+l)rf«=2rH£^^>d., 
where  yo=£o+»^- 

178.  The  Oanuna-integraL 
In  Art.  42  we  have  seen  that 

We  shall  now  express  this  function  by  means  of  an  infinite 
integral  when  a,  the  real  part  of  1+a;,  is  positive. 

Write  /.  =  r  3/*+'(l  -  y)^-'  dy, 

Jo 

then,  using  the  method  of  integration  by  parts,  we  find  that 

and  so  lo/In^nl/ {(l+x){2+x) ...  (n+x)}. 

But  /n= 1/(91 +1+0;), 

80  that  r(l  +  a;)  =  lim  n^+'  I^ , 

or,  changing  the  variable  by  writing  t^nyy  we  have 

We  can  apply  Tannery's  theorem  (Art.  172(4))  to  the  last 
integral;  for  we  have* 

I  e-^^- (1  _  tlnyt^  I  <  t^-^^l{2n\ 

and  so  (since  a  is  positive)  the  integrand  converges  to  the  limit 
€~'^  uniformly  in  any  fixed  interval  for  t     Further,  we  have 

and  the  integral  I   e''^*""*  dt  is  convergent,  because  a  is  positive. 

Jo 


♦Actually   l-e^n--)  =  /  «'(l-|)       -^v,   bo  that,  when  t  is  positive, 
f*  -  (1  -  tjn)^  is  positive  and  less  than  fi/(2n). 
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Thus  all  the  conditions  are  satisfied,  and  so  we  jfind 

r(i+i»)=r«~'^d^. 

A  Bomewhat  similar  integral  can  be  found  for  Euler's  constant ;  we  have 
seen  (Art.  11)  that 

(7=  lim  (l+i+...+i-logn). 


But         l+s+  —  +  -=  f  {l-^-r+x^-i-...+af'^)dx=  f  \-^dx, 
2  n    Jo  ^  Jo   l-o: 

Thus  we  find,  on  writing  jf=1-</«, 

■-i--^rD-('-5)"]?- 

And  log «  =  I    — ; 

^     --is[/:{.-(>-3-}f-/;(.-a-f]. 

and,  by  the  same  method  as  before,  we  obtain  as  the  limit 

^-/;<'-<->?-r.-4-,'iD<««-r--7i 


Since  r_^=iogl+S 


we  see  that  a=^lim[/;(jl-^-,-.)f -log(l  +8)] 

=/o  {ttt'jt 

Another  form  is  easily  obtained  by  changing  the  variable  from  t  to  l/t 
in  the  integral   /   e~'  dt/t ;  this  gives 

Jo  t 

A  number  of  definite  integrals  for  C  can  be  obtained  from  the  expression 

-lim  flog 5+ [%-'-!. 
Amongst  them  are  the  following : 

<'-f(rf.--)f-/;fe-?)*-r--'-«j* 

It  is  easy  to  see  from  Art.  180  below  that 

Useftil  properties  of  the  Ckunma-ftmction. 

1.  When  X  is  a  positive  integer,  we  can  write 

r(H-^)  =  lim  TT- — wg^  ,'\ — T—— -:=  lim  TT- — v  .^  .  \ — 7-- — :=xl; 
^         '    n-*^{\+x){2'hx)...{n+x)    ,»-^(l+w)(2+w)...(^+») 
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a  result  which  is  also  easily  obtained  from  the  definite  integral,  using  the 
method  of  integration  by  parts. 

=  lim^+^ (^>* 


=Um[.(l-^)(l-g)...(l-g)]-' 

or  r(^)r(l-^)=7r/sin(7rar).    (Art.  91.) 

3.  Writing  x^^  in  the  last  result,  we  find,  since  r(^)  is  positive, 

r(i)=Vir. 

4.  r(^+|)r(^+l)=lim,.  ^    w,i    x/a\    ^      r   ^   ^ 

(n!)2  7i2x-i2*' 
=  lim  ' 


(H-2a?)(2  +  2a?) ...  (2w+2j?y 

Ai  T./0    .  ,x     1-  (2»)!(2n)** 

Also  r(2a;+ 1) =lim  (i^2:,)(^24-22)...(2n.f  2^)' 

Thus  ,.r(.+yr(.+i)^^.^(^^ 

r(2a?+l)  (2w)lfi* 

Since  this  last  expression  does  not  contain  ^,  we  can  find  its  value  by 
putting  x=0 ;  this  gives  r(^)  or  ^ir^  a  result  which  can  also  be  obtained 
by  appealing  directly  to  the  definition. 

179.  Stirling's  asymptotic  formula  for  the  Oamma-flinction 
when  X  is  real,  large  and  positive. 
In  the  integral 

the  maximum  of  the  integrand  is  6"*a;*  and  occurs  for  ^=aj, 
so  if  we  write 

the  range  of  values  (  —  oo ,  0,  +  oo  )  for  y  will  correspond  precisely 
to  the  range  (0,  a,  oo  )  for  t. 

Thus  r(l+a;)=e-*ic»r   e'^^dy. 

Now,  taking  logarithms,  we  have 

80  that    •  2i,§=l-f. 
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But  the  properties  of  the  logarithmic  function  shew   thart> 
y*  lies  between* 

2\-ir)  *°^  2\—)- 

Thus,  since  y  has  the  same  sign  as  ^— a;,  we  see  that  y  lies 

between  . 

[xyt—x        ,    fxyt—x 

Thus,  (a;/2)*(l/y)  lies  between 

x/(t^x)    and    t/(t—xy 

And  therefore,  since  t/(t—x)=l+xl{t-'X),  we  see  that  ^/(^  — a:) 
must  lie  between 

4  l/^N* 


,Ki)  -  >+j(i) 


Hence  -j-=i—^  lies  between 
ay    ^— a; 

(2ic)*    and    2y+(2x)K 

Accordingly,  we  have 

T{l+x)=e-'af\     e-»'[(2xy+^]dy, 

J  -00 

where|^|<2|y|. 

Nowt  r°°e-*'dy  =  x*,    \     \y\e-'^dy  =  l, 

J  -00  J  -00 

and  accordingly 


ra+a?)   _i         2 


!6-*aj*(27ra;)* 


< 


(2'7ra;) 

Hence  lim  —  -    —      i  =  ^» 

*•-►«  e-*a^(2'7ra;)* 

or,  as  we  may  write  it, 

r(l  +x)  ro  e-^x*(2'7ra;)* 


y 


•  We  have,  if  (t  -  a;)/x=T,    y«=a;  C edOKl  +  ^), 

which  obviously  lies  between  \xi^  and  ixr^/^  +r)'. 

^+  /"    e-f^dy=2f  e'f^dy=  f  e"x-idx=T{i)  =  ir^.    (Art.  178  (3).) 
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Again,  we  see  that 

I  logr{l+a;)-log{e-*a^(2'7ra:)*}|<  2/[(2to)*-2], 

so  that         logr(l+aj)f>3(x+i)loga;— a;+ilog(2'7r), 

using  the  symbol  '\^  in  the  extended  sense  explained  in  Art.  133. 
If  -we  subtract  logic,  we  obtain 

log  T(x)  cu  (a;  -  ^)  log  cc  -aj  +  i  log  (2'7r). 

The    foregoing  method  is  due  to  Liouville,   who  gave  it  in 
his  Jcnimal  de  MathSmatiqtiea  (t.  11,  1846,  p.  464). 

'R^,      Consider  the  value  of 

,^(*)=n~r(*)r(x+i)r(^+?) ...  r(x+??^)/r(«rX 

where  n  is  a  positive  integer. 

If  -we  change  x  to  or-f  1,  we  see  that 

Hence  0(ar)=0(a;+l)=0(j:+2)=...  =  0(^+«). 

But  when  y  is  large,  r(y+a)'>3r(y).y  (Art  42),  so  that 

0(y)  ry^  n-y  <«-"[r(y)]-/r(«y), 
or,  using  the  asymptotic  formula  above, 

</>(y)  CO  n"^y*<"-^>[c-"«'y-«'(27r/y)**]  [tf-"'(ny)-»'(2ir/wy)-*]. 

Hence,  as  y  tends  to  infinity,  0(y)  tends  to  the  limit  (2w)*^**~^n*,  and 
we  have  already  proved  that  </>(a?)=</)(:r+<),  where  «  is  an  arbitrarily 
great  positive  integer,  so  that  we  must  have  <^(:r)=(2ir)**"~*^w* 

The  special  case  n=2  has  been  discuased  in  Art.  178  (4). 

180.  Integrals  for  logr(H-a;). 

We  have  proved  (Ex.  1,  Art.  173)  that  if  the  real  parts  of 
a,  b  are  positive, 

Hence,  if  the  real  part  of  1+x  is  positive,  we  have 

Now  logr(l+aj)  =  lim  l0g7t=— rjrr- r-^ 7 r 


=^im[xlog^  +  21og(^)]. 


' 
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Thns  we  are  led  to  consider  the  function 


S{x, «)  =  x  log  n + 2  log  (-J- ) 


-'r<«--«-)7+?jr<'- 


Now         2i  ^-'^=6-'(l^^"*0/(l-«'0=(l -«*"*) '(^-1)» 

«"^  «<-)-f(--^rT-i:«-('-vin-")T 

=  F(j-)+GV,n),  say. 

It  is  to  be  observed  that  both  in  F{x)  and  in  Q(x,  n)  the 
integrands  are  finite  at  f  ~0. 

For  if  f  <  2x,  we  can  write  (Art.  93) 

1— e"'' 

so  that       J^ic-^^^)  =  i(a:+x2)+Zit+Z2^«+..., 

and  similarly  for  the  other  integrand. 
Thus,   when   ^  <  1,   j 


t 


l-(g-^ 


cannot  exceed  some   fixed 


value,  independent  of  t\  but  if  ^>>1,  this  expression   is   less 

than  |a;|H ^,  because  |e~**|<;c'  (since  the  real  part  of  \+x 

is  positive).     Thus  we  can  determine  a  value  X,  independent  of 


t^  such  that 


K'-^):<'- 


Then  j G(a;,  ^) l<  P -^e""* ^^ 

or  <  Z/ti, 

so  that  lim  G{Xy  7i)=0. 

Hence  logr(l+«)=  Hm  S(ir,  n)=^F{x) 


n-x» 


-i:f(— '.^")- 
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This  integral  can  be  divided  into  two  parts,  and  we  find 

log  r(l + a) = .^(a;) + V'(x), 

where      ^(x)=£[xe-'-^+g-i)e-]f 

J  ./N     r/    1        1  .  1\    ««!<     o  r  arc  tan  ( Wa;)  J 

the  last  expression  following  from  the  example  of  Art.  177. 
The  advantage  of  this  transfonnation  is  due  to  two  facts,  first 
that  the  value  of  <p{x)  can  be  found  in  terms  of  elementary 
functions;  and  secondly  that  \l^(x)  tends  to  zero  if  |a;|  tends 
to  90  in  such  a  way  that  the  real  part  of  x  also  tends  to  oo. 
For,  in  the  course  of  the  example  of  Art.  177,  we  proved  that 

|^(x)|<l/12^, 

where  ^  is  the  real  part  of  x.     Thus  when  ^  tends  to  oo ,  we  have 

lim  \/r(a3)  =  0. 

The  limit  is  also  0,  when  rj  tends  to  oo ,  f  being  kept  positive 
(see  Ex.  56,  p.  478). 

As  regards  (f>(x),  we  have 

0(a;)-<^(l)  =  £[(a:-l)e-+g-.|)(6-«^-O]^ 

=  {x+i)\ogX'-(x-'l) 
by  Ex.  3,  Art.  173.     Thus  we  see  that,  if  ^  =  1  +  0(1), 

<p(x)  =  {x  +  ^)\ogx-'X+A, 
To  determine  A,  we  make  use  of  (4),  Art.  178,  which  gives 

logr(x+J)  +  logr(ic+l)  +  2xlog2-logr(2ic  +  l)  =  Hog^. 
Thus  we  have,  since  lim  x/r(a?)  =  0, 

lim  [0(a;-|)+^(a;)+2x  log  2-0(20;)]  =  ^  log  TT, 
which  gives,  on  inserting  the  value  of  <f>{x), 

lim[^+ajlog(l-i)  +  |-^log2]  =  ^log^ 

or*  A  =  ^  log  (27r)        (compare  Ex.  55,  p.  478). 


*The   value   of   A   can  also  be  found  from   Stirling's  asymptotic  formula 
(Art.  179) ;  or  by  a  device  due  to  Pringsheim  {Math,  Annalen,  Bd.  31,  p.  473). 
I.S.  2g 
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Thus  we  can  write 

logT(l+x)=(x  +  ^)logx-x+^\og2Tr+\lr(x). 

where  ^(^)  =  2Jo      e^^^^^^^^ 

and  |Vr(x)|<l/12^. 

It  is  often  convenient  to  have  a  formula  for  1X1+ a?),  when  x 
is  real  and  varies  in  the  neighbourhood  of  a  fixed  large  value. 
Thus,  if  we  write  a;  =  j/ + a, 

where  v  is  large  and  a  may  be  large,  but  is  of  the  order  Jv  at 
most,  we  obtain  the  asymptotic  expression* 

Iogr(l+x)co(i/+a  +  i)logi/-i/+jlog2'7r  +  ia7i/, 

where  the  error  is  of  order  a/v. 

Hence  r(l  + 1/+ a)  cv.  (27ri/)*/+-e-'+*''^ 

In  several  books  on  analysis,  the  integrals  for  logr(l+.7)  are  found 
by  a  somewhat  di£ferent  method  due  to  Dirichlet. 
In  outline,  this  proof  is  as  follows  : 

(1 )  Differentiate  the  Gamma-integral,  and  we  find 

F(l  +x)=^j%-'f  log  tdt^j%-'^dtj^{e''-  e-*)— . 

(2)  Invert  the  order  of  integration,  and  we  obtain 

Also  T  — (H-v)-^+'>=  r        -^^dy,      if  H-v=e"'. 

(3)  We  must  next  prove  that 

lim  /  ;«  -ic^y=0i 

and  then  we  have 


(4)  Finally,  if  we  integrate  the  last  equation,  we  arrive  at  the  same 
integral  as  before  for  logr(H-.r). 

The  reader  will  find  it  a  good  exercise  in  the  use  of  Arts.  166,  172, 
177,  to  shew  that  the  steps  (l)-(4)  are  legitimate.  Proofs  will  be  found 
in  Jordan's  Cours  d Analyse  (t.  2,  2me  6d.,  pp.  176-182). 


*We  have 
80  that  here  we  get 

(,  +  1)  log  .  -  ,  +  1  log(2.)  +  «(l0g  .+  !;)  +  la»[;;J^  -  \  ^^   i,- J. 
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EXAMPLES. 
Tests  of  Conveigence. 

1.  Determine  the  values  of  a,  b  for  which  the  integrals 

(1)  j'af-'cos^dx,    (2)/V-'8in;rd;r,    (3)/^"^^,    (4) /^'^"^'-^'(fo 
are  convergent. 

2.  Discuss  the  continuity  of  the  integral 


/•CO  • 

Jo  I -2a 


tsjnydx 


2j?cosy+^ 
regarded  as  a  function  of  y.    Sketch  its  graph.  [Math,  Trip.  1904.] 

3.  Discuss  the  convergence  of  the  integrals 

4.  If  0<'c^^,  both  the  series  and  the  integral 

*     _8inw^  r*    sUnxdx 

^7i*+asin?i^'     J    a:*+asin:P 

are  divergent  if  a>0,  although  both  converge  if  a=0.    When  f  >^,  the 
series  and  integral  are  both  convergent. 

Beconcile  these  results  with  Dirichlet's  tests  (Arts.  20  and  171).  [Hardy.] 

5.  If  f(x)  tends  steadily  to  zero  as  4:->-oo,  prove  from  Art.  166  that  we 

xf(x)d.v  from  that  of  \  f{x)dx,  provided 

that  f{x)  is  nionotonic. 

Similarly,  shew  that  if  (a„)  is  a  monotonic  sequence,  the  convergence  of 
2w(a„-a„+i)  can  be  deduced  from  that  of  2a„. 

6.  Apply  the  method  of  Art.  166  to  prove  that,  if  a,  )S,  y  are  positive, 
the  integral 

^    ^  sin^.r + e"^'  cos^j; 

converges  if  )8+'y>2a,  and  diverges  if  )8+y  =  2a. 

Deduce  that,  if  /3>l>y>0  and  )8+y>2,  the  integral 

dt 


r 


^  [(V/ sin^OaO +(liO^  cos«(V)] 


is  convergent,  where  li^=log<,  l2^=log(log0. 

Shew  that  in  the  last  integral  the  integrand  tends  steadily  to  zero,  but 
that  no  test  of  the  logarithmic  scale  suffices  to  establish  the  convergence 
of  the  integral. 

State  and  prove  corresponding  results  for  series.  [Hardy.] 
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7.   Shew  that  the  series    ^ 


a+n^sin*(»7rA) 

diverges  if  a  is  positive  and  X  is  rational  (in  contrast  to  the  coirespoDding 
integral  in  Art.  166).  But  if  A  is  the  root  of  an  algebraic  equation  of 
degree  m>l,  the  series  converges  if  )S>a+2m.  However,  irrational 
values  of  X  can  be  constructed  for  which  the  series  will  diverge,  whatever 
P  may  be. 

[Compare  a  paper  by  Hardy,  Proc.  Land.  Math,  Soc.  (2\  voL  3,  pp.  444-9.] 

8.  Shew  that  the  integrals 

cos{/(x)}c2r,     /  ain{f{jr)}dx; 
are  convergent,  provided  that  f{jr)  tends  steadily  to  infinity  with  x. 

Prove  also  that  //'(jr)8in{e^<*'}ctf  is  convergent  no  matter  how  rapidly 

f'(x)  tends  to  infinity. 

[In  the  first  case  it  is  not  sufficient  that  /(.r)  tends  steadily  to  infinity, 
as  we  may  see  by  taking /(x)=j7.] 

9.  Although  (see  Ex.  8)   /  cos(x^)(ir   and  /  Bm{j!^)djc  are  convergent, 

prove  that  Scos(n'^)  and  '2ain(n^d)  cannot  converge  if  $/ir  is  rational 
(see  Exs.  A,  13-17,  Ch.  XI.,  and  Ex.  10,  p.  485). 

Change  of  VariableB. 

10.  If  g(^  is  an  odd  function  of  ^,  prove  by  dividing  the  range  into 
intervals  (0,  Jtt),  (^,  tt),  (tt,  §7r),  ...  and  introducing  the  new  variables 
X,  7r-.r,  x-TT,  2tr-Xj  ...  respectively,  that 

J^  X     h  sin  X 

provided  that  both  integrals  converge. 

Deduce  that  f "sin'-^^r '^=i^  1.3.    (2n^l) 

J^  X      2        2.4...  271     ' 

j^  tan-*(a8in.i')— =^8inb-*a,       (Ex.16.) 

J  sin  X 

(log  cos^  J')  — —  dx=^-7r  log  2.        [  Womtenholm  e.] 

11.  Apply  the  same  method  to  prove  that,  if  /(^  is  an  even  function 
of  ^,  a>0  and  0^k^2 

(l)f/(si„.)5=/>in.)^.; 

/OX   f"^/ •      V  2adLr       .  ,  „    Ti*    f{smx)dx 
('Wo/(«^«-^')^qr?=8mh2a|    3J5^5^;4^ 

=  2/  y(8mx)(l  +  2Xe'^coa2nx)dx; 

Jo  1 
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/o\    /"*  *v^:^    \  2«  COS  (kj')  , 

=/^*7(8in  X)  [co8h  (««)  -j-^^^_8inh  (««)]  «te 
=  2  /    /(sin  :f)  [«-*«  +  2  co8h(Ka)  2  «"***  cos  2nx]  dx ; 
(4)  ^  /(8in^)cos(/ca7)^=  [*V(8in:F)(coBec2^-K)rfj:. 

[It  is  understood  that  all  the  integrals  converge ;  the  series  used  are 
given  in  Ex.  17,  p.  190,  Ex.  31,  p.  259,  and  Ex.  5,  p.  290.] 

12.  Illustrations  of  the  last  example  are : 

^  (log  cos*:r)(log  sin^j;)  -^  =  27r(2  log  2  - 1 ). 

and  a  similar  formula  containing  logsin*^  and  log  ^(1 —«"*■). 

(3)  jf^  cos(ic^)(log  C08*.r)   ^    ^  =  -  [cosh  (kct)  log  (1  +  <?-*•)  -  c"'*^  log  2], 

and  a  similar  formula  containing  logsin^o;  and  log(l-6~^). 

r*  dv 

(4)  j^   cos(#cjF)(log  cos«.r)  -^  =  ir (#c  log  2  - 1)  ; 

but  in  this  case  there  is  no  corresponding  formula  with  logsin^o?. 

[De  La  Vall^b  Poussin  and  Hardy.] 

Differentiation  and  Integration. 

13.  Calculate  the  integrals 

u=  I  log (^ +y*)flL?',    %=  /  logj;*dli', 

and  prove  that  lim  (u  -  Uq)/i/  =  ±  it, 

the  ambiguous  sign  being  the  same  as  the  sign  of  y.     Explain  why  this 
limit  is  not  the  same  as  the  integral 

/   lim[{log(.r2+y«)-log.r*}/y]cir.  [Stolz.] 

14.  Prove  by  differentiation,  or  by  expanding  in  powers  of  a,  that 

/    log  (1+  a  sech  a:)dx=i[ir  sin"*  a  -  (sin"*  of]. 

Obtain  two  other  integrals  by  writing  a=i/8,  where  fi  is  real ;   and 
verify  these  results  by  differentiation  and  expansion.  [Hardt.] 
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15.  Prove  similarly  that 

j^   log  (1 + a  sin  x)  ^^ = i  [ir  sin-i  a  -  (sin-^a)"] 

and  /^*'log(l  +  a8in«^)^-ir[V(l+a)-l]. 

Obtain  four  other  integrals  by  writing  a=ifi,  [Wolbtbkholjis.] 

16.  By  integrating  the  equation 

i  ?r^^=^^"*'»  ^^®^®  ^>^'  y>^' 
with  respect  to  y,  prove  that 

and  so  on,  the  terms  introduced  on  the  left  being  those  of  the  sine  and 
cosine  power-series  and  the  terms  on  the  right  being  those  of  the  exponential 
series.  [Math.  Trip.  1902.] 

17.  Justify  differentiating  the  integral 

f  **  tan-i  (a*  tAn^x)dx,      (a  >0) 

under  the  integral  sign,  and  so  prove  that  its  value  is  7rtan~^{a/(a+V2)}. 
Change  the  variable  to   0,  where  a'tan^^=oot^,  and  deduce  that  if 
we  put  ^#c  =  2a/(a*-l). 

Examine  the  special  cases  k=2  (Wolstenholme)  and  k=S  (Oxford  Senior 
Scholarship), 

18.  By  differentiation  or  otherwise,  prove  that  if  a,  6  are  positive, 

/"tan-»(<Mr)tan-«(&p)  J=ijr  [alog  (l  +|)  +6  log  (l+|)]. 

flog(l+^)log(l+^)<£.=2x[alog(l+^)+61og(l+«)]. 

19.  By  differentiation  or  otherwise,  prove  that^  if  a  is  positive, 

/    tan~*  (sinh  asinx)dx=  I  *  .  , 
Jq  Jo  sinh  t 

=i7r«-2[(l+a)c-«+Jj(H-3a)e-8a+^(l+5a)«-6«+...]. 

[MatL  Trip.  1892.] 
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20.  Shew  that  it  a,  b,  c  are  positive,  a  being  the  greatest  of  the  three, 

/     •  t  dx 

J    sin 007 cos &r cos (^  —  =^,  if  a>6+c, 

_    _        ,  or  ^,  if  a<6-|-(j. 

Deduce  by  integration  that 

r  .  .  dx 

I    sin  or  sin  6.27  cos  or -^=^6,  if  a>6+c, 

or  i7r(a+6-c),      if  a<6+c, 

*^^  j^  sinaj7sin&rsinca7-|=iir6c,  if  a>b+c, 

or  Jir(26c+2ca+2a6-a«-6»-c2), 

if  a<6+c. 
r*  dx 

In  particular,  j^  sin  tx  sin^^  ^  =  iir^(l  -  iO>  if  0  <  ^  <  2, 

or  i^r,  if  ^>2. 

21.  Prove  that,  if  <>|ai|  +  |a8|  +  ...  +  |a,|, 

/■"  n  P  dx 

/    sintr.nsinorJJ.ncosdnr.  3j^=ijr(aiaj,..a»,).     [Stormer.] 

22.  The  results  of  Exs.  20,  21  can  also  be  found  by  integration  by 
parts ;  this  method  gives  at  once 

j^  (2^cosaar)p^=(-l)«2Jloga^,, 

where  24=0,  2i4a2=0,  24a*=0,   ...,   2Aa^=0. 

Establish  similar  formulae  for  integrals  which  contain  sums  of  sines; 
and  prove  that 

the  number  of  terms  in  the  bracket  being  \n  or  ^(n+1). 

[WOLSTENHOLHB.] 

Dirichlet's  Integrals. 

23.  Apply  the  theorem  of  Art.  172  (4)  to  justify  the  equation 

lim  /  f{x+ct)e-^dt=i.jTrf(x\ 
and  deduce  that 

liml  rf(t/)e-^'-^i<^di/=yw lim  [f(^+B)+f(x-d)l 

[WKIBRSTRAfe.] 

24.  Apply  Abel's  test  of  uniform  convergence  to  prove  that  if  f{t)  is 
monotonic  (at  least  after  a  certain  stage)  and  continuous,  then 

lim  jr/(0«n(.«)f =t/(0),  iT/(OX  or  0, 

according  as  a  is  negative,  zero,  or  positive. 
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Deduce  that  if  x  is  positive  and  /  f{t)dt  is  convergent,  then 

j^  cos  (xv)dvj^  f(t)  COB  (vtydt=^f(x\ 

and  the  same  result  is  true  if  the  cosines  are  both  replaced  by  sines. 

[Fourier.] 

25.   By  taking /(^)=«-«*  (<*>0),  deduce  from  the  last  example  that 

rv^n(xv)         TT         _  r-acoe(^) 
Jo      a^  +  v'    "^""-^^       -Jo      a2  +  v^    ^ 

Consider  similarly  the  integrals  given  by  taking /(j7)=1  from  ar=0  to  1, 
and/(a:)=0  from  1  to  cx>.  [Fourier.] 


L   From  the  integrals 

Jo  cosh  wt  Jo    Binh  Trt 

2    /** 
6-*"= -7-  /    e-*' COS  2xtdL 
JttJo 

prove  by  the  method  of  Ex.  4,  Art.  174,  that 

V  «  u/  ,  \  '^  ^  cos(2727r.r/a>) 
2  sech(.r+?Mo)  =  -  2  — in — «/(» 
_«  ^  ^    (D^  cosh  (rnrjiai) 

^       v2/    .       \    Stt*  *  nco8(2mr:r/(o) 
2  sech%r+wa))=— J-  S     •  w  _2/  \  > 


— « 


2  e-(x+n«)«=^L![  2  e-nM/»B  COS (2n7rjVa)).   [SchlOmilch.] 


-00  (I)       — « 


Integration  of  Series. 

27.  Prove  that  (see  Ex.  42,  p.  167),  if  a,  h  are  positive, 

r  '^iog  (a^  cos*. r + 6' wxi^x)dx = tt  log  ( ^—^ ), 

/     log  (a*  co8*a? + 6*  sin^o?)  cos  2nxdx=^  —  f  t-—  J  , 

and  verify  that  these  results  remain  correct  when  6=0  and  when  a=0. 
Deduce  that,  if  r*  <  1  and  jt?,  q  are  positive, 

r"^ log (g* cos'jT + 6* sin'^x)  ,  _2x,      /'a^  +  6p\ 
Jo       jo^cosV  +  ^'^'sin^.r  ~p^     ^\  /?  +  ^  / 

Compare  Ex.  2,  p.  347. 

28.  Using  the  series  of  Ex.  7,  Ch.  IX.,  prove  that 

(^     cosi<^<^<^      _ 2tanh~^^       /*«'_  cos  \4*d<f>      _ 2  tan"* t 
Jo  i  +  2^2co8<^  +  ^*""  <(H-jf^)'    j,  r-2^2co8</)  +  ^~f(l-^«)' 

Deduce  that      f'tan-*  f?^'"  ^  )  -^*    =  8  tan-i  ^ .  tanh-*  t, 

Jo  \   1-r  /sin ^9  ' 

and  verify  this  result  by  expanding  in  powers  of  t  [Hardt.] 


■MiiaiMiM 


■^ 
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29.   From  Art.  65,  shew  that  (if  r^  <  1) 

n  ~~  T^)  sin  jc 
77-^-^5 — - — — ^^  =  8inar+2r8in2^+3r*8in3a:+.... 

Shew  also  that 

f^    sm^vcoaxd^    _   irr         f'     a^sinxda:         w^     /i  j.  \ 
X  (l-2rco8J:+r2)2""l-r2*     jo  l-2rcos:r+r»"'r  ^^^   ■'■''^' 

80.   (1)  Prove  that     ]  A_*.=2__l^^      ^^^   ^_  ^^^   ^^^^^ 

where  En  is  Euler's  number  (Ex.  38,  p.  260). 
(2)  By  expanding  in  powers  of  a,  shew  that 

/%-(l-«-«)^=log(l+a). 

31.  From  the  series  for  log(48in%X  log(4co8'j;)  (see  Art.  65),  prove  that 
I     coB2nx\og(4Bin.*x)dx=  -^j     fcoa2nxlog(4coa*x)dx={  —  iy'-^—, 

J^^log(cot»;r)dir=|(l-^+l-  ^,  +  ...). 

Deduce  that 

/"''<  log  (4  sin«x)}8tir=irs=  f^{  log  (4  cos^x)}^cLv, 

rW  1 

/     log  (4 sin*a?) .  log  (4  co8*ar)d^=  -  Ts'^'    [^^^^tenbolme.] 

[Compare  Exs.   46,   47  ;    and  note  that   the   only  difficulties   arise   in 
extending  the  rule  for  term-by-term  integration  up  to  the  limits.] 

32.  Use  Art.  175  to  justify  the  following  transformations ; 

= ^w^  -  i(log  2)2.  [Legendre.] 

33.  Shew  that 

^  e-^%m{2tx)j=ylTr  j%-^dv      (Ex.  4,  Art.  176), 
and  verify  the  equation  by  making  x  tend  to  oo. 

34.  If  sinhj:.sinhy==l,  prove  that  /   ydx=^'jr^. 

.  [Write  t^e-'  and  use  Ex.  7,  Art.  175.]  [Math.  Trip.  1902.] 
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36.   Use  the  method  of  Art  106  to  shew  that  if  the  real  parte  of  r,  t 
are  positive, 

r(r)r(«)=  f  %-^-id:r/%-y->rfy=|%-«f-N-i^|^  ^.-1(1  ^^y-^dri, 

and  deduce  that 

T{r)T{B)lT(r+B)^jl  ''"'<^  -^)'-*^^- 

36.  If  ^=  /   e-^r-^dU,  where  x=f +t?y  and  f  >0,  shew  that 

and  hence  prove  that         U=r{n)lx%      if  n>0. 
By  using  Ex.  2,  Art.  172,  deduce  that  if  0<n<l, 

j    co8^r-^rf<=r(n)co8(i»irX    f  %mt.f^^dt^T{n)%\ii{^7r\ 

and  verify  that  the  last  result  is  correct  if  - 1  <  n  <  1. 
Obtain  the  corresponding  formulae  for 

/   coe(a;')cb   and    /   8in(a?P)<ir,      p>l.  [Caucht.] 

37.  If  the  real  part  of  x  lies  between  -k  and  -(/;+lX  where  ir  is  a 
positive  integer,  prove  that 

T(x)^j''f-^  ^e''-l  +  t-...+{-  IT^'^^  dt.  [Caucht.] 

[Apply  the  process  of  integration  by  parts  to  the  integral  for  r(:r+it).] 

38.   Shew  that  if  a,  )8  are  real, 

\|r(a  +  i/^)|J   ■"VL^^(a  +  n)2j' 

If  x=^ir),  shew  that 

r(l+^)|=VU^n;)/8inh(7ny)}. 


[MSLLIN.] 


39.   If 


A      [^       dx  p 


x^dx 


express  ii,  ^  in  terms  of  Gamma-functions,  and  prove  that 

Assuming  the  value  of  r(})  given  in  Ex.  41,  deduce  that 

^  =  1-311029,    5=0-599070. 
40.   Similarly  express  the  integrals 


[Gauss.] 


p dx  p     xdx 


in  terms  of  r(J),  and  so  obtain  numerical  values  for  them. 


[Gauss.] 


III.]  EXAMPLES.  475 

41.  Deduce  from  the  product  formula  for  T{l+x)  that  if  |a7|<2, 

where  (7i  =  1  - (7     =0-422783,        Cy  =  ^  £ n'f  =00011928, 

2 

Os=i  2  ^"'=    673630,         Cg  =  i  !:»-»=  2232, 

2  2 

^6=^  !:»"*=      73866,         C7ii  =  xV  !;«""=  449. 

a  a 

As  a  numerical  exercise,  prove  that 

logior(J)=T-957321,    logior(J)=T-960841. 
It  will  also  be  found  from  this  series  that  if  r(H-i)=re»*,  then 

logior=T-71731    and    0=  -  -30163. 
These  give  r(l +t)= 0*49802 -(0-16496)i; 

a  result  calculated  to  7  decimals  by  Gauss,  from  Stirling's  series  (Art.  132), 
writing  a:=lO+u 

42.  If  ylr(x)~T'(x)fr{x)=^{logT(x)), 

prove  that  VW=lim[log«-(l+:j^+...+^)] 

X      i\n    71+ xP 
where  C  is  Euler's  constant. 

Shew  that  V.(.)-V.(y)=|(^-^). 

Deduce  from  Arts.  178,  179  that 

V^(l  +^)  -  "^{x) = 1/ar,     ^(1  -  x)  -  -^(.r) = w  cot  {'!rx\ 
Vr(2x)=i[Vr(.r)+V^(^-+i)]+log2, 

V^(rar)=i[VrW+V^(^+i)  +  ...+Vr(ar+^)]+logr, 

V^(^)+C=  /    - — - — dt      (if  the  real  part  of  x  is  positive).   I 
Jo    1  —  ^  « 

Obtain  the  particular  results, 

^(l)=-<7,    ^(2)=l-<7,    ^(3)=|-C.  .... 

^-(1)=  -  C-  2  log  2,    ^(|)=2  -  C-  2  log  2. 
Shew  also  that 

f '(1)=  i  (i/«')=M  ^'(i)=  i  4/(2«+ 1)«= j^. 

1  0 

43.  Shew  that^  M  p,  q  are  positive  integers, 

Vr(p/9)+C7=lim/(0, 


«-►! 


where     /(0= -^log(l-^)-^2 


Qp  +  nq 

=  -<'log{(l-<«)/(l-0}+(l-^')log(l-0+2V''log(l-a)'0, 
if  CD = cos  {2irlq) + 1  sin  {^ir/q). 
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Deduce  from  this  and  the  corresponding  formula  with  q-p  in  place  of 
Pf  that 

^(f)H.C7.-log,-Kcot(f)+;|;ooB(?^)log{2sin(^)}. 

Obtain  the  particular  results, 

V^(J)  +  C--ilog3-J^V3,     V^a)  +  C=-31og2-iir, 

f(i) + C=  -  J  log  3 + Jir  V3,     ^(f ) + C=  -  3  log  2 + Jir.      [Gauss.] 

44.   Similar  results  can  be  obtained  for  the  function  B(x)^  2^ — r—  '* 
thus,  shew  that 

)8(x)  +  j8(l+^)  =  l/jr,     )8(a:)+)8(l-:r)=iroosec(irxX 

lim  [ylr(x)  -  log  x] =0,     lim  )8(ar)=0, 


fi(x)=J  r — -rfi      (if  the  real  part  of  j?  is  positive). 

In  particular,  prove  that 

/3(l)=log2,  j8(i)-iT, 

j8(i) = log  2  +  Jtt  V3,     i3(f)  =  -  log  2  +  la-  ^. 

46.   If  /(a)  =  /^i„^-^.rf.=^^--g^ 

prove  from  Art.  172  (3)  that  we  may  differentiate  under  the  integral  sign, 
provided  that  a  is  positive. 
Hence 

/(a)=2/^*%in2a-ix.log8inx.eir=^j|^j[^(a)-V^(a  + 
and       /*(«)= 4/     8in2«-ia?.(logsina:)^.cir 

46.   Shew  from  Ex.  45  that 

/    sin  jtr .  log  sin  0? .  {ir       =log2  — 1, 

/     sin .r .  (log ain .r)* .  ctr  =(log2-l)*4-l -^^^ir*, 

Jo     y/{nmx)  4V2'-    ^*'"' 

f  V(8in  x) .  log  sin  a: .  rfj;  =  ^^w^tt  -  4)/<  r(i)}2, 

/     log  sin  x.dx  =  -  i^  log  2, 

j  '(log  sin  ^)* .  d:r  =  i7r[(log  2)« + ^V^]. 
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47.  Justify  the  differentiation  of  the  equation  (Ex.  35) 

f^'sin^-^xcos^^-i^dlr^i^^^-^. 
■'o  ^  r(a+p) 

Deduce  that 


/     log  sin  X .  log  cos  ^ .  do; = i^[(log  2)*  -  A^l 
/     sin  0? .  log  sin  a; .  log  cos  or .  cir = 2  -  log  2  --  J^*. 


MiscellaneouB. 

48.  From  the  series 

sech  JF = 2  (e-*  -  e-^ + tf  "**-... ), 

prove  that  if  the  real  part  of  c  is  greater  than  ~1, 

rB£*-»w'-?)-*e-^')} 

[See  Ex.  42  and  use  Art  52  (3).] 

49.  From  the  last  example  deduce  that,  if  the  real  part  of  a  is  positive 
and  not  greater  than  1, 

/"*  sinh  ax  da:    ,         ^  , .,       . 

and  hence,  if  A  is  real,  prove  that 

J    cos  Xjv  tanh  x  —  =  log  coth  JAtt,        [Math.  Trip.  1889.] 

1^"  ?E^  ^ = 2  tan-i(tanh  JAir).  [Hardy.] 

50.  From  Ex.  8,  Art.  175,  prove  that  if  the  real  part  of  a  is  positive 
and  not  greater  than  ^, 

/    sinh^cii/  cLv 
J       .  ,     — ;-=Jlog8eca7r.  [Math.  Trip.  1896.] 

51.  Deduce  from  Ex.  35  and  Art.  175  B,  that  if  x  and  a  are  positive 

r(:g)r(a)^l     g-l     (a-l)(a-2)    (a-l)(a-2)(a-3) 
T{x-\-a)     X    x+l"*"     2:(.t'  +  2)  ~3!(.r+3)  ^"" 

Shew  also  that 

r-iMT=l4.l!-     ^        ,1^3^  1 , 

LV{x+\)A     x'^  4  a-(.r  +  l)"^  4.8  .v{x  +  \){x+2y  '" 

To  obtain  the  latter  series,  expand  7;~*(1 -»/)■"*  in  the  form 

,,-l(l-'/)-*(i+k+^74-'?'+-)] 
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62.  Obtain  the  first  integral  of  Ex.  49  from  the  series 

sech  jr = 2(c~*  -  c"** +«"**-.. .) 

by  applying  FruUani's  integral  to  the  separate  terms. 
Obtain  similarly  the  following  integrals: 

f.-«tanh4=log|-.2iog{r(|)/r(^«)}. 

where  the  real  part  of  a  is  positive.  [Hardt.] 

53.  Write  down  the  form  of  Frullani's  integral  when  ^(^)=l/(l  +  «"^); 
and  deduce  that  when  p  is  positive, 

/'*/       sinhfir sinhjpj;       \^_ii      (t^'^9*\ 

Jo  \coahpa^  +  iM6qx    cosh  ;?.r+ cos  nr/^  ~^    °  \p*+t^/ 

[Math.  Trip.  1890.] 

54.  The  following  integrals  are  allied  to  Frullani's  integral 

/    (sinwu:  — sinwo?)*— j=Jir|w-n|, 

J}     w,  «  ^  0. 
.  («— -^)»^=2mlog^^+2«log-^ 

r[<t,(x-a)-<t,(x-b)]dx=(b-a)[<l>{co)-<f>(-ay)]. 

Evaluate  the  first  of  these  integrals  when  m,  n  have  opposite  signs. 

55.  By  changing  the  variable  from  t  to  2t  in  Art.  180,  prove  that 

*<')-'--r?[e-')'--^-]-if'.-:;f?- 

Shew  from  Ex.  3,  Art.  173,  that  of  these  integrals  the  first  is  equal  to 
log  2  —  1  and  the  second  to  ilog(^7r).    (See  Ex.  52.) 

66.   Prove  that  if  ^  is  positive,  the  function 

steadily  decreases  as  t  increases  from  0  to  oo  (see  p.  234).     By  applying 
Art.  168,  deduce  that,  if  x=^-\-iri  in  the  formulae  of  p.  465, 

if(^)i<*/i'?i. 

57.   Deduce  from  Ex.  56  that  if  .r=^+i7;,  where  ^  is  positive  and  fixed, 
but  7)  tends  to  infinity, 

I r(l +ar)| <v>  V(2jr)r^"^^«-i'^, 

where  r=|^|.    (Compare  Ex,  38,  p.  474.)  [Pincherle.] 
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1.  Shew  that        i  [„  log  (g±-J)  - 1] =i(l  -  log  2). 

[The  series  can  be  summed  to  n  terms ;  or  we  may  express  the  general 
term  in  the  form   /  {^/(4n2— a?*)}fir.] 

2.  Discuss  the  convergence  of  the  series 

2n*[V(n  +  l)~2^/n  +  V(n-l)].       [Math.  Trip.  1890.] 

3.  If  C„  =  l+i+...+^-logn, 

prove  that  C„  -  Ci„ = J^  — ^  dt, 

and  deduce  that  Euler's  constant  is  equal  to 

1  -  r  r^^2 + ^  +  ^8  +  ^16  + . ,  ^).  [Catalan.] 

Jo  l+t 

4.  Prove  that,  if  fx>v,  the  sum 

t'   «^,      (w  =  v  excluded), 

tends  to  the  limit  log{(l+^)/(l -^)},  when  /x,  v  tend  to  infinity  in  such 
a  way  that  v/jx  tends  to  k.  [Math.  Trip.  1894.] 

6.   Apply  Euler's  method  (Art.  24)  to  shew  that 

[For  other   methods   of   transforming  and  evaluating  these  series  see 
Glaishbr,  Messenger  of  Maths,,  vol.  33,  1903,  pp.  1,  20.] 

6.   If  Sn  denotes   2""+3~"+4~"  +  ...   to   oo,  prove   by  conversion   into 
double  series  that 

<2  +  ^3  +  ^^  +  « .  •  =  1 ,  *2  "T  *4  "T  ^g  "T"  •••**}  J 

[See  WooLSET  Johnson,  Bull.  Am.  Math.  Soc.,  vol.  12,  ld06,  p.  477.] 


:jr«oL  TW>.  1901.] 

^  —  i-'-i'   *  —  i»-.- . 

in  -tuiloniily  converg^rDt  for  all  rtai  rallies  of  x,  inclading  x«Ol     Is  the 
fi;irii*  tni*  'A  tbe  given  weries  ? 

10,   Provf:  tJiAt 

aL       a  +  2       (ti  +  2)(a+4)  J 

[/Yi,  1,  2,  ^;P  =  /'(1,  ?,  3,  r),  [/-(I,  ?,  3,  x)F  =  /'(2,  i,  5,  x). 

[All  thfiwe  can  be  obtained  by  direct  multiplication ;  bat  the  law  of 
tb<9  (UKiffidtntM  in  more  quickly  determined  by  differentiation  or  some 
other  h\}M'/ia\  device,] 

IL  Hbew  how  to  calculate  log  2,  log  3,  log  5,  log  7  from  the  five  series 
/I,  h,  Cf  (If  e  given  by  writing 

n*H]H'.(.li\ii\y  in  the  HericH  for  log{(H-x)/(l  —  x)} ;  and  prove  that 

a-26  +  c=rf+2^. 
[For  reNultM  to  2(KJ  decimals,  see  Adams,  Math.  FaperSy  vol.  1,  p.  459.] 

12.  Prove  that  an  x  tendH  to  1, 

.t+i^  +  Ja;*+Jx»«+...ai  -ilog(l-x).  [Cksaro.] 

13,  Hkotch  tho  graphs  from  0  to  27r  of  the  functions 

sin 5x4- j5 sin  lOx+^sin  15x+... , 
«  o 

cos  2x + .-a  cos  6x  +  r«  cos  lOx  + . . . , 
sin  2x4-n»in6x+r8in  10x  +  ... . 

o  0 
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14.  If  f{x) = Go  +  2  («n  COS  nx + hn  sin  nx\ 

11=1 

prove  that       -[/(.r)+/(j;+a)+/(j'  +  2a)+...+/U+(«-l)a}], 

where  a=:27r/«,  contains  only  those  terms  of  the  original  series  in  which  n 
is  a  multiple  of  s, 

[This  result  is  of  some  importance  in  the  numerical  applications  of 
Fourier^s  series  ;  see  Wkdmorb,  Journal  Instil.  Elect.  Engineers,  vol.  25, 
1896,  p.  224,  and  Ltle,  Phil.  Mag.  (6),  vol.  11,  1906,  p.  26.] 

15.  If  v=47i'-l,  so  that  v  takes  the  values  (1.3),  (3.5),  (5.7),  ...  for 
n  =  l,  2,  3,  ...,  prove  that 

"r§'    4=r6('^'-«>'    2i  =  ^(32-3;r>X    2i=4(;r*+W-384). 
[Take  :F=i  in  the  series  of  Ex.  17,  p.  190.] 

16.  Shew  that         i -Ul-l+l  _il  +  .-.=;  "^ 


5^7     11^13     17^"     2v/3' 

52  +  72  +  172^-192+292     31*^ •"""36^       ^  ^' 
by  giving  x  special  values  in  the  series  of  Ex.  17,  p.   190. 

17.  Prove  that  if  n  is  even 

»   .      _t  /          2r7r     •   I     \     4.       if      sinh  nx     ) 
y  tan  *  (  sec  - — -  siuh  j-    =  tan-*  <  — -— — —  J-. 

rfi     fi     \     1.2/t+l  /  lcosh(;i  +  l);rJ 

[Math.  Trip.  1907.] 

18.  Shew   that    the   i^mainder   after    71    terms  in    the    first    series    of 
Ex.  37.  p.  260,  is 

where  <^(0  denotes  the  BernouUian  function  defined  in  Art.  94. 

[Math.  Trip.  1905.] 

19.  Shew  that 

iis[a)"Hl)"--(-;')"]-.4r 

[W0L8TENH0LME.] 
[Use  Arts.  95,  49  and  the  series  for  1/(^-1)  in  Art.  93.] 

20.  Discuss  the  convergence  of  the  series 

*  co8(.r  +  7^a) 

J^C08(y  +  M/8)' 

where  j?,  y,  a,  j8  are  complex.  [MatL  Trip.  1892.] 

Discuss  the  convergence  of  the  products 

•/        l\*r  1        "1*1  +e*** 

for  all  values  of  the  complex  variable  x.  [Matli.  Trip.  1893.] 

I.S.  2  H 
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21.  Prove  that  if 

^o=l!-2!  +  3I-4:  +  ...,  (Arts.  98,  132) 

then  l(l!)-2(2!)  +  3(3:)-4(4:)  +  ...  =  l  -25o, 

l2(l!)-2«(2!)  +  3«(3!)-42(4I)+...=5i%-2, 
and  generally   2(-l)"~*7t*(7i!)  ia   of   the  form  a<So  +  ^,   where  a,   fi  are 
integers  (positive  or  negative). 

22.  Shew  that 

f  ^  ^.      c*  /_^  1      1.3^  1.3.5^1.3.5.7^     \ 
Jo  7«^~N/^r"*"2:^"^2V^^-2^.^-+~2^?~  +  -7- 

[For  an  application  to  an  important  physical  problem,  see  Lovs,  Phil. 
Tram.,  A,  vol.  207,  1907,  pp.  195-197.] 

23.  If  Xn=^('e-'-,dx, 

Jo         '*• 

prove  that  lira  (lim  Z„)  =  0,    lim  (lim  X„)=  I. 


24.    From  the  power-series  for  iLl<^g(l+-'^)P>  ahew  that  if  -ir<^<ir, 

[log(4co8«i^)]2-^  =  8[icos2^-J(H-i)co8  3^-f-J(H-Hi)<»8  4^-...], 

and  obtain  a  corresponding  formula  for  [log(4  8in*i6')p. 
Shew  also  that 

^=J^a-4/^co8^-^cos2^+«\cos3^-...j. 

t>educe  the  integrals  of  Ex.  31,  p.  473. 

26.    If  w„  =  -  2w  /     cos  2n.r  log  (2  cos  i.r)fltr, 

prove  that  ?<„-m„+i=(-1)"/(2«  +  1X 

and  that  w„=|»-(i_^+-_...i^— ^j.  [Catalan.] 

26.   Prove  that  if  k  is  an  integer  and  |r|<l, 

/    1-    «     ---I-  .    «<3^=0,  if  n  is  not  divisible  by  /■, 

=  7n*,  if  n=vk. 
Deduce  that  if  k^aK  and  ^=aA,  where  k,  A  are  co-prime  integers, 


/: 


(i-^Xi -■■)*■ ,!+■-<.      (H„„.i 


fo  (l-2rcosib7+r2)(l-2«cos^+«*)       1-r*/ 
27.   Prove  that  if  a  is  positive  and  y*=awr*  +  2fejr-|-c, 

r^?^=4-tanh-4^''^"'''^^^''|- 
If  also  ac  —  l^  is  positive  and  equal  to  jt>*,  prove  that 

where  the  angle  lies  between  0  and  v. 

[For  a  discussion  of  these  and  other  similar  cases,  see  Bromwich,  MesMnger 
of  Maths,,  vol.  35,  1906,  p.  131.] 
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28.  Prove  that  if  A,  /a  are  real  but  not  necessarily  positive, 

|*'log(A co82^+/i8in«^)2rf(?=27r  log{i  |(VA  +  ^/Li)  I }. 

(Ex.  2,  p.  347.) 

Deduce  that  if  u=aj^  +  2bx+c,  «'=a':t:^  +  26'^+c',  where  u  is  positive  for 
all  real  values  of  x  (so  that  p=ac-6*>0), 

where  q=^(ac^-\-a'c)-bb\  p^^aY  -b'^.     Express  the  second  result  in  a  real 
form,  when  p'  is  negative. 

29.  Prove  that  if  the  integral    i   /(sin*,r)<ir  is  convergent  and  equal 
to  ^Att,  then  the  integral  ° 


P[A-f{Bin^x)]<l>{x)d.v 

converges,  provided  that  <^(.r)  tends  steadily  to  zero. 
Deduce  the  convergence  of 

/    log(4coe*d:)<^(^)ctr,     /    log(48in*jr)<^(a:)cKr.  [Hardt.] 

30.  Prove  that  in  the  sense  defined  by  Pringsheim  (Ch.  V.), 

lim    /    /    Bin{ax+by).7f-^^~^cLvcfy      (r,  «>0) 

X,i*-KnJO    Jo 

=a-^b-'T(r)T(8)  sin  i(r+8)T, 
Prove  also  that  if  0<a<n-, 

lim    r  [\^^^^^--^^cLcdy^J^. 
A,  M-xe.'o  jo  •'     28ina 

[See  Hardt,  Messenger  of  Maths,,  vol.  32,  1903,  pp.  92,  159.] 

31.  Prove  that  if  the  real  part  of  .v  is  positive, 

(1)  j^  «"'^"'^=7  2^(<,+i)...(^+^)» 

^  Wo    1  +  ^     2  7^(^+l)-.-(^+«)2^" 

32.  Prove  that  if  in  the  interval  (a,  b)  the  function  |/(a7,  n)\  is  less 
than  1  for  all  values  of  n,  and  if  the  function  <f>(x)  is  positive  and  has  a 
convergent  integral  from  a  to  5,  then 

lim  I  f{x,  n)<l>{x)da:=^  f    { lim/(;r,  n)}<t>(x)dx, 


provided  that  f(x,  n)  tends  to  its  limit  uniformly  in  any  interval  which 
does  not  contain  x^a.  [See  also  Ex.  51,  p.  495.] 

Deduce  that 

lim  /     e-''»»°*<^(x)fltr=0, 

w    >aD  JO 


lim  f *'[p+(l  -p)8in«:p]*"<^(^)cfa?=0,      (0<p<  1). 

R-xn  Jo 


HARDER  MISCELLANEOUS  EXAMPLES, 

WITH  REFERENCES. 

1.   Prove  that  the  function  which  is  equal  to  I  when  x  is  rational, 
and  to  0  when  x  is  irrational,  can  be  defined  by  either  of  the  foUo^vini^ 

repeated  limits : 

(1)  lim  [lim  {co8(w!'3rx)}*']. 

[Pringshkim  and  Lsbbsous.] 

(2)  lim  [8gn{8in*(«i!irjr)}], 


2 
where  sgn  X^  lim  -  arctan  (»X),  [Pierpoint.] 


[This  function  cannot  be  represented  as  a  single  limit  of  a  ctrntinuous 
function  of  a?,  n :   Bairb,  Lemons  sur  les  Fonctioru  DiscontinueSj  pp.  76,  83.] 

2.  If  f{x)  is  equal  to  ^,  when  x  is  represented  by  the  rational  fraction 
p/q,  and  to  0,  when  x  is  irrational,  prove  that  /(.r)  u  not  finite  in  any 
intervcUy  however  tmall^  although  f{x)  is  finite  for  every  value  of  x, 

3.  Discuss  the  solution  of  an  equation 

/(x)<^(j-)=*, 

whei*e  /,  </>  are  real  monotonic  functions,  by  forming  the  sequence  (Om)  in 
which  /(an+i)=^/<^(a,). 

[See  SoMMERFBLD,  Oottingeu  Nachrichtetiy  1898,  p.  360;  and  compare 
Exs.  10,  11,  p.  18.  An  extension  to  complex  variables  has  been  made  by 
Fatod,  Coniptes  RenduSj  t.  143,  1906,  p.  646.] 

4.  Prove  that  if        Vn=(^^^^\      0<a<^, 

BD  2      •  4      4 

then  2  !'n<-,    2|vn-»«+i|<H--+-g^ 

To  prove  the  first  result  take  an  integer  r  so  that  ra^l<(r+l)a;  then 

r  1      *  1 

1  a     r+1         a 

To  prove  the  second,  take  the  integer  s  so  that  «a^7r<(«+l)a;  then 

2  |V«-V«+l|=Vl-V.<l,      Vn+l-Vn  =  j  dx\^ )        ' 

X  /*"'/22\  44n 

80  that  ?i''--''-«l<i.b+i^>''^<i^+i?-J 


HAEDER  EXAMPLES.  486 

5.  If  f{x)  is  a  function  which  tends  steadily  to  infinity  with  x  (so  that 
f\x)  is  positive),  prove  that,  when  the  sequence  <Xnlf{n)  is  monotonic,  the 
condition  Hm  { anf{n)lf{n) ) = 0 

n— MO 

ia  necessary  for  convergence. 

For  example,  with  /(w)=logn,  ?ia„logw  must  tend  to  zero  when  (wa„) 
is  monotonic.  [Pringsheim.] 

[Compare  Arts.  9  and  166,] 

6.  If  f{n)  is  a  function  of  n  which  tends  steadily  to  zero  as  n  tends 
to  infinity,  then  the  two  series  2/(w),  2f(#c7i4-A)  converge  and  diverge 
together  if  k  is  positive. 

7.  (I)  If  both  (6„)  and  {ajb„)  tend  steadily  to  infinity  with  n,  prove  that 
(««^i-an)/(^ii+i-^n)  tends  also  to  infinity  with  a  rapidity  not  less  than 
that  of  (On/K). 

(2)  If  (On),  (bn)  both  tend  steadily  to  infinity  with  7^  and  (On/bn)  tends 
steadily  to  zero,  prove  that  (a„+i  -  a«)/(6»+i  -  6n)  tends  also  to  zero  with 
a  rapidity  not  less  than  that  of  (a„/6„). 

[For  proofs  of  these  and  a  number  of  similar  theorems,  see  Bortolotti, 
Anrudi  di  Ifatemattca  (3),  t.  11,  1905,  p.  29.] 

8.  Bu  Bois  Beymond  has  constructed  a  series  defying  all  the  logarithmic 
criteria  as  follows : 

77i       ^Wl0g7t       ^»l0gwl0g(l0gw)       '"' 

where  n^,  n^,  7^3,  ...  are  the  least  integers,  such  that 

The  numbers  ti^,  Tig*  ^s»  •••  increase  very  rapidly,  thus  7^1 =3,  7^=20, 
but  n^  lies  between  10^  and  10^. 
Prove  that  this  series  is  divergent. 
[Compare  Borel,  S&ies  d  termes  posittfsy  1902,  p.  12.] 

9.  Shew  (see  Ex.  6,  p.  391)  that  if  $  is  irrational  w^e  can  find  a  sequence 
^11  ^1  ^)  •••  which  tends  to  oo  and  is  such  that 

lim  z  8in(7i^ir)=il, 

r=ao    1 

where  A  is  any  number  between  the  extreme  limits  of  ^Bm{n$Tr), 

10.   Prove  that  if   |  sin  (ti^^)  |  <  €  and  |8in(7H-l)«^|<€, 
then  |sin(27i+l)^|<2€. 

Deduce  that  ^sm(n^d)  cannot  converge  unless  6^  is  a  multiple  of  t. 

By  means  of  Exs.  13-17,  pp.  243,  244,  shew  that  2  sin  (71*^)  is  divergent 
if  ^/7r=(2A  +  l)/2/z  or  2A./(4/x-|-3),  where  A  and  /x  are  integers;  and  that 
it  oscillates  finitely  if  ^/7r  =  (2A  +  l)/(2/x+l)  or  2A/(4/x  +  l). 

Discuss  similarly  the  series  Sco8(7i^d). 

[Little  appears  to  be  known  as  to  the  nature  of  these  series  when  S/w 
is  irrational.] 
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11.  Prove    in    the    same   way   that    2sin(2"6')   can    only   converge    if 
Bjir^^kl^^  where  A  and  fx  are  integers. 

12.  Shew  that  £8in(n!7rjr)  converges  for  all  rational  values  of  x -,   and 

also  for 

:r=(29n  +  l)6,  2m/6,  sini,  cosl.  [Riemakk.] 

For  instance,  if  :r=tf,  we  have  sin  (« lire) =(-l)*~*  sin  (/^.ttX  where 

"■"7i+l"^(n  +  l)(7i  +  2)"*""" 

We  can  now  apply  Art.  21. 

We  note  for  comparison  with  Exs.  10-12  that  the  integrals 

are  all  convergent  (see  Ex.  8,  p.  468). 


00 


13.  Prove  that  if  the  series  /(.r)= 2  «n«^  converges  absolutely  for  j  x  |  <  1, 
the  two  series 

0  1  —yt^  0 

both  converge  and  are  equal  if  | .r  <  1,  | c | <  1,  |y  | <  1. 

[Compai-e  Ex.  6,  p.  126.] 

[The  series  obtained  by  writing  «„=(-l)"/n!,  y=c  in  Ex.  13  have  been 
considered  in  Dedekind'a  edition  of  Dirichlet's  Zahlentheorie ;  and  those 
found  by  writing  jr=c,  a„:=(-l)"/wl  or  1/n!,  have  been  discussed  by 
Pringsheim,  Chicago  Math,  Co?igress  Papers,  p.  288.] 

14.  If  the  two  series  of  the  last  example  are  not  equal,  but  are  con- 
vergent, prove  that 

<f>(x)-y<l>{xc)=f{x)=^ylr{x)-i/ylr{a;c) ; 

and  deduce  that  if  x(^)~V^(^)"'*^(^)>  ^^^^ 
[That  the  series  need  not  be  equal  when  c>l  is  clear  from  Ex.  28,] 


and  write  ^  ^^  ^j» 


15.  If  we  put  y=l  in  Ex.  13,  we  must  omit  the  first  term  in  <^(^) 

then  prove  that  <)^iC^)-<^i(<2^c)=/(^)-ao* 

Deduce  that  if  XiW^V^W^^^iC-^X 

then  Xi('^)=XiC^<^)+«o- 

16.  Deduce  from  Exs.  20,  21,  p.  251,  that  if  0^y<a:^i, 

^  j  ^  co8(2m7r.r)co8(2;iwy)\        ar^i  jl  /  \     j.  /  \»  .  i/       i\i 
^  I  ^  ^a    ^2  ^  f  ='r»[|{<^(y)-<^(.rn  +  i(y-i)], 

where  7n  =  n  is  omitted  from  the  series;  but  that  the  sum  is  zero  if  x=y. 

Shew  further  that  the  order  of  summation  is  inmiaterial  except  when 

j;=0,  y=0  (see  Ex.  11,  p.  92).  [Hardy.] 
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17.  Obtain  the  sum  of  the  repeated  seriea 

from  Ex.  3,  Art.  90,  and  Ex.  73  below.  [Kronbckbr.] 

[For  a  proof  that  the  double  series  is  convergent,  see  Hardy,  Messenger 
of  Maths,,  vol.  34,  p.  146.] 

18.  Let  the  symbol  {^\  denote  ^-v,  where  v  is  the  integer  nearest  to  ^, 
so  that  {^\  lies  between  -^  and  +^ ;  this  definition,  however,  does  not 
determine  {w+^}  to  which  we  attach  the  value  0.  Thus,  as  ^  tends  to 
n  + J  through  smaller  values,  {^}  tends  to  +^  ;  as  f  tends  to  n+i  through 
larger  values,  {^}  tends  to  -J;  but  {^\  has  no  other  discontinuities. 

Prove  that  the  series 

is  uniformly  convergent  for  all  values  of  x\  but  that  the  series  has  a 
discontinuity  ^Tr'^/m^  at  every  point  x=p/2m,  where  p  is  odd  and  prime 
to  m.     Thus  the  series  is  discontinuous  infinitely  often  in  evei^  interval. 

[RiBMANN.] 

19.  Prove  on  the  lines  of  Art.  55  that  the  equation 

where  V^(:r,  y)  is  a  double  power-series,  absolutely  convergent  for  |a;|  =  a, 
{y|=6  can  be  satisfied  by  a  power- series 


QO 


1 
which   certainly  converges  if  \x  <4aM/{'iM+ab)j  where   M  is   a   certain 
constant  determined  by  the  terms  in  the  series  for  >/r(a,  6). 

20.  Shew  that  if  x  and  y  are  related  as  in  Art.  56,  we  can  obtain  an 
expansion  in  powers  of  y  for  a  function  h{x)=g{x)jj^,  where  g{x)  is  a  power- 
series  in  J7,  and  i:  is  a  positive  integer.     Prove  also  that  if  we  write 


00 


-* 

then  nBn  is  the  coeflBcient  of  \jx  in  the  expansion  of  h\x)ly^  in  ascending 
powers  of  x ;  this  determines  all  the  coefficients  except  B^,  which  is  the 
coefficient  of  Ijx  in  the  expansion  of 

Apply  the  method  to  the  examples  of  Art.  56,  taking  k{x)  =  l/a^, 

[Teixeira.] 

21.   If  ^(a?)=i'^+p+"p+p+...,  prove  that 

(1)  <^(-^)+<^(x)=4<^(j^). 

(2)  <^(j»)+<^(l-.t-)=iir'-logx.log(l-«).  [Abel.] 

(3)  <^(-ar)+.^(^)=-i{log(l+.r)}«.  [Lbokndrb.] 
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Deduce  the  value  of  <j!)(i)  (see  also  Ex.  32,  p.  473),  and  that  if  x=^{,J^  - 1), 
80  that  a^+:r=l,  then 

[Bbrtrand,  Calc.  InLy  §  270 ;  Roqbrs,  Froc.  Land.  Math.  Soc.  (2),  vol.  4, 
1906,  p.  169.] 

22.  (1)  Prove  that  the  differential  equation 

g+(l+A:i-).y  =  0 

can  be  solved  by  a  aeries 

Wo+ Attj  +  k^v^  +  A*W3  + ... , 

where  v^=Aco»x-\-Bmiix^  Wn(j^)=  —  /  tUn-i{t)»\ri(x  —  t)dt 

Shew  that  \u^\<\x\^-'^jn\. 

(2)  Prove  that  if  v{a),  is  continuous  in  an  interval  (a,  6^  the  equation 

has  a  solution  ^  =  ^V„  in  the  same  interval,  where 

u^  =  A+Bx,    Un(x)=  I  (x-t)v{t)Un-i(t)dL 

Shew  that  if  /3,  y  are  certain  constants  depending  on  the  nature  of  v(jr), 

k«  I  <  PY'K^'n'y-  [A.  C.  Dixon.] 

Results  allied  to  Abel's  theorem. 

23.  If  <t>(jp)  tends  steadily  to  zero  as  x  increases,  but  the  series  ^(71) 
diverges,  shew  that  as  a  tends  to  zero  (from  the  positive  side), 


^<j!)(n)«-*«  <^*  /    <l>(x)e-'*^dx,      cgO. 


An  illustration  has  already  occurred  in  Ex.  5,  p.  419 ;  another  is  given  by 

t(log70^'^(l-:r)[log{l/(l-.r)}]^'      "^  ^'• 

[Le  Roy,  Bulletin  des  sci.  matLy  t.  24,  1900,  p.  246.] 

24.  Extend  the  results  of  the  last  example  to  double  series,  and  prove 
in  particular  that  if  0<«<1, 

where  rcosu>=l— .r,  r8ina>  =  l— y,  k—%  —  ^.  [Hardy.] 

25.  Abel's  theorem  (Arts.  51,  83)  can  be  extended  as  follows: 
Suppose  that  Sa„  is  r-ply  indeterminate  (in  Ceskro's  sense)  and  has  the 

sum  ly  and  that  r„  is  a  function  of  x  which  satisfies  the  following  conditions : 

lim  w'-Vn =0,     ^tC I  C^^'^h^ \<K,  {x>  c), 


MKi«B 
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while  limv„  =  ], 

then  limS«„v„=^. 


[Bromwich,  Math,  Annalen^  Bd.  65 ;  other  results  included  under  this 
theorem  have  been  found  by  Hardy,  Math.  Annalen^  Bd.  64,  1907,  and 
C.  N.  Moore,  Trans.  Amer.  Math.  Soc,  vol  8,  1907.  See  also  Hardy,  Proc. 
Lond.  Math.  Soc.  (2),  vol.  4.] 

26.  Apply  Euler's  formula  (Art.  131)  to  obtain  the  asymptotic  formulae 
(as  .V  tends  to  0) 


1+^  '  2(l+2ar)^3(l+az?)^"'  '    ^^'2     "^  2  ^    M 

Use  Ex.  26,  p.  472,  to  prove  that 

secha:+sech2ar+8ech  3jr-f- ...  ^^  iKW-'^)  ~  ^1- 
If  we  attempt  to  continue  the  last  asymptotic  for/nula  as  a  power-series 
in  .r,  all  the  coefficients  will  be  found  to  be  zero :  and  as  a  matter  of  fact, 
the  next  term  in  the  approximation  is  {2ir/a:)e-^l*. 

27.  Apply  the  method  of  Art.  135  to  the  series 

F{q)^^af'(i*^      {x>\,q<\\ 
and  prove  that  as  ^'-►l, 

Discuss  in  the  same  way  the  series  l^q^, 

28.  Deduce  from  Ex.  5,  p.  348,  and  the  power-series  for  sin  x  and  cos  .r, 
that  if  f(x)  is  any  continuous  function  in  the  interval  (0,  27r),  a  polynomial 

P{x)  =  AQ+A^x-\-A^^'\-...-^-Af^ 

can  be  determined  so  that 

I  f{x)  -  P{x)  I  <  €.  [Wbierstrass.] 

[Compare  Picard,  Traits  dP Analyse^  t.  1,  Ch.  IX.,  §  V.] 

29.  Sliew  that  by  proper  choice  of  n  the  maximum  value  of  ^  -  <•*,  and 
the  corresponding  value  of  ^,  can  both  be  brought  as  near  to  I  as  we  please. 

£>educe  that,  as  x  tends  to  I,  the  series 

oscillates  between  the  limits  0  and  1.  [Hardy.] 

30.  If  we  write  a„=(-l)"/7il,  y=  -1,  and  -log:r  for  x  in  Ex.  13,  we 
get  the  series 

f (x)^yfr{- log x)=x- of  -^-otf^ - 3f^ -^ ...  ^ 

/  \      5/     1        \     1     \ottx  ,  1  (logx)*  .   1  (logo:)'  , 
^(*>='^(-!r«^)=2  +  T+^  +  2!  1+^ +3!    l+o-' +■••• 

Prove  that  if  F{x)=f(x)-g(x),  then 

F{x)+F(sf)=0. 
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Verify  also  that,  to  five  places  of  decimals, 

/'(l/^/2)= -00275,       if  c=2, 
and  that  /'( 1/6*)  =13186,      if  c=6. 

Shew  further  that,  as  x  tends  to  1,  g{x)  tends  to  ^ ;  and  deduce  that 
/(.r)  oscillates  between  limits  at  least  as  wide  as 

•50275  and   49725,      if  c=2, 
or  -63185  and  -36816,      if  r=6. 

31.  If  we  write  a„  =  (-l)"/ViI  and  -log or  for  x  in  Ex.  15,  we  get 
the  series  f(x)  =  \t^{-\ogx)=x-haf+x^+x^-{-..., 

a(x)-6(  -\ofrx)-     'Pg^     Mlog^y     1  (logJ^)» 

Prove  that  if  F{x)  =  f(x)-g{x),  then 

F{x)=F(,if)+\, 
and  verify  that  /'(l/^/2)=  1-1960,      if  c=2. 

Shew  also  that  g{x)  tends  to  0  as  ;{:  tends  to  1,  and  deduce  Ceskro's 
result  that  /(.r)  has  the  asymptotic  representation 

-log/^logiVlogc.       [See  Ex.  4,  p.  133.] 

[For  a  treatment  of  the  series  in  Exs.  ;K),  31  by  means  of  contour 
integrals,  see  S8  8-13  of  a  paper  by  Hardy,  (^larterly  Journal^  vol.  38,  1907, 
p.  269 ;  some  similar  results  have  been  obtained  for  the  series 

where  A^,  tends  steadily  to  infinity,  by  Cahbn,  AnncUes  dt  VEcole  Normalr 
.Sup.  (3),  t.  11,  1894,  p.  75.] 

Functions  without  a  derivate. 

32.  Shew  that  if  a  continuous  function  F{x)  has  a  finite  derivate  b 
at  J7=a,  an  interval  (a -6,  a  +  S)  can  be  found  such  that  the  quotient 
{Fix^)- F(x^)}j (X2  —  X1)  lies  between  b  —  €  and  6  +  €  when  x,  is  any  point 
such    that   a  —  B<Xi<ay   and  x^  is    any  point   such   that  a<X2<a  +  8. 

In  like  manner  if  F{x)  has  an  infinite  derivate  (positive)  H,t  x—a^  prove 
that  the  interval  can  be  chosen  so  that  the  quotient  is  greater  than  ^, 
however  large  N  may  be. 

33.  Write  F{x)  =  ^r" cos (h'^ttx),  where  0<r<l  and  *  is  an  odd  integer; 
and  let  Sm{^)  denote  the  sum  of  the  first  m  terms  in  F{x%  then  shew  that 

\S^'{xy<7r{rsr/{rs^l); 

while  if  a=pls^,  where  p  is  an  integer, 

F{a)=S„{a)'\'(-  l)''r»/(l  -r). 

Hence  prove  that,  if  q  is  jd  +  1  or  jt?+3,  and  p=qls^,  then 

jS-a  <i-p^        '  \-r         J 

where  |  i/"  |  <  3;r  /  (r<  ~  1). 
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Deduce  that  if  r«>  l  +  ^-!r(l-r\  the  quotient  has  the  same  sign  as  (-  l)^i 
and  can  be  made  arbitrarily  great  by  increasing  m  sufiQciently. 

[The  conditions  on  r,  s  are  easily  satisfied  ;  for  example,  take  r=^,  «^7  ; 
or  r=§,  «^5.] 

34.  If  any  point  a  is  given,  and  an  arbitrarily  small  interval  (a-S,  a+6) 
containing  a,  shew  that  points  a],  02,  Pi^  P2  ^^^  ^®  found  of  the  types 
considered  in  the  last  example,  and  such  that  aj,  o^  fall  in  the  interval 
(a -5,  a)  and  /Si,  P2  ^^^^  ^^  ^^^  interval  (a,  a +8),  while 

and  {  FiP,)  - F{a,)}/ifi, - o^)  <  -  .V, 

however  large  N  may  be. 

Deduce  that  the  function  F{x\  although  continuous  for  all  values  of  a?, 
has  nowhere  a  definite  derivate.  [Weierstrass.] 

[The  investigation  usually  given  for  Weierstrass's  function  leads  to  the 
unnecessarily  narrow  condition  rs  >  I  -f-fir.  Thus  r=^  would  require  «^  13, 
instead  of  «^7  ;  and  r=§,  «^9  instead  of  «^5.] 

35.  Shew  from  Ex.  33  that  if 

'    a  =  (y-l)/r,    IS^q/r,    y  =  (^  +  l)/r, 
where  q  is  an  odd  integer,  F{P)  is  less  than  both  F{a)  and  F{y) ;   and 
deduce  that  F{x)  has  at  least  one  minimum  in  the  interval  (a,  y).     Hence 
prove  that  F{a^)  has  an  infinity  of  maxima  and  minima  in  any  interval, 
however  small. 

[It  has  sometimes  been  stated  that  a  is  a  maximum,  ^  a  minimum  of 
F{jp) ;  but  this  cannot  be  proved  at  any  rate  by  the  foregoing  line  of 
argument.] 

36.  (1)  If  «  is  even  instead  of  odd  in  Weierstrass's  function,  shew  that 
a  similar  discussion  leads  to  the  condition  rs>l  +  ^.  Examine  also  the 
corresponding  cases  when  sines  take  the  place  of  cosines  in  the  series. 

(2)  Prove  that  with  the  notation  of  Exs.  33,  34, 

and  deduce  that  Weierstrass's  function  has  nowhere  a  definite /?7uVe  derivate 
if  r**>l+f7r2(l-r). 

[The  last  condition  is  satisfied  by  r=§,  *=3;  and  by  r=l/«,  if  «^9. 
For  other  similar  functions,  see  Dini,  Grundlageriy  Kap.  X.] 

Complex  Series. 

37.  Deduce  from  Ex.  16,  p.  244,  that  if  jt>  is  a  prime  number  of  the 
form  4/r+3,  y(~\'=    '^     sY-Vn 

where  f  -  j  is  + 1  if  7i  is  a  quadratic  i-esidue  *  of  />,  - 1  if  n  is  a  non-residue, 
and  0  if  n  is  a  multiple  of  p. 


*That  is,  if  we  can  find  an  integer  x  such  that  s^-n  is  a  multiple  of  p. 
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In  particular,  with  />  =  7,  the  residues  less  than  7  are  1,  2,  4,  and  so 

"^2     3"^4     5     6"^8'^9     I0"^ll     12     13"^'"     ^fl' 
[DiRicHLET :   see  also  Glaisher,  Messenger  of  Matks.y  vol.  31,  p.  98.] 

38.  If  the  real  part  of  p  is  positive,  prove  that  (see  Art.  89), 

a»;r-(l+:r)'=p(p-l)...(;7-n  +  l)/n!, 

the  mean  value  being  taken  along  the  circle  ljcl  =  l. 
Deduce  that  if  the  real  part  of  q  is  also  positive, 

aK(l+^)'(l  +  lA-).=  f'(-;,,  -q,  1,  l)  =  ^^rto  +  ^|^^^ 
and  hence  that 

(^       o     zi       ^ajn        T  r(2?i  +  l) 

/      C0S2w^C0S*"^G?^=v>„rTT^/       -Vx-fT/— ,  O 

Jo  I         2^"+^r(w  +  m+l)r(n-m  +  l) 

provided  that  the  real  parts  of  m,  n-m  are  positive.  [Caught.] 

39.  (1)  If  (On)  is  a  sequence  such  that  every  subsequence  selected  from 
(a„)  has  zero  as  one  limiting  value,  prove  that  (a„)  tends  to  zero  as  a  limit. 

(2)  If  for  every  value  of  x  from  0  to  a  (a>0), 

limc„8in?i.r=0, 

prove  that  (c„)  tends  to  zero. 

(3)  If  for  all  values  of  x  from  a  to  )8  (both  real), 

lira  (a„  cos  nx  +  6„  sin  nx) = 0, 

prove  that  (a„),  (ft„)  both  tend  to  zero. 

[G.  Cantor,  Math,  Ann.,  Bd.  4,  p.  141.] 

40.  If  the  imaginary  part  of  i>/„jF"  {x=$  +  iT])  converges  at  all  points  of 
an  arc  of  a  regular  curve  (which  is  not  a  radius  through  the  origin),  prove 
(from  Ex.  39)  that  ^„^  has  a  radius  of  convergence  not  less  than  p,  if 
p  is  the  least  distance  from  the  origin  to  the  given  arc. 

It  is  not  enough  to  suppose  the  convergence  given  at  all  points  of  a 
dense  set  along  the  arc  ;  thus  the  imaginary  part  of  Xr"'  converges  for  any 
value  of  r,  if  .r=r(cos^+isin^)  and  O/ir  is  rational. 

[Kalman,  Math,  Annaleii,  Bd.  63,  1907,  p.  322.] 

41.  For  any  series  of  the  type 

x{x-\-\)...{X'\'n) 

there  are  two  constants  A,  /x  such  that  the  series  diverges  if  R{x)<\, 
converges  if  \<R{x)<fjL,  and  converges  absolutely  if  R(x)>fi.  These 
constants  are  connected  by  the  conditions 


Also  A  =  lim{log|  Jn|}/log«,    /x=lim(log5n)/logw, 

where  yl„  =  ai  +  a2  +  . ..+««,       5,=|ai|  +  |a2|  +  ...  +  |aM|. 
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It  is  assumed  that  the  coefficients  a„  are  such  that  Ea^^**  has  a  i-adina  of 
convergence  equal  to  unity  (for  other  cases  see  Exs.  1,  2,  p.  254). 
Corresponding  theorems  can  be  established  for  the  series 

^cin- /  o     „ ' 

[Landau,  Miincheiier  Sitzungsber.y  Bd.  36,  1906,  pp.  192-208.] 

42.   Shew  that  if  the  sequence  (i/„)  of  real  numbers  tends  steadily  to 
infinity,  the  series  2a„i^„~'  converges  if,  and  only  if, 

R{x)  >  lim  {log  I  An  |}/log  J/„,  [Cahen.] 

where  An=ai  +  a^+...+an.     It  is  assumed  that  the  series  2«n  does  not 
converge ;  if  it  does,  this  condition  gives  R(x)  >  0,  which  is  sufficient,  but 
need  not  be  necessary  for  convergence. 
[Compare  Exs.  9,  10,  p.  255.] 


43.   Consider  the  series 


"  sin  {nirkf 

where  A  is  not  real  and  rational.     Prove  that  if  o„  =  l/ri!,  different  values 
of  A,  can  be  chosen  so  that  the  series 

(1)  converges  for  every  value  of  a:, 

(2)  has  a  finite  radius  of  convergence, 

(3)  diverges  for  every  non-zero  value  of  jl\ 

[See  Hardy,  Proc.  Lond.  Math.  Soc,  (2),  vol.  3,  1905,  p.  441.] 

Biemann's  ^function. 

44.   Prove  that  the  series 

l-h2-+3-  +  4-  +  ...  =  C(«) 

converges  if,  and  only  if,  R{8)  (the  real  part  of  s)  is  greater  than  1. 

When  this  condition   is  not  satisfied,   ((s)  is  defined  as  the  constant 
term  in  the  asymptotic  expansion  (Arts.  130,  131) 

1—8     2  21 

4-jf«(j»4-lX«4-2)7i— 3-...  +  f(^)4-.... 
Thus  if  0</C(«)^l,  we  have 

f(«)  =  lim  r(l+2--f-3-4-...  +  n-)-^T 

and  so  on.  It  can  be  proved  by  more  elaborate  methods  that  the 
function  ({s)  is  analytic  and  has  only  one  singularity,  a  pole  at  s=l  ;  the 
presence  of  such  a  singularity  follows  from  Ex.  11,  Ch.  II.,  which  gives 

lim[f(«)-l/(«-l)]=C. 
•—►1 

[RiEMANN,  Oes.   Werkey  p.  136.] 
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45.  The  following  are  easy  examples  on  the  C*f  unction — assuming  R(s)  >  1 : 

(1)  [f(*)]~*  =  11(1 -!//>•),  where  p  is  any  prime  number.  [Eulkr.] 

(2)  [f(«)]*=2A(w)V,  where  k{n)  is  the  number  of  divisors  of  n. 

(3)  From  (1)  deduce  that 

where  n  is  of  the  form  a**^...it*,  when  expressed  in  terms  of  its  prime 
factors,  and  a,=9(y  +  l)..,(^  +  a-l)/al. 

(4)  From  (2X  (3)  we  obtain  the  familiar  result 

A(n)=(a  +  l)(i3+l)...(ic  +  l). 

(6)  The  coefficient  of  I  In'  in  the  product  f(«)f(«-l)  is  the  turn  of  the 
divisors  of  7i. 

(^)  [f (»)]"*  =  2/x(w)/n*,  where  fi(n)  is  0  if  n  has  any  repeated  factor,  +1 
if  n  has  an  even  number  of  factors  (all  different),  and  - 1  if  n  has  an  odd 
number  of  factors  (all  different). 

(7)  Let  <t>{n)  denote  the  number  of  numbers  less  than  and  prime  to  n  ; 
and  let  d  denote  any  divisor  of  n,  and  write  ^(n)=:^<f>(d).    We  have  then 

2f(w)/;i'=C(»)2<^(«)M. 

(8)  as-l)lC{s)='^<f>(n)ln', 

(9)  f  (2«)/f (*) = 2(  - 1  )*+^+  •  •  •  +>• = n(l  +  llp^)-\      [Cahbn.] 

46.  Shew  that  the  seiies 

^(<)  =  l-2-'+3-'-4-+... 
converges  if,  and  only  if,  R(8)  is  positive,  and  prove  that  then 

{(*)=(! -2>-)f(,). 
Shew  also  that,  if  0<R{t)<l, 

rw^W=i™/>-(i--«)(^i-l)^=/>-(^-i)<^. 

Deduce  that 

(i-|i)rwfw=/;(i^^)cir=  -2^j^(i  -A 

and  BO  prove  that        2*-T(*)f(«)cos(i«ir)=7r*f(l-«). 

47.  If  0  </?(«)<  1,  shew  that  the  series 

>/(«)=  I -3-'+5-*-7-+... 
is  convergent,  and  that 

2T(s)rj(8)  sin  (^w)  =  5r^(l  -  s). 

48.  Prov<e  from  the  definition  of  the  ^-function  that 

f(0)=-i   f(2m)=2««-V«-5W(2m)I, 

f(-2m)=0,   f(~2m  +  l)=i(-ir5m/m, 

where  m  is  any  positive  integer. 

Deduce  that  the  relation  between  C(s)  and  C(l-<)  given  in  Ex.  46  is 
true  when  «  is  any  integer ;  that  it  is  true  for  all  values  of  «  is  proved 
by  Riemann  (l.c). 
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49.  The  series,  in  which  p  takes  all  odd  prime  values, 

converges  if  »=1    or  if  jR(«)^l. 

It  has  been  conjectured  that  the  series  converges  if  J<*<1,  but  the 
proof  is  not  yet  complete. 

[See  Landau,  Jfath.  Annalen,  Bd.  61,  1906,  p.  527,  and  earlier  papers 
quoted  there.] 

Infinite  Integrals. 

50.  Prove  that  if  <f>{x)  is  positive  and  tends  to  00  at  one  or  more  places 

in  (a,  6),  but  in  such  a  way  that   j    <j>{jp)djr  converges,  then  the  value  of 

this  integral  is  equal  to  „ 

lim  ^Shr, 

n   »flo  1 

where  the  interval  (a,  b)  is  subdivided  by  continued  bisection  into  n  equal 
parts  8,  and  hr  is  the  lotper  limit  of  <l>(x)  in  the  rth  subdivision. 

51.  Apply  the  last  example  and  the  theorem  proved  in  the  small  type 
of  Art.  177  (p.  467)  to  prove  that  the  result  of  Ex.  32  (p.  483)  is  true 
without  supposing  that  f{x^  n)  converges  uniformly  in  any  part  of  the 
interval  (a^  h). 

52.  By  writing  x^e^iJlja^  Tn=2'Jab,  t=niainhu,  prove  that 

/  f{ax-\-hlx) — =2  /  /(mcoshw)ci?M, 

f"  dx  /*" 

jo  /(«^  +  ^/^)l<^g-=^-^=logW^)jo  .^(^coshi*)rftt, 

/f/(aV+6«/:c«)cf,r=l/f/(««+2a6)rf^ 

f^{a^a^-l^/a^)f{a^x^  +  hya^)dx=^-j\^/(t^+2ab)^^ 
As  special  examples  of  the  last  two,  we  find 

r(a*x^+b^/a^)e-i<'^^»''^^dx=y/'jr(b+ll4a)e'-^, 

j^(a^^  -  6«/a^2)e-('*^*»/»*)  dx = {y/7r  I4a)e'^ . 

53.  By  the  same  transformation  as  in  the  last  example,  we  find 

/■*  dx        /■* 

jo  /(a»  -  W  "^  =  2  jo  /(^  ^^°^  ^*)^^' 

where  /(£)  is  an  even  function ;   on  both  sides  of  the  second  equation 
principal  values  are  to  be  used  if  necessary. 
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Similarly,  if  g(^)  is  an  odd  function, 

/;<,(a.-6/x)^=fi,{(a±6)«lff^. 

Special  examples  of  these  are  given  by  taking  /(f) = cos  f,  g(^=mnc, 
[('ompare  Hardt,  Quarterly  Journal^  vol.  32,  p.  374.] 

54.  If  an  integral   /  f(x)dx  oscillates,  we  may  call  it  summahle,  if  the 

lim  /    e-^f(x)dx 

exists.  We  may,  when  convenient,  indicate  this  limit  by  writing  G  befoi  e 
the  sign  of  integration.  Deduce  from  Ex.  2,  Art.  172,  that  the  "conditic  n 
of  consistency"  (Art.  100)  is  satisfied.     Prove  that  (compare  Ex.  36,  p.  74 X 

a  rx^-'  (''''^  """^  W  =  ^^  f  coe(i«7r)|       ^  ^  Q   ^  ^  J 
^0  Vsinaj:/  a"     l8in(^i3r)J'  '     — 

/■«  /»« 

Thus  G  I    c()»jcdv=0.    G  I    smxdx=l, 

Jo  Jo 

[Hardy,  Quarterly  Journal^  vol.  35,  1903,  p.  22.] 

55.  Use  the  result  of  Ex.  54  to  prove  that  if  the  series  /'(or) =20^ 
converges  for  all  values  of  x,  then 

Jo  ^  '  ^8      rn*       m^  ' 

I    sm7nxF(x)a^=     -^ ~-\ ir---» 

Jo  ^  ^  m      m^       m^ 

provided  that  both  series  on  the  right  are  convergent. 
Deduce  that 

r*         coB^jc,     ^r^  (      1  ,  •    1  \ 

/    cosmx- — r—  dx—^^r-\<io%' —  +  sin  7— I, 
Jo  ^x  '2w\       Am  Am/ 

/•CO 

/    BUimxJ^{x)dx    =l/^(m^-l\      (m>l), 

where  *^o(x)  =  1  -  g^  "•" '^42  ~  2^4*76*  "^  *  * '  * 

56.  Following  the  lines  of  Art.   109,  frame  a  definition)  of  unifomdy 

summable  integrals  ;  and  prove  that  it  G  I  /{x,  a)dx  is  uniformly  summable 

in  an  interval,  its  value  is  a  continuous  function  of  a  ;  and  that  integration 
is  permissible  under  the  sign  of  integration. 

57.  Discuss    also    the    question    of    differentiation  with    respect    to   a 

parameter.     In  particular  if 

/""sin  ojc  J 

Jo   l+x^ 

JO  /"CD  1 

shew  that  -j-^  ^u^-G  \    sin  axdx=  —  • 

da^  Jo  a 
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Deduce  that  w=i[-«*li («"•)+ e-»li(<?»)]. 

Evaluate  in  the  same  way 

rcos^^         [See  also  Ex.  5,  Art.  173.] 

58.  Using  the  expansion 

tanhj7ra?=l-2e"*^+2«-^'^-..., 

shew  that  G  j    tanh  ^x .  sin  or .  do? = cosech  a, 

and  deduce  that 

/•*  sin  CLZ7 

j    tanhiir.rY:j:^dr=i[e-*'log(«2*-l)-(?»log(l-e-2«)]. 

59.  Prove  that  if  /{x)  tends   steadily  to  infinity  and    i    sin{f(x)}da 
converges  or  oscillates  between  finite  limits,  then 

G  rcoa{f(x)}f(x)dx=  -sin {/(a)}. 

Establish   similarly   the   corresponding   results  with   sines  and  cosines 
interchanged. 

Deduce  Stokes's  result  that  if 


u 


=  /    coa(x^-x7/)dXy    v=  I    am(jfi-xi/)dx, 


60.   Obtain  the  asymptotic  solution  of  the  differential  equation 

^2'"Jy*=^>      (compare  Ex.  58) 
by  writing  y=3«»,  M=r<?"» ;  and  prove  that  the  equation  reduces  to 

which  gives  the  solution 

where  C=  ±  1/144?. 

[Stokes,  IfatL  and  Phys,  Papers^  vol.  2,  p.  329  j  vol.  4,  pp.  77,  283.] 


Trigonometrical  Series. 
61.   Shew  that,  if  /?,  q  are  positive  integers  {q<p)y 

"^  w*  sin*(n9a)~~  6     p^    ' 

where  a^irlp^  and  in  the  summation  n  takes  all  positive  integral  values 
except  multiples  of  p,  [H.  N.  Davib.] 

[Write  w=mpdbr,  and  sum  with  respect  to  m  by  Ex.  17,  p.  190.] 
LS.  2 1 


498  HARDER  EXAMPLES. 

62.   Shew  that 

Deduce  that 

2  -»8in*n^8in*n<f>=-T7rft       2— ,8in*n6'8iii*n<f>=sirft 
n'  ^    4      *  n*  ^8 


2  -7  8in*7i^8in*n6=~7r^, 
with  certain  re8trictions  on  6  and  </>.  [H.  N.  Davis.] 


63.  If  f>  i8  any  integer  and  ^  is  an  integer  not  divisible  by  p,  prove  that 

where  E(x)  denotes   the   integral   part  of  x  and   9^irr/py  r  being  any 
integer  prime  to  p. 
Writing  r=2,  deduce  that  if  jw,  q  are  odd, 

n=l       \  />  /  8p  4        2p  „=!  vf      /        \ 

where  a—irlp.  [Eisknsteix.] 

[See  Ex.  21,  p.  246,  for  the  first  part.] 

64.  Shew  that  if  (on)  and  (6n)  tend  to  0,  the  series 

F{x) = iogo;*  -  2  -"2  (^  cos  »W7 + 6„  sin  no:) 

is  uniformly  convergent  for  all  values  of  x^ 
Prove  that 

^AF(x  +  ^a)  +  F{x-^a)-^F{x)}^a^+^(^^!^^^!^ 
4a  1  \    wa    / 

Deduce  from  Ex.  4  and  Art.  80  that 

limy-5{jP(a?+2a)+/'(ar--2a)-2F(a?)}=a«+2(anCOs«.r+6n8in«j?) 
._M)  4a'  1 

for  all  values  of  x  for  which  the  right-hand  side  can  be  proved  to  converge. 

[RiEMANN,  Ges.  Werke^  p.  232.] 

65.  Prove  by  means  of  Ex.  4  and  Weierstrass's  JZ-test  that  if  {A^  tends 

to  zero,  the  series 

V,  .  /sinnaN* 

converges  uniformly  for  all  values  of  a. 
Hence  shew  that  with  the  notation  of  the  last  example, 

lim  ^[/^(^+2a)  +  F(.r-2a)-2/'(x)]«0, 

provided   that   (on)   and   (6^)   tend   to  zero,   no  matter  whether  the  series 
2(aMCOs?ta;+6n8in?ur)  converge  or  not,  [Ribmann,  Lc] 
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66.  Deduce  from  the  last  two  examples  that  if  the  series 

Oq + 2(an  cos  nx + b^sin  nx) 
is  equal  to  zero  at  all  but  a  finite  number  of  points  in  the  interval  (0,  Stt), 
the  coefficients  a„,  6n  are  all  zero. 

[G.  Cantor,  Crdl^s  Joumaly  Bd.  72  ;  see  Picard,  Traits  d^ Analyse^  t.  1. 
Ch.  IX. ;   and  Hobson,  Theory  of  Functions  of  a  Real  Variable,  §§  480-6.] 

liiittag-Leffler^s  method  of  representing  ftmctions. 

67.  If  F(x)  tends  to  infinity  at  each  point  of  an  infinite  sequence  (a„) 

in  such  a  waj  that 

\im{x-an)F{x)  =  A„, 

then  we  can  write 


^w=^A.(£r+^(-)' 


where  m„  is  a  positive  integer  chosen  so  as  to  make  the  series  convergent, 
and  G{jr)  is  a  function  devoid  of  singularity  in  the  finite  part  of  the 
plane.  It  is  assumed  that  the  sequence  of  moduli  |an|  never  decreases, 
and  tends  to  infinity  with  n. 

Shew  that  if  \A„lan\»  remains  less  than  a  fixed  value,  nin  need  never 
exceed  w.    [See  Exs.  6-8,  p.  265.] 

68.  (1)  Indicate  the  connexion  between  Mittag-Lefiler's  representation 
and  the  series  of  partial  fractions  for  Trcotir^:,  vcoaecTra:  (see  Art.  92). 

(2)  Prove  that  lim(^+w)r(a?)=( -!)"/«!,        as  a?  tends  to  -w, 

and  deduce  that  r(^)  =  -  +  2   ]7  /   , -J- G(x). 

^  ^    X     1  n\{x-\-n)       ^  ^ 

Shew  also  that  0(x)=j    e-'f-^dt. 

(3)  Indicate  the  relation  of  Mittag-Lefiler's  theorem  to  the  equations 
(a  being  positive) 

Vr(jr)=^^^=---fi    .^   ,-fi      (Ex.  42,  p.  476.) 
^^  ^     T(x)        X     in{x+n)      '      ^  '^         ^ 

r(3:)r(a)^l     l-«     1        (l~a)(2-a)     1 
r{x+d)     x'^    1     ar+1  1.2         x+2^'"* 

(Ex.  51,  p.  477.) 

69.  (1)  Shew,  as  in  Ex.  3,  Art.  90,  that 

where    O(x)=0,    if    0<y<27r,    but    G(x)=^ -2Trie*'^''^^    if    23r<y<4ir. 
Indicate  the  relation  of  this  result  to  Mittag-Leifler's  representation. 
(2)  Prove  also  that  if  ^  is  positive, 

where  tf(a;)=««'[c+log(«»-l)- j    yz^'^^]- 
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Jacobi'B  Theta-ftmctions. 

70.  If  we  put  0?=  ±e^  in  the  functioiui  of  Ex.  16,  Chap.  V.,  the  functions 
obtained  are  called  theta-f unctions ;   thus 

^iW='9(    «***,  ^)=29^cos<^+29*co83^  +  2^^co86<^+..., 
^s(<^)=/(    «^,  ^)  =  l+2^coB2<^+V«»4<^+V«>fl6</>+..,, 
^4(<^)=/(-«*^»5')''l-2^co8  2<^+25r4co8  4<^-2^cos6<^+.... 

[There  is  some  divergence  as  to  notation ;   we  adopt  that  of  Tannery 
and  Molk  so  far  as  the  suffixes  are  concerned.] 

71.  From  Ex.  16,  Ch.  V.,  prove  that 

where  a=J(<^+^),  i8'=J(<^-^);   and  obtain  corresponding  formulae  for 
the  products  ^%(o.)'^2(fi)y  ®*^- 
Deduce  that  ^^(^  ^^^^^(o,  V9)=2^,(«)^4(«), 

and  obtain  other  similar  formulae. 

72.  From  Exa.  18,  20,  Ch.  VI.,  prove  that 

73.  If         AX-^)-,-5il^n[(l-,»-;r')(l-5')(l-y'-)], 

prove  that  ^(e'*)=Si(<^X 

/'(?";r)=(-l)"/'(x)/(}-'^), 

where  w  may  be  any  integer,  positive  or  negative. 
Shew  also  that,  as  x  tends  to  1/^", 

lim  F(.v)l{l  -a^q^-)=^(- lyiq^qoVq'^, 
where  (as  in  Ex.  14,  p.  105),  q^  denotes  11(1 -y*"). 

Deduce  by  Mittag-Leffler's  method  that,  tf  \p\  lies  between  I  and  \llq' 

[It  may  be  proved  by  more  advanced  methods  (see  Tannery  and  Molk, 
Fonctions  Mliptiques,  t.  3,  Art.  479)  that  0{x)  is  zero  here.] 

74.  Assuming  that  in  the  formula  of  the  last  example  0{x)  is  zero, 
shew  that  (mY-.2ioio'  -^^^l^    -al-^lU 

Uedace  that  (see  Ex.  18,  p.  106X 

l+4|j^=(l+2?+2y«+V+...)«. 
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75.  Deduce  from  Ex.  73  that  H  \p\  lies  between  1  and  \l/q\. 

Write  x=t  and  let  p  tend  to  t  (after  division  by  1+p*),  and  deduce 

or  (l-V+V-V'+...)'.l-8(jiL_jM+j^_...), 

where  the  law  of  the  indices  on  the  left  is  2n^, 

76.  From  Ex.  74  prove  that 

Deduce  that  every  positive  integer  can  be  expressed  as  the  sum  of  four 
squares.  [Jacobi,  Oes.   Werke,  Bd-  1,  pp.  239,  247,  423.] 

77.  Writing  x^^q^  p=i  in  Ex.  74,  prove  that 

Deduce  that  any  prime  of  the  form  4i:+l  can  be  expressed  (in  one 
way  only)  as  the  sum  of  two  squares;  but  no  prime  of  the  form  4k +Z 
can  be  so  expressed.  [Jacobi,  Lc] 

Series  defining  ftmctions  which  have  no  analytical  continuation. 

78.  Prove  (as  in  Ex.  4,  Art.  61)  that  if  a  is  positive  and  0<r<l,  then 

lim  ^'(l  -  r)2r<«+"«>»  =  J  VWa. 


Deduce  that  when  a  and  b  are  positive  integers  and  x  is  allowed  to 
approach  the  point  exp(2iri6/a)  of  the  unit  circle  along  the  radius, 

2af*«%^P-v/{7r/a(I-r)},       r=|ar|, 
where  (see  Exs.  13-17,  p.  243) 

P«±l,  if  a=4fc  +  l  ;     P=  it;  if  a=4fc+3 ;    P=  ildbi,  if  a=4i:. 
[The  method  fails  when  a  is  of  the  form  4>Er+2;  thus  with  6=1,  a =2, 
we  get  5y*=2(-l)V^, 

and  so  the  series  tends  to  the  limit  ^  (Ex.  4,  Art.  61).] 

79.  From  the  last  example,  prove  that  the  function  '2x^*  has  a  singu- 
larity in  every  arc  of  the  unit-circle,  however  small ;  and  that  the  function 
cannot  be  continued  beyond  the  circle. 

Deduce  from  Ex.  74  a  corresponding  property  for  the  function 

2y/(l+:F»»). 
[Weierstrass,  Oee,  Werke,  Bd.  2,  p.  228.] 
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80.  Shew  that  the  functions 

tend  to  infinity  aa  x  approaches  the  points 

exp(2irt6/a'*),   exp(27ri6/«iIX 

respectively  along  the  radii. 
Deduce  that  these  functions  cannot  be  continued  beyond  the  unit-circle. 

81.  Apply  Ex.  31,  p.  253,  to  prove  that  the  function 

/(x)=2n— je»* 

baa  a  singularity  at  every  point  of  the  type  exp(2iri6/a'").  The  function 
therefore  cannot  be  continued  beyond  the  unit-circle,  although  f{x\  f^x\ 
f^jc)y  ...  (Art.  84)  all  converge  absolutely  at  every  point  of  the  circum- 
ference. [Prikgshsim.] 

82.  Assuming  BorePs  theorem  (see  Ex.  83^  prove  that  the  function 

<^(x)=2p«^"',      (0<p<lX 
cannot  be  continued  beyond  the  unit-circle,  although  <f>(x)j  ^(^X  ^(•^X  ••• 
all  converge  absolutely  at  every  point  of  the  circumference.    [Frbdholm.] 

83.  Although  it  is  beyond  the  range  of  the  methods  given  in  this  book, 
we  state  the  following  theorem,  which  includes  Exs.  78-82  as  special  cases : 

The  function  ^^^c^  cannot  be  continued  beyond  the  unit-circle,  provided 
that  the  integers  o^  increase  fast  enough  to  satisfy  the  condition 

lim  (a„+ J  -  a«)/Va*  >  0, 
and  that  |.rHl  is  the  circle  of  convergence. 

A  narrower  form  of  the  second  condition  is  often  convenient  in  practice, 
namely  j  .^  log{kn,'/|gn.nl}  ^  q 

«n+l  -  «ft 

[BoREL,  Liouville's  Journal  de  Math,  (6),  t  2,  1896,  p.  441.] 

84.  Prove  (by  means  of  Ex.  79  or  Ex.  83)  that  the  function 

/(jr)=Vn-4-P"« 

1 

has  the  unit-circle  as  a  natural  boundary. 
Prove  also  that  if  k|<l    and    |j:i|<1. 


/(•g.)-/(^) 


%  n*    4 


then 

and  so  shew  that  the  function  inverse  to  f(x)  is  single-valued. 
Extend  the  argument  to  the  function 

where  2o«  is  a  convergent  series  of  positive  terms  whose  sum  is  less  than  2co 
and  the  indices  satisfy  BorePs  condition  (Ex.  83). 

85.  It  is  evident  that  the  series  given  in  Exs.  78-84  have  all  large  gaps 
in  the  sequence  of  indices ;  but  this  is  not  essential  to  secure  that  the 
function  cannot  be  continued  beyond  the  unit-circle. 
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Thus,  no  continuation  exists  for  the  function 

which  has  no  gaps  in  the  sequence  of  indices. 

[Compare  Prinobheim,  Matk,  Annalen,  Bd.  44,  pp.  49-51.] 

Kninmer's  Series  for  logr(l+a;). 

86.  We  find  from  Art.   180  that,  if  the  real  part  of  x  lies  between 

and  l-2a?=2-^sin(2»3r^).  (Art.  65) 

Thus,  assuming   that   the   order   of  integration   and  summation   can    be 
invertedy*  we  find 

Now  it  is  easy  to  verify  that 

where  C  is  Euler^s  constant. 

Thus  logjiJ^^=2|;i^[C'+log(2n7r)]sin(27i7rar), 

and  r(a7)r(l-:c)=7r/sin(7rx),  (Art.  177) 

so  that  we  obtain  Rummer's  series  for  logr(^),  namely, 

(i  -  ^){0+  log  2) +(1  -  x)  log  IT  -  i  log  sin  (ttjp) + 2^^^^  sin  (imrx). 

Power  Series  in  Two  Variables. 

87.  If  the  series  2)a,„,„af*^"  is  absolutely  convergent  for  .v=Xo,  y=yo> 
prove  that  it  is  absolutely  convergent  for  all  values  of  x  and  y,  such  that 

l^l<l-^ol»    |yl<lyol-  [Abel.] 

Prove  that  it  is  also  uniformly  convergent  for  all  values  of  x  and  y, 
such  that                       l^l^kol-8,    |y|^|y„|-S, 

where  8  is  any  positive  number.  [Wbibrstrass.] 


*The  theorems  A,  B  in  Arte  176  do  not  appear  to  be  sufficiently  delicate 
to  justify  this  step ;  but  a  justification  can  be  obtained  from  theorem  C,  although 
the  analysis  appears  to  be  rather  tedious. 
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88.  Suppose  that  r  is  given ;  then  thei'e  will  be  a  maximum  value  of 
r'y  such  that  the  series  is  absolutely  convergent  within  the  circles  |x|=r, 
|y|=f'.  This  maximum  value  of  r'  may  be  regarded  as  a  function  of  r, 
given  by  a  relation 

<^(r,  /)=0; 
and  r,  r'  are  then  called  a  pair  of  OMoeiated  radii  of  convergence. 

Let  k{k)  =Tim  Va^, 

where  p+y=n.    Then  prove  that 


are  a  pair  of  associated  radii    Eliminating  k^  shew  that  the  relation  between 
r  and  r'  is  /^\ 

[Lemairb,  BulL  des  sci.  math.j  t  20,  189^  p.  286.] 

89.  Prove  that  the  series         22""~\r*y" 
is  convergent  if  |^|<1,    |y|<2, 

and  deduce  that  /  is  defined  as  a  function  of  r  by  the  equations 

r'=2,    0^r<l;    r'=0,    r^l. 

For  the  series  ^w+^j;'        , 

m!n!      ^  ' 

shew  that  the  relation  is  r+r'  =  l. 

90.  Evidently  /^<^(r)  is  a  non-increasing  function  of  r     Let  R  denote 
the  upper  limit  of  the  values  of  r  for  which  <^(r)>0,  so  that 

<^(r)>0,    0^r<R;     <^(r)=0,    r>jR. 

Shew  that  for  the  series  which  is  the  expansion  of 

1 

{Z-x){l-xy){2-yy 
we  have  ^=3,  and 

^=2,  (r^i);    r'=l/r,  (i<r<3);    /=0,  (r^3). 
[For  an  application  of  this  theory  to  the  differential  equation 

see  GouRSAT,  BtUl,  de  la  Soc,  inath.  de  France,  t.  35,  1907,  p.  81.] 

91.  The  function  r^=<l>(r)  satisfies  the  inequality 

1,    logri,   log<^(ri) 
1,    logra,   log <l)(r^  ^0, 
1|    logo's,   log<^(r3) 
where  0<ri<ri<r^<R, 
[Fabrt,  Comptes  Rendus,  t.  137  ;   Hartoos,  Math.  Arvruden,  Bd.  62.] 
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92.  From  Ex.  91  it  may  be  deduced  that  <f>{r)  is  continuous  for  any  value 
of  r  in  (0,  /2),  the  limits  excluded.  For  an  example  of  discontinuity  for 
r=/2,  see  Ex.  90  above.     For  one  of  discontinuity  for  r=0,  consider 

for  which  <^(r)  =  QO,  (r=0),      <^(r)  =  l,  (r>0); 

here  B=co, 

93.  Shew  also  that  <^(r)  can  only  be  constant  (and  not  zero)  in  an 
interval  beginning  with  r=0  (though,  as  Ex.  92  shews,  not  necessarily 
including  r=0). 

[For  solutions  of  Exa,  91-93,  see  Hartoos,  l.c] 

94.  The  series  2am.i»a?"y"  niay  be  convergent,  though  not  absolutely, 
for  special  sets  of  values  of  x  and  y  outside  the  region  of  absolute  con- 
vergence. Thus,  if  am,n  is  given  by  the  scheme  of  Ex.  2,  p.  90,  with 
<Zn=&n=2",  the  power  series,  which  is  the  expansion  of 

(l-y)/(l-2:r)-H(l-.r)/(l-2y), 

converges  for  ^=1,  y=l  ;  but  for  absolute  convergence  we  must  have 

1^1  <i  lyl<i 

[Bromwich  and  Hardt,  Proc.  Land.  Math.  Soc,^  vol.  2,  1904,  p.  161.] 

95.  This  kind  of  convergence  can  only  present  itself  for  particular, 
isolated  pairs  of  values  of  .r  or  y. 

[Hartogs,  Inauguraldissertatum,  Leipzig,  1904,  p.  21.] 

96.  The  series  may  converge  in  a  wider  region  than  that  of  absolute 
convergence,  when  summed  by  rows,  or  columns,  or  diagonals.  Thus 
prove  that  the  series  for  1/(1  -or- y)  converges  absolutely  if  |^|-h|y|  <1  ; 
it  converges  by  diagonals  if  |  x  +y  |  <  1 ;   and  it  converges  by  rows  if 

kl<l,    |y|<|l-a;|; 
or  by  columns  if  |y|<l,    |^|<|l-y|. 

Represent  the  regions  of  convergence  {x,  y  being  real)  in  a  diagram. 

[Cauchy.] 

97.  Let  /(iF)=2c,f^  be  a   series   convergent  for  |^|<1.     Then   the 

0 

double  power  series 

f{x+y)=     <?o     +CyC     -HCga:*       -H..., 

-H  Cgy* + Senary -I- 6c4a7*y* +  ... , 
+  ... 

converges  absolutely  if  |^|+|y|<l,  by  diagonals  if  |ar+y|<l,  by  rows 
if  |;p|  <1,  |y  <1  -x|,  and  by  columns  if  |y|  <1,  |^|<|l-y|. 

[Hartogs.] 
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96b   If  the  aeriee  ^^am,n  satisfies  the  condition 

<K 


for  all  values  of  f^  v,  and  if  any  one  of  the  three  series 

im^n)  (m)  (m)  («)  (m) 

is  convergent,  the  corresponding  one  of  the  three  limits 

lim  f{x,  y\    lira  f{x,  y),    lim  f{x,  y) 

i',9)  (')(y)  (y)(s) 

is  determinate  and  equal  to  the  sum  of  the  series.     In  these  limits  x^  y 
are  supposed  to  approach  the  common  limit  1,  simultaneously  or  successively. 

[Bromwich  and  Hardt,  l.c,^  p.  168.] 

99.  Extend  the  last  example  to  cases  in  which  the  series  Som^m  can  only 
be  summed  by  a  mean-value  process  similar  to  Cesaro's. 

[Bromwich  and  Hardt,  Z.c,  p.  173.] 

100.  An  example  of  the  theorems  of  Ex.  1)8  is  given  by  the  coefficients 
of  Ex.  13,  p.  92,  for  which 

2)0^  „  jc^y" = (j?  -  y  )/(2  -  2?  -  y). 

An  example  of  the  mean-value  method  is  given  by  writing 

flU,,=(-l)-'+»mn/(w+«)«. 

[Bromwich  and  Hardt,  l.c.^  pp.  169,  175.] 

[For  various  extensions  of  the  results  given  in  Exs.  98-100,  see  Bromwich, 
iVoc.  L(ynd,  McUh,  Soc,  vol.  6,  1907,  pp.  67,  74.] 
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INDEX  OF  SPECIAL  INTEGRALS,  PRODUCTS  AND 

SERIES. 

(The  numbers  refer  to  pageSf  not  to  articles.) 

ABsrmptotic  series. 

Euler's  constant,  322;  Stirling's  series,  324,  329,  335,  355;  logarithmio 
integral,  325 ;  Fresnel's  integrals,  327  ;  Bessel's  functions,  345. 

Elliptic  Amction  series. 

Theta- functions,  93,  106,  107,  350,  500 ;  various  series  of  fractions,  94,  1 14, 
172,  353,  355,  472,  480. 

Integrals. 

Beta,  474. 

Borel's,  268  et  seq. ;  301  (extension). 

Dirichlet's,  444-447,  471. 

Elliptic,  17,  162,  474. 

Error  function,  352,  353,  473,  482. 

Euler's  constant,  460. 

Exponential  or  Logarithmic,  325,  424,  44U 

Fej^r's,  442. 

Fourier's,  472, 

Eresnel's,  327. 

FruUani's,  432,  478. 

Gamma,  459,  468.  ^ 

Jordan's,  447. 

Poisson's,  210,  212i 

Sine  and  cosine,  351,  446 ;  complete  sine  integral,  418,  419,  441,  468,  471. 

Non-convergent  series. 

2(-a:)",  274,  298,  303,  318;  S(-l)»logn,  310,  351;  2«^co8»d,  etc.,  275, 
288,  317  ;  S(  -a:)"n!,  267,  327,  482. 

See  also  under  Fourier  series  in  general  Index. 

Numerical  series. 

Sl/nl,  22;  21/n,  23,  30,  44,  92,  322,  353,  413;  21/»p,  (p>l),  30.  71,  93, 
187,  235,  324,  353;  2(logn)''/n«,  31,  413;  2(-l)"/7*,  51,  63,  70,  85,  121,  153; 
2(  -  l)»/n^  51,  70,  71,  85,  479. 

Double  series,  2m  ""n""^  2(m  +  n)"«,  2/(a?n^+26mn  +  cn"),  79. 

Series  for  ir,  156,  157,  168,  324  (Ex.  7). 


508  SPECIAL    INDEX 

Numerical  values. 

Zl/n!,  22 ;  Zl/nand  Euler'a  oonaUnt,  323  ;  Z(  -  I)"/n,  58, 155 ;  £(  -  ir/(2n+ 1 K 
166;  S(-ir/(an  +  6),  161,  481;  Z{-l)^l»Jn,  67;  21/n«,  69,  71,  93,  187,  324; 
S(-l)»/(2»+l)«,  479;  21/n»,  59,  324;  Zl/n*",  234,  324,  481. 

log2,  log3,  ...  154,  480;  ^/2,  4/2,  171;  Bin(Jir),  coe(4T),  «*»,  e',  146,  147; 

r(J),r(«),  r(i+f),475. 
Power-series. 

Binomial,  89,  150,  225 ;  sum  of  squares  of  coefficients  in,  166  (Ex.  33),  249 
(Ex.  21). 

Exponential,  143,  217,  406. 

Geometric,  15. 

Hypergeometric,  35,  52;  limit  as  x-^l,  42  (Ex.  2),  105  (Ex.  13),  161  (Ex.  5), 
171  (Ex.  13). 

Inverse  sine  and  tangent,  155,  169,  170,  224^ 

I.agrange'8,  140,  174  (Exs.  30,  31),  487  (Exs.  19,  20). 

Logarithmic,  152,  162,  223. 

Sine  and  cosine,  146,  221. 

Theta,  93,  106,  107,  350,  500. 

2nP-»ar",  2a:"',  2(-l)»a:"*,  2x«",  2a-»»,  133,  389,  489,  501. 

«/(€*- 1),  234,  (e^-l)/(e«-l),  235. 

Products. 

n(l±^«),  n{(l  +  ^-'x)(l+g*«-Va;)},  ia5,  106. 
Gamma-product,  102,  461,  463 ;  sine  and  cosine,  184,  231. 
Wallis's  product,  184. 

Trigonometrical  series. 

Convergence  of  2vnC0sn^,  2t„sinn^,  50;  2sin(n^),  2  sin  (2"^),  2sin(n!^), 
485,  486. 


2r"(rV»^).    2r(ry^,  167. 
Vsin/  n\sm/ 


j.mnne^  169,  160,  189,  230,  290,  480;  2??^,  159,  230,  2^. 
n  n 


jcosn^   114,  116,  167,  168,  256,  257,  480,  498;  zf^I^Y,  484. 
nP  \    na   / 

T  cot  {tx)  =  i  +  2  -^„    T  cosec  (tx)  =  i  +  2  ^-'^^^,  187-190,  231-233. 

21/(a:-n)',  190,475,476. 

«  cos  nx     «  n  sin  nx    qkt  .    v  ^"  {n-\-a)x   o^wv 

See  also  under  Fourier  series  in  general  Index. 

Zeta  series,  493-495. 
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{The  numbers  rtftr  to  pagesy  not  to  articles.) 


Abel's  Lemma,  54,  205  (for  series) ; 
381  (extension) ;  426  (for  integrals). 

Abel's  test  for  convergence,  48,  205  (of 
series);  113,  207  (uniform);  429, 
434  (of  integrals). 

Abel's  theorem  on  continuity  of  power- 
series,  130,  210,  251 ;  172  (Exs.  16, 
17),  488  (Ex.  25),  (extensions  of) ;  291 
(for  Bummable  series) ;  506  (Exs.  98- 
100)  (for  double  series). 

Absolute  convergence,  47  (of  real 
series) ;  81  (of  double  series) ;  198 
(of  complex  series);  429  (of  in- 
tegrals). 

Absolute  snmmability,  276-284. 

Area  of  a  curve,  arithmetic  treatment, 
407,  409. 

Asymptotic  series,  322-329  (Euler's 
method);  330-337 (Poincar^'s  theory); 
338-346  (Borel's  theory). 

Bendixson's  test  for  uniform  conver- 
gence, 127. 

Bernoulli's  numbers,  234;  functions, 
235. 

Bessel's  functions,  345. 

Borel's  theory  of  non-convergent  series, 
267-307,  338-346. 

Ganchy's  double  series  theorem,  67, 87. 

Cauchy's  inequalities  for  coefficients 
of  a  power-series,  209,  247. 

Cauchy's  tests  for  convergence,  24-27, 
80 ;  see  also  under  Maclaurin. 

Cesiiro's  mean-value,  310-322. 


Ces&ro's  theorem,  132  (on  comparison 
of  divergent  series),  171  (Ex.  15); 
314  (on  multiplication  of  series). 

Complex  series,  convergence  of,  197 
(general  principle) ;  200  (Prings- 
heim's  tests);  204-206  (Abel's  and 
Dirichlet's  tests). 

Continuity,  115  (of  series);  286  (of 
snmmable  series) ;  395  (of  functions) ; 
436  (of  integrals). 

Convergence,  absolute,  see  Absolute 
convergence. 

Convergence,  circle  of,  208. 

Convergence,  general  principle  of,  8 
(for  real  sequences) ;  196  (for 
complex  sequences) ;  376  (proof). 

Convergence,  interval  of,  128. 

Convergence,  uniform,  see  Uniform 
convergence. 

Decimals,  infinite,  357-366. 

Dedekind's  definition  of  irrational 
numbers,  366-370. 

Definite  integral,  as  limit  of  a  sum, 
407.  409,  417,  495  (Ex.  50). 

Derangement  of  series,  63-67 ;  68 
(Riemann's  and  Pringsheim's 
theorems). 

Differential  equations,  existence 
theorems,  174-176  (simple  cases  of 
results  due  to  Cauchy,  Fuchs  and 
Picard). 

Differentiation,  118  (of  series);  228 
(of  trigonometrical  series) ;  287  (of 
summ(U)Ie  series);  437-439  (of 
infinite  integrals). 


*  No  attempt  has  been  made  to  index  references  to  authors ;  but  where  a  theorem  is 
usually  quoted  in  the  text  under  an  author's  name,  it  appears  under  that  name  in  the 
index. 
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Dirichlet's  integraU,  444,  445,  471. 

Dirichlet's  test  for  convergence,  49, 
206  (of  series) ;  1 14,  207  (anifonn) ; 
430,  435  (of  integrals). 

Double  integrals,  410  (arithmetic  defini- 
tion) ;  456  (inversion  of  repeated). 

Double  series,  73-89  (convergence) ; 
76-79  (of  positive  terms);  503-506 
(power-series). 

ErmakoflTs  tests  of  convergence,  .37. 

Euler's  constant,  90,  323,  460. 

summation  formula,  238,  322. 
transformation,  55,  169,  302. 

Exponential  function,  145,  402  (real 
variable) ;  217  (complex  variable). 

Exponential  series,  143,  217,  406. 

F^jer's  theorem  on  Fourier  series,  348. 

Fourier  integrals,  447,  471,  472. 

Fourier  series,  167,  168,  189,  230,  256, 
257,  263.  472,  480-482,  498,  60.3; 
non -convergent,  275,  276,  284,  287- 
290,  347-350,  354. 

Fresners  integrals,  327. 

Frobenius's  theorem,  132,  313 
(extension). 

Functions,  395  (continuous);  490 
(without  derivates) ;  501  (without 
continuation).  For  other  special 
functions,  see  under  Exponential, 
Gamma,  Liogarithmic,  Zeta,  etc. 

Gamma  function,  102  (product);  459 
(integral) ;  461  (Stirling's  formula) ; 
463  (formulae  for  logarithm);  461, 
474,  478  (miscellaneous  properties) ; 
503  (Rummer's  series). 

Goursat's  Lemma,  394. 

Huygens'  zones  in  Optics,  58. 

Lifinite  integral,  414  (limit  of  im 
integral) ;  417,  495  (limit  of  a  sum) ; 
420,  429  (tests  for  convergence). 

Integration,  116,  448,  452  (of  series) ; 
2^  (of  summable  series) ;  437  (of 
integrals). 

Inversion  of  repeated  integrals,  410,456. 

Irrational  numbers,  358  (as  decimals) ; 
366-370  (Dedekind's  definition). 

Jacobi's  theta-functions,  600. 

Jordan's  extension  of  Dirichlet's  inte- 
grals, 447. 


Kummer's  series,  503. 

Knmmer's  tests  for  convergence,  32. 

Lagrange's  series,  140,  172,  249,  487. 
Le  Roy's  methods  for  summation  of 
non -convergent  series,  299. 

Limits,  2  (definition) ;  9  (rules  of  com- 
bination) ;  246  (of  point-sets) ;  377  (of 
quotients);  383-389  (miscellaneous 
theorems). 

Limits,  maximum  and  minimum  (or 
extreme),  12,  375  (of  sequences) ;  394 
(of  infinite  sets). 

Limits,  upper  and  lower,  11  (of 
sequences) ;  394  (of  infinite  sets). 

Logarithmic  function,  221  (complex 
variable) ;  396-402  (real  variable). 

Logarithmic  scale  of  infinity,  405.     ' 

Maclaurin's  theorem*  connecting  the 
convergence  of  series  and  int^^rals, 
29  ;  for  double  series,  80. 

Mertens'  theorem,  85 ;  284  (for  non- 
convergent  series). 

Mittag  Leffler's  theorem,  499. 

Monotonic  sequences,  5 ;  373  (proof  of 
convergence) ;  393  (quasi-raonotonic 
sequences). 

Multiplication  of  series,  66,  82-86; 
280,  284,  314,  331,  341  (non-con- 
vergent series). 

Non-convergent  series,  261  -267  (general 
remarks) ;  see  also  under  Summable 
Series,  Asymptotic  Series. 

Numbers,  irrational,  358  (as  decimals) ; 
366-370  (Dedekind's  definition). 

Poincar^'s  theory  of  asymptotic  series, 

330337. 
Poisson's  integral,  210,  212. 

Power-series,  128-142  (real) ;  202-216 
(complex) ;  293-296  (summable). 

Pringsheim's  tests  of  convergence,  200. 

Pringsheim's  theorem  on  multiplication 
of  series,  86. 

Ihraducts,  infinite,  96-102  (real) ;  197- 
199  (complex). 

Repeated  integrals,  inversion  of  order 
of  integration,  410,  456. 

Riemann's  theorem  on  derangement 
of  series,  68. 

Riemann's  theorems  on  Fourier  series, 

498  (Exs.  64-66). 
•Riemann's  Zeta  function,  493-495. 


^Commonly  attributed  to  Cauchy ;   it  oooure  in  Maclaurin'a  Fluxions,  1742,  Art.  350. 
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Second  theorem  of  mean  value,  426. 

Stirling's  series,  324, 329, 335, 355, 461. 

Stirling's  test  for  convergence  of  pro- 
ducts, 104  (Ex.  3). 

Summable  series,  269  (Borel's  integral); 
271  (addition  of  terms) ;  297  (Borel's 
limit) ;    299    (Le    Roy's   methods) ; 

301  (extension  of  BorePs  integral) ; 

302  (Euler's  method) ;  310  (Cesilro's 
method). 

Symbols,  oo ,  4 ;  e,  5 ;  -*-,  2 ;  lim,  lim, 
13;  oj,  11,  330.  — 

Tannery's  theorem,  123  (series) ;  124 
(products) ;  438  (integrals) ;  443 
(extension). 

Taylor's  theorem,  214,  252. 

Tests  for  convergence,  see  under  Abel, 
Bendixson,  Gauchy,  Dirichlet,  Er- 
makoflf,  Kummer,  Maclaurin,  Prings- 
heim,  Stirling,  Weierstrass.  General 
remarks  on  the  tests,  35,  40,  422, 
467,  485. 

of  series,  26,  27,  29,  32-34,  37, 
39,  47-49. 


Tests  for  convergence,  of  double  series, 
79,  80,  89. 

of  integrals,  421,  422,  429,  430, 
434,  435. 

of  products,  96,  99,  101,  199.  ** 

Trigonometrical  formulae,  177,  178 
(for  coBuS  and  BinnB);  184,  231 
(product  for  sind,  ooaS);  186,  232 
(series  for  cot  d,  cosec  $) ;  195  (de 
Moivre's  theorem) ;  221  (definition  of 
sin  X,  cos  X,  when  x  is  complex) ; 
I  sin  a;  I  <-|  I  a;  I,  |cosx|<2,  when 
|ar|<l,  221. 

Uniform  convergence,  108  (sequence) ; 
112,  206  (series);  113,  114,  127, 
207  (testa);  121  (products);  433- 
435  (integrals). 

Weierstrass's  tests  for  convergence, 
113  (uniform) ;  204  (power-series) ; 
434  (integrals). 

Weierstrass's  theorem  on  double  series, 
253.  V 

Zeta  function,  (Riemann's),  493-495. 
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